Soviet-era science, translated into English

V. M. ARUTIUNIAN, R.
M. MURADIAN, and A.
A. SOKOLOV

The asymptotic behavior of solutions of a differential equation of
the form

1958

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-195801.56945

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-195801.56945

Abstract
Full Text

V. M. ARUTIUNIAN, R. M. MURADIAN, and
A. A. SOKOLOV

ASYMPTOTIC EXPRESSION FOR THE CONFLUENT
HYPERGEOMETRIC FUNCTION

(Presented by Academician N. N. Bogoliubov, June 2, 1958)

The asymptotic behavior of solutions of a differential equation of the form

u” + f(z)u =0, (1)

where f(x) is a function of one or several parameters, can be studied by con-
structing a so-called “nearby equation,” on the basis that differential equations
which are approximately the same for all x must have approximately the same
solutions. We shall give a method for constructing such an equation; in par-
ticular, we shall apply the results obtained to finding asymptotic formulas for
Whittaker’ s confluent hypergeometric function W, () (1), As is known, the
Hermite and Laguerre polynomials, as well as the Bessel functions, are special
cases of this function.

We shall seek the solution of equation (1) in the form:

u=P(z)Flz(z)], (2)

where ¢, F, and z are arbitrary functions. Substituting (2) into (1), we obtain:

1 2 ) / ” 1
{F”+F’+F(1—82>}+F’{ w,+22—}+
z z Pz % z

” 2
S0 S S T | ) (3)

1/12/2 2 22
where ’ denotes differentiation with respect to the argument, and the parameter
s will be determined later. It should be noted that in (3) we have proceeded

along the path of constructing Bessel’ s equation for the function F(z). Equating
to zero each of the expressions in braces, we obtain:

u=(2)" {4zl )+ B2 ()} (@
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Here Zﬁl) and Z§2> are two linearly independent solutions of Bessel’ s equation,
A and B are constants, and z is determined by the equation

221 +e) = £, (5)

where

4

Z/// . 32//2 i (1 32> o f_ f* (6)
2273 4274 22 2%

The parameter s and the arbitrary function f* are chosen in such a way that

over the entire interval of variation of z the quantity € remains much less than

unity. It can be shown that when f = f* the asymptotic formulas are expressed
1

through Bessel functions of order s = + -, where m is the multiplicity of the

zero of the equation f(z,) = 0. Near the root z = zy(1 + &), where £ — 0,
the quantity

7 [ ]
€~ — —5
Em+2 |m 42 ’
whence we find the condition under which € remains much smaller than unity.

In particular, if z, is a simple root of the equation f(x,) = 0, the asymptotic
solutions are expressed in terms of Bessel functions of order +1/3. Another
choice of f* ensures the condition ¢ <« 1 for a corresponding choice of the
parameter s, which makes it possible to obtain asymptotic formulas of Hilb
type (°,%). Neglecting ¢ in equation (5), we obtain for z:

o= [ a (™)

As is known, Whittaker’ s equation has the form:

d*w 1 X 1/4—p?
d$2+{_4+$+x2}w_0. (8)

Our task is to obtain asymptotic solutions of equation (8) for large A\ and fixed
, valid uniformly for all values of = from 0 to co. Choosing f* = —1/4 +1/4,
it is necessary to consider three ranges of variation of x:
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a1
I 0<a<a" <4l zlz/ <7—7) dx, s=2u;
0

z 4
My 12
T 1 A 1/2
III. 4 <z < oo, z3=/ (7_7) dr, s=1/3.
I \4 oz

Here z* is some interior point of the interval 0,4\. According to (4), the asymp-
totic solutions for each of the three ranges take the form:

1/2
z
(z) = (Zl> {A1J2/L(Zl> + BINQ,IL(Zl)}7 O<z<a™<4r, (9)

1/2
Wy (@) = ( z’) {AsJy5(22) + Bod_y5(22)}, r* <z <4\ (10)
2

1/2
z
W,\,M@) = (;) {A311/3(Z3) + B3K1/3(Z3)}a 4\ <z < co. (11)
3

The constants A3 and Bj are easily determined by using the behavior of W, ,(z),
Iy 3(23), and K 3(23) at infinity, which gives:

1
A3 = 0’ ‘B3 = ﬁef)d*)\ln)\. (12)

Ay =B, = \/zeA”‘l“)‘. (13)

To determine the coefficients A; and B, we require equality of the asymptotic
solutions (9) and (10) and their derivatives at some interior point of the interval
0,4), whence, taking into account that z; + zy = 7w, we have

A, = Vme M A gin(\ — ), B, = —/me MM Acog( XN — ). (14)

Finally, the required asymptotic formulas take the form:
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L\ M2
Wy u(x) = /7 e M () {sin(A — )y (21) — cos(h— )Ny (21)},
(15)

