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Abstract
Full Text

Mathematics
V. P. Khavin

On the Separation of Singularities of Analytic
Functions
(Presented by Academician V. I. Smirnov on 12 III 1958)

In the present note we prove several theorems on the decomposition of an ana-
lytic function into a sum of functions having, as their set of singular points, a
prescribed part of the set of singularities of the original function. In doing so
it proves convenient to apply certain considerations from the theory of linear
topological spaces.

Theorem 1. Let 𝐹0, 𝐹1, 𝐹2 be closed sets of the extended complex plane; let
𝐺0, 𝐺1, 𝐺2 be their open complements, with 𝐹0 = 𝐹1 ∪ 𝐹2. If the function 𝑢0(𝑧)
is analytic in 𝐺0, then there exist functions 𝑢1(𝑧) and 𝑢2(𝑧) such that in 𝐺0

𝑢0(𝑧) = 𝑢1(𝑧) + 𝑢2(𝑧);

𝑢𝑖(𝑧) is analytic in 𝐺𝑖 (𝑖 = 1, 2).
Remark. Everywhere below we shall assume that the functions under consid-
eration are equal to zero at the point at infinity, whenever it is contained in
their domain of definition.

In the case when 𝐹0 is the real line, 𝐹1 = [−1, +1], 𝐹2 = (−∞, −1] ∪ [+1, +∞),
this theorem was proved by Poincaré (1,2).
Lemma. Let 𝑋0, 𝑋1, 𝑋2 be locally convex Hausdorff linear topological spaces;
𝑋0 ⊂ 𝑋1, 𝑋0 ⊂ 𝑋2 (in the sense that 𝑋0 is algebraically isomorphic to a part
of 𝑋𝑖, 𝑖 = 1, 2); the topology in 𝑋0 is the least upper bound of the topologies
induced in 𝑋0 from 𝑋1 and 𝑋2. If 𝑓0 is an additive continuous functional given
in 𝑋0, then there exist two functionals 𝑓1 and 𝑓2 such that 𝑓0(𝑥) = 𝑓1(𝑥)+𝑓2(𝑥)
(𝑥 ∈ 𝑋0), and the functional 𝑓𝑖 is continuous in the topology induced on 𝑋0
from 𝑋𝑖 (𝑖 = 1, 2).
Proof. Consider the product of the spaces 𝑋1 × 𝑋2 and in it the closed linear
subspace 𝑋0, consisting of all pairs of the form (𝑥, 𝑥), where 𝑥 ∈ 𝑋0. Let

̃𝑓((𝑥, 𝑥)) = 𝑓(𝑥). It is easy to see that the functional ̃𝑓 is continuous in the
topology induced on 𝑋0 from 𝑋1 × 𝑋2. Let ̃𝑓 be a linear functional extending
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̃𝑓 from 𝑋0 to all of 𝑋1 × 𝑋2 with preservation of continuity (3). Put now
𝑓1(𝑥) = ̃𝑓((𝑥, 0)), 𝑓2(𝑥) = ̃𝑓((0, 𝑥)). The lemma is proved.

Now let 𝑋𝐹0
(𝑋𝐹1

, 𝑋𝐹2
) be the totality of all functions analytic on 𝐹0 (respec-

tively 𝐹1, 𝐹2). Let 𝑔(𝑗)
𝑛 (𝑗 = 0, 1, 2) be a decreasing sequence of open sets con-

verging to 𝐹𝑗 as to a kernel; let 𝐵(𝑗)
𝑛 be the normed space of functions analytic

and bounded in 𝑔(𝑗)
𝑛 , with norm

‖𝑓‖(𝑗)
𝑛 = sup

𝑧∈𝑔(𝑗)
𝑛

|𝑓(𝑧)|.

Then 𝐵(𝑗)
𝑛 ⊂ 𝐵(𝑗)

𝑛+1, 𝑛 = 1, 2, … ,

𝑋𝐹𝑗
=

∞
⋃
𝑛=1

𝐵(𝑗)
𝑛 .

Let in 𝑋𝐹𝑗
there be introduced the topology of the inductive limit of the sequence

of spaces 𝐵(𝑗)
𝑛 (4). Then the spaces 𝑋𝑗 = 𝑋𝐹𝑗

turn out to be the so-called spaces
of type (𝐿𝑁)∗ (5,6).
We turn to the proof of Theorem 1. Let

𝑓0(𝑥) = 1
2𝜋𝑖 ∫

𝐶𝑥

𝑥(𝑧)𝑢0(𝑧) 𝑑𝑧,

where 𝑥 ∈ 𝑋𝐹0
; 𝐶𝑥 is a finite system of closed simple rectifiable pairwise nonin-

tersecting contours forming the boundary of a domain containing 𝐹0 inside, and
𝑥(𝑧) is analytic in the closure of this domain. The functional 𝑓0(𝑥) is continuous
in 𝑋𝐹0

. Put

𝜓 ̃𝑧(𝑧) = 1
𝑧 − ̃𝑧 .