2z, = 2Aarcsin (%)1/2 + 2\ (%)1/2 (1 — %)1/2, 0< o <ar <4

1/2
i z
W, . (z) = \/;e’”’\ln’\ <_z,) {J15(22) + J_15(22)
2

2, = 2\ arccos (%)m —2A (%)1/2 (1 - %)1/2 . o<z <4x  (16)

1 > 1/2
W — —A+AIn A 3 K
)\,[L(‘T) \/7_[_6 * (Zé) 1/3(Z3>7

sen(n) (5o w{(5) - (5-) ") wee<s
(17)

The arguments in formulas (15)—(17) can be simplified by introducing a new
variable & = 4\sin® £ in (15), © = 4Acos? £ in (16), and = = 4Ach® 2 in (17).

Then (15)—(17) pass respectively into (18)—(20):

. 1
L2 PN “AAlna [P s
Wi (4/\ sin” 5 ) Vamhe ( ctel9/2) )

x{sin(A — p)mJy, (Ap + Asing) — cos(A — )TNy, (Ap + Asing)}, (18)

0<p <" <,

: /
%) 2T\ p—singp
w 4\ 27 A+AIn A
o ( o 2> 3 ¢ tg(e/2) )

x{J13(Ap — Asing) + J_y5(Ap — Asingp)}, 0<p <" <m (19)
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/
) ® 2% rixys (sh®— B
Ww(zmch ) e G ) Ko@), (@)

0<P < oo

If we assume that 4\ > x*, (15) is simplified and takes the form

W/\#L( x) = V2w e AMAMA Gin(\ — 'LL>7TJ21L(2N/AI)i

—cos()\—,u)ﬂ'Nzu(Q\/ﬂ)}. (21)

This is an asymptotic formula of Hilb type.

From formulas (15), as well as (18) and (21), it is seen that Whittaker’s equation
will have a solution bounded at zero if the coefficient of Ny, (2) vanishes, i.e. A =

I+ p+ %, where [ + 1 is a natural number. This makes it possible to determine
exactly the eigenvalues of the energy operator of the hydrogen atom E, =

—mZZt 1 — 1,2, ... (see (22)) and of the harmonic oscillator E, = (n + 3 )hw,

2h2n2

n=0,1,2,... (see (26)).

Taking into account the relation of Laguerre polynomials with the Whittaker
function

Li (@) = (—1)la 5 e 2W,, a4 (), (22)
we obtain the following formulas, valid for large I:

exp[—Acosp + (A — a/2)1In A]
(2sin(p/2))"

Ly (4xsin® %) =

x(pesco+ DI, (Mg + Asing),  0<p<pt<m (23)

5 P m exp[Acosp + (A — a/2)In )]
L (1reos? 5 ) = (_”l\/g (2 cos(/2)) X

X (pescp—1)1/2 {Jl/?,()‘%@ — Asing) +J_y5(Ap — /\Sinéﬁ)} , 0Kt <m
(24)

o &\ (=1 exp[Ach® + (A —a/2)In )]
(et 5) =7 2@
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X (1= ®esch ®)2K, 5(Ash® — A®), 0< P < oo. (25)

a—+1

In the last three formulas A = [ + . The case of large o and fixed [ was

considered in (7). For a = +1/2, the Laguerre polynomials are simply related
to the Hermite polynomials

Hox) = ()22 L2 (%), Hopi (@) = ()22 2L P @), (26)

and from formulas (23)—(25) we obtain

2n + 1)"/2 2n+1
H, (\/2n+lsm )ZM+—>exp{— nt cosgp}x

(2 cos(p/2)) 172 i
. ™m
cos{ ngrsmgo)—?}, 0< < <m; (27)
. 1/2
1 2 1 —
H, ( 2n+1cos— 2\/> 2n+1) = exp[ n;— cosgo] <fm(z/n;§> X
2 2 1
X{Jus[ ntl —blnw}ﬂtJ 1/3[ nr (s@—simp)”, 0<p <t <m
(28)

ntl /2
o\ (2n+1)"F 2n + 1 shd— )
H 2 lch— ) = | [ Z——
n(mc 2) NG exp[ 1o }(sh(@ﬂ)) %
2 1
XK1/3 {%(SMP—@)}, 0<P <o (29)

In the case of the Laguerre polynomials, (21) passes into the well-known Hilb-
type formula belonging to Szego:

L{(x) = \/ﬂexp [—)x +Aln X+ g} x’a/2Ja(2V Az), (30)

and in the case of the Hermite polynomials one obtains Adamov’ s formula

H,(z)=

n

9 171/2 9 1 2
Gt D" o |22 T s (Van s 2= ™). (31)
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