If ̃𝑧 ∈ 𝐹0, then 𝜓 ̃𝑧 ∈ 𝑋𝐹0
, and

𝑢0( ̃𝑧) = 𝑓0(𝜓 ̃𝑧).

Using the lemma, we find functionals 𝑓1 and 𝑓2, continuous respectively in the
spaces 𝑋1 and 𝑋2, such that

𝑢( ̃𝑧) = 𝑓0(𝜓 ̃𝑧) = 𝑓1(𝜓 ̃𝑧) + 𝑓2(𝜓 ̃𝑧).
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Let 𝑢𝑗( ̃𝑧) = 𝑓𝑗(𝜓 ̃𝑧), ̃𝑧 ∈ 𝐺𝑗 (𝑗 = 1, 2). Using the continuity of the functional 𝑓𝑗
in the space 𝑋𝐹𝑗

, it is not difficult to prove the existence of the derivative 𝑢′
𝑗( ̃𝑧)

at all points of 𝐺𝑗. The theorem is proved.

We note a consequence of Theorem 1.

Theorem 2. Let 𝐺1 and 𝐺2 be two domains having a nonempty intersection
𝐺1 ∩ 𝐺2. Suppose that the system of regular functions {𝜃(𝑗)

𝑘 (𝑧)}∞
𝑘=1 (𝑗 = 1, 2)

is complete in the domain 𝐺𝑗 (in the sense of uniform convergence on compact
subsets of 𝐺𝑗). Then the system {𝜃(1)

𝑘 (𝑧), 𝜃(2)
𝑘 (𝑧)}∞

𝑘=1 is complete in 𝐺1 ∩ 𝐺2.

Indeed, if the function 𝑢(𝑧) is analytic in 𝐺1 ∩ 𝐺2, then, by Theorem 1, 𝑢(𝑧) =
𝑢1(𝑧) + 𝑢2(𝑧), where 𝑢𝑘(𝑧) is analytic in 𝐺𝑘. Hence it is clear that the linear
span of the system {𝜃(1)

𝑘 (𝑧), 𝜃(2)
𝑘 (𝑧)}∞

𝑘=1 is dense in the set of functions analytic
in 𝐺1 ∩ 𝐺2.

In Theorem 1 nothing is said about the behavior of the functions 𝑢1 and 𝑢2
near their sets of singularities. An idea of their properties can sometimes be
obtained by knowing the behavior of the function 𝑢0(𝑧) itself.

Theorem 3. Let 𝑢0(𝑧) be a function analytic in the disk |𝑧| < 1 and such that:

1) ∫
𝜃

0
|𝑢0(𝑟𝑒𝑖𝜑)|𝑝 𝑑𝜑 < 𝐶 < ∞, 𝑝 > 1; 𝜃 is some number from the interval (0, 2𝜋];

2) the integrals ∫
1

0
|𝑢0(𝑟)| 𝑑𝑟, ∫

1

0
|𝑢0(𝑟𝑒𝑖𝜃)| 𝑑𝑟 converge.

Then there exists a function Ψ(𝜑), 0 ≤ 𝜑 ≤ 𝜃, such that

∫
𝜃

0
|Ψ(𝜑)|𝑝 𝑑𝜑 < +∞,

𝑢0(𝑧) = ∫
𝜃

0

Ψ(𝜑) 𝑑𝜑
𝑒𝑖𝜑 − 𝑧 + 𝑢1(𝑧), |𝑧| < 1,

where 𝑢1(𝑧) is a function regular everywhere outside the arc 𝑧 = 𝑒𝑖𝜑, 𝜃 ≤ 𝜑 ≤ 2𝜋.

Proof. Let 𝑋0 be the set of all functions analytic in the closed exterior of the
unit circle and equal to zero at the infinitely distant point. Put further: 𝑋1 is
the set of functions analytic on the arc 𝑧 = 𝑒𝑖𝜑, 𝜃 ≤ 𝜑 ≤ 2𝜋; 𝑋2 is the set of
all complex-valued functions summable on the arc 𝑧 = 𝑒𝑖𝜑, 0 ≤ 𝜑 ≤ 𝜃, with
exponent 𝑞 = 𝑝

𝑝−1 . Let 𝐵𝑛 be the Banach space consisting of functions analytic
in the closure of the domain whose boundary is ⋯
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the curve Γ𝑛, consisting of the arcs 𝑧 = (1 − 1
𝑛) 𝑒𝑖𝜑, 𝑧 = (1 + 1

𝑛) 𝑒𝑖𝜑, 𝜃−𝜀𝑛 <

𝜑 < 2𝜋 + 𝜀𝑛, and the segments 𝑧 = 𝑡𝑒𝑖(𝜃−𝜀𝑛), 𝑧 = 𝑡𝑒𝑖(2𝜋+𝜀𝑛), 1 − 1
𝑛 ≤ 𝑡 ≤ 1 + 1

𝑛 ;
here {𝜀𝑛} is a sequence of positive numbers monotonically decreasing to zero;
the norm in 𝐵𝑛 is

‖𝑥‖𝑛 = max
𝑧∈Γ𝑛

|𝑥(𝑧)|.

In 𝑋1 we introduce the topology of the inductive limit of the sequence of spaces
𝐵𝑛. In 𝑋2 we introduce a norm by setting

‖𝑥‖𝑋2
= (∫

𝜃

0
|𝑥(𝑒𝑖𝜑)|𝑞 𝑑𝜑)

1/𝑞

, 𝑋0 ⊂ 𝑋1, 𝑋0 ⊂ 𝑋2,

in the sense that every function regular in the set |𝑧| ≥ 1, regular on the arc
𝑧 = 𝑒𝑖𝜑, 𝜃 ≤ 𝜑 ≤ 2𝜋, generates on the arc 𝑧 = 𝑒𝑖𝜑, 0 ≤ 𝜑 ≤ 𝜃, a function
summable to the power 𝑞.
Introduce in 𝑋0 the topology which is the exact upper bound of the topologies
induced from 𝑋1 and 𝑋2.

Define a functional on 𝑋0 by putting

𝑓0(𝑥) = 1
2𝜋𝑖 ∫

2𝜋

0
𝑥(𝑟𝑒𝑖𝜑) 𝑢0(𝑟𝑒𝑖𝜑) 𝑑𝑟𝑒𝑖𝜑 (0 < 𝑟 < 1),

where 𝑥 ∈ 𝑋0, and moreover 𝑥(𝑧) is a function analytic up to the circle |𝑧| = 𝑟.
The functional 𝑓0 is continuous in the topology 𝑋0. Let us prove this.

|𝑓0(𝑥)| ≤ ∣ 1
2𝜋𝑖 ∫

𝜃

0
𝑥(𝑟𝑒𝑖𝜑) 𝑢0(𝑟𝑒𝑖𝜑) 𝑑𝑟𝑒𝑖𝜑∣ + ∣ 1

2𝜋𝑖 ∫
2𝜋

𝜃
𝑥(𝑟𝑒𝑖𝜑) 𝑢0(𝑟𝑒𝑖𝜑) 𝑑𝑟𝑒𝑖𝜑∣ ≤

≤ 1
2𝜋 𝐶1/𝑝 (∫

𝜃

0
|𝑥(𝑟𝑒𝑖𝜑)|𝑞 𝑑𝜑)

1/𝑞

+ ∣ 1
2𝜋𝑖 ∫

2𝜋

𝜃
𝑥(𝑟𝑒𝑖𝜑) 𝑢0(𝑟𝑒𝑖𝜑) 𝑑𝑟𝑒𝑖𝜑∣ . (*)

If 𝑟 → 1 − 0, then the first term on the right-hand side tends to

1
2𝜋 𝐶1/𝑝‖𝑥‖𝑋2

.

Consider the second term. Let 1 > 𝑟1 > 𝑟. Then

∫
2𝜋

𝜃
𝑥(𝑟𝑒𝑖𝜑) 𝑢0(𝑟𝑒𝑖𝜑) 𝑑𝑟𝑒𝑖𝜑 − ∫

2𝜋

𝜃
𝑥(𝑟1𝑒𝑖𝜑) 𝑢0(𝑟1𝑒𝑖𝜑) 𝑑𝑟1𝑒𝑖𝜑−

− ∫
𝑟1

𝑟
𝑥(𝜁) 𝑢0(𝜁) 𝑑𝜁 + ∫

𝑟1

𝑟
𝑥(𝜁𝑒𝑖𝜃) 𝑢0(𝜁𝑒𝑖𝜃) 𝑑𝜁𝑒𝑖𝜃 = 0.
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Therefore

∣∫
2𝜋

𝜃
𝑥(𝑟𝑒𝑖𝜑) 𝑢0(𝑟𝑒𝑖𝜑) 𝑑𝑟𝑒𝑖𝜑 − ∫

2𝜋

𝜃
𝑥′

𝑖(𝑟1𝑒𝑖𝜑) 𝑢0(𝑟1𝑒𝑖𝜑) 𝑑𝑟1𝑒𝑖𝜑∣ ≤

≤ max
𝑟<𝜁<𝑟1

{ |𝑥(𝜁)|, |𝑥(𝜁𝑒𝑖𝜑)| } [∫
𝑟1

𝑟
|𝑢0(𝜁𝑒𝑖𝜃)| 𝑑𝜁 + ∫

𝑟1

𝑟
|𝑢0(𝜁)| 𝑑𝜁] .

From condition 2) of Theorem 3 we conclude that there exists the limit

lim
𝑟→1−0

∫
2𝜋

𝜃
𝑥(𝑟𝑒𝑖𝜑) 𝑢0(𝑟𝑒𝑖𝜑) 𝑑𝑟𝑒𝑖𝜑 = 𝑓∗(𝑥).

Moreover, if 𝑥 ∈ 𝐵𝑛, then

∣∫
2𝜋

0
𝑥 (𝑟𝑒𝑖𝜑) 𝑢0 (𝑟𝑒𝑖𝜑) 𝑑𝑟𝑒𝑖𝜑 − 𝑓∗(𝑥)∣ ≤ ‖𝑥‖𝑛𝐾,

i.e.

|𝑓∗(𝑥)| ≤ 𝐾‖𝑥‖𝑛 + ∣∫
2𝜋

0
𝑥 (𝑟𝑒𝑖𝜑) 𝑢0 (𝑟𝑒𝑖𝜑) 𝑑𝑟𝑒𝑖𝜑∣ ≤

≤ 𝐾‖𝑥‖𝑛 + {∫
2𝜋

0
∣𝑢0 ((1 − 1

𝑛) 𝑒𝑖𝜑)∣ 𝑑𝜑} ‖𝑥‖𝑛.

Here

𝐾 = ∫
1

0
|𝑢0(𝑟)| 𝑑𝑟 + ∫

1

0
∣𝑢0 (𝑟𝑒𝑖𝜃)∣ 𝑑𝑟.

Letting now 𝑟 tend to 1 in inequality (∗), we obtain

|𝑓0(𝑥)| ≤ 𝐶1/𝑝

2𝜋 ‖𝑥‖𝑋2
+ 1

2𝜋 𝐾(𝑛)
1 ‖𝑥‖𝑛 (𝑥 ∈ 𝐵𝑛).

This inequality shows that the functional 𝑓0 is continuous in the topology in-
duced on 𝐵𝑛 ∩ 𝑋0 by the topologies of 𝐵𝑛 and 𝑋2. From a theorem of B. M.
Makarov7 it follows that 𝑓0 is continuous in the topology of 𝑋0. Applying the
lemma, we obtain that

𝑓0(𝑥) = 𝑓1(𝑥) + 𝑓2(𝑥) (𝑥 ∈ 𝑋0),
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where 𝑓1 is continuous in 𝑋1, and 𝑓2—in 𝑋2. But

𝑢0( ̃𝑧) = 𝑓0(𝜓 ̃𝑧) = 𝑓1(𝜓 ̃𝑧) − 𝑓2(𝜓 ̃𝑧) (| ̃𝑧| < 1).

It is well known that

𝑓2(𝑥) = ∫
𝜃

0
Ψ(𝜑)𝑥(𝑒𝑖𝜑) 𝑑𝜑,

where the function Ψ is such that

∫
𝜃

0
|Ψ(𝜑)|𝑝 𝑑𝜑 < +∞.

At the same time, 𝜓 ̃𝑧 is an element of 𝑋1, if ̃𝑧 ≠ 𝑒𝑖𝜑, 0 ≤ 𝜑 ≤ 2𝜋. Hence it is
easy to conclude, as in Theorem 1, that

𝑢1( ̃𝑧) = 𝑓1(𝜓 ̃𝑧)

is a function regular outside the arc ̃𝑧 = 𝑒𝑖𝜑, 0 ≤ 𝜑 ≤ 2𝜋. The theorem is
proved.

In conclusion, I express my heartfelt gratitude to B. M. Makarov for valuable
advice.

Received
8 III 1958
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