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MATHEMATICS
A. D. GORBUNOYV and B. M. BUDAK

ON THE CONVERGENCE OF CERTAIN
FINITE-DIFFERENCE PROCESSES FOR
THE EQUATIONS ¢y = f(z,y) AND y'(z) =
f(ZE, y(aj)7 y(ZE o 7-(33)))

(Presented by Academician S. L. Sobolev on 22 XI 1957)

An extensive literature is devoted to the description and study of finite-difference
methods for solving the Cauchy problem for the equations indicated in the
title (see, for example, (179)). In the present article the convergence of certain
finite-difference processes for solving the Cauchy problem for such equations is
investigated, and some estimates are obtained.

1°. Suppose the equation

y = f(z,y), (1)

is given, whose right-hand side is defined and continuous in a certain bounded
closed domain G of the (z,y)-plane; it is required to find its solution satisfying
the condition

Y(%g) = Yo» (z9,Y0) € G. (2)

By y = y(z) we shall denote any exact solution of problem (1), (2) (7).

We shall seek approximate values y; of the ordinates y(x;) of the exact solution
y = y(x) at the points x; = xy +ih, i = 0,41, 42, ...; h > 0, by means of the
finite-difference equation:

Zaiykﬂ' = hZﬂikarlfi? fj = f(l.jvyj>v (3)
i=0 i=0

where [, m, and n are given integers; o, and 3, are specified real numbers; m >
0; n>0; ag,,,, By, 3, are nonzero (°).

Noting that the order of equation (3) is equal to p — ¢, where p = max(k, k + 1)
and ¢ = min(k — m, k 4+ | — n), we prescribe the initial conditions in the form
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yi:g<xi)a ’L':O,—l,...,—<p—q—1), g(xo):ym (4)

where g(z) is a certain continuously differentiable function, given on the interval
x* < x < x, and called the initial function; here the interval [z*, 2] constitutes
part of the projection of the intersection of the straight line y = y, with the
domain G onto the z-axis, and (z, g(x)) € G; the possibility is allowed that the
initial function may change when the step h is changed, which must satisfy the
condition h(p —q—1) < z* — x;.

Suppose that problem (3), (4) has been solved on some interval of values of z.
Join each pair of points (z;,y;) and (z,,1,y;.1) by a line segment, and let the
equation of the polygonal line thus obtained be y = ¢, (). Suppose, further,
that the numbers = and hj are chosen so that the mentioned polygonal line is
defined, in any case, on the interval x; < z < T for every h, 0 < h < hy. If
from every sequence of steps converging to zero one can extract a subsequence
h,, v=1,2,..., such that the corresponding sequence 0

v
of the corresponding broken lines y = §, (z) converges uniformly on the interval

[zg, 7] to some solution of problem (1), (2), then we shall say that the finite-
difference process defined by equation (3) converges.

Theorem 1. If the finite-difference process defined by equation (3) converges,
then the conditions

3
L

n

iai:& aj=Zﬁi#0 (5)

=0 2 7=0 =0

Il
[=}

are satisfied.

2°. Denote by C},[x, ] the space of finite functions t(z}), given at the points
T—x
xk,k:0,1,...,Nh:[ o

} , with norm

I = max - [¢(ay)],

0<k<N,

and by C[xz,,z] the space of bounded functions (z), given on the interval
o < x <z, with norm

|4 = sup [|i(z)].

ro<zx<T

The space C,[z,,Z] can be embedded in C|z,Z], identifying elements of
Chlxg, x] with the corresponding piecewise constant functions from C[z, Z].

Consider the finite-difference equation

m—1 ¢

2 D ajn = hiy, (6)

i=0 j=0
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where ¢; = ¢(z;), ¥; = ¥(z;). Under zero initial conditions its solution can be
written in the form

o = hByy, Y € Cpxg, ], (7)

where, for every fixed h, B, is a linear bounded operator with norm

k-1
IByl = max Z\’YM,
i=0

0<k<N,,
where the v, are completely determined by some fundamental system of solu-
tions of the homogeneous equation corresponding to equation (6).
Analogously, the finite-difference equation

1 1

> aje( —ih) = h(z) (7)

e
i=0 j=0

under zero initial conditions determines the function

o(z) = hBy(x), 1€ Clay, (8)

where the operator B,,, for every fixed h, is linear and bounded, \|§h|| = | Byl

Let f range over the set of all continuous functions in G; then the function UV,
defined by the relation

En r—x
wk - 5ifk+l+17i, 0<k< Nh = |: h 0:| ) (9)
=0

ranges over the whole space C} [z, Z].
Denote by K(C) the class of all functions 1 belonging to

Z Ch[%vf];

0<h<hy

for which |[¢| < C, C > 0, and by R(C") the class
all continuously differentiable functions g(z), z* < z <z, for which M, < C’,
C" >0, g(zy) = yp-*

The finite-difference process defined by equation (3) will be called uniformly
convergent if it converges and if, whatever C' > 0 and C’ > 0 may be, there
exists a constant A, depending only on C' and C’, such that the inequality
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|Ayy,/h| < Acer (10)

is satisfied uniformly with respect to h, 0 < h < hy, with respect to k =
0,1,..., N, with respect to ¢ € K(C), and with respect to g € R(C"); Ay, =
Ypr1 — Y is found by means of equation (3) and the initial conditions (4). The
equation

-1 1

3

A= (11)

J
J=0

Il
=)

i

will, as usual, be called the characteristic equation of the difference equa-
tion (6).

Theorem 2. Suppose that the coefficients of equation (3) satisfy conditions
(5). Then, for the uniform convergence of the finite-difference process defined
by this equation, it is necessary and sufficient that the norm of the operator B,
be uniformly bounded with respect to h, 0 < h < hy, that the moduli of the simple
roots of the characteristic equation (11) not exceed unity, and that the moduli
of its multiple roots be less than unity.

Let us consider some special cases.
A. For the finite-difference process defined by the equation
Yk + Y1 = "By frsr + -+ Bufirin)s
the necessary conditions (5) take the form
ay+a; =0, oy =Py ++ B, #0,

and are also sufficient conditions for convergence.
B. The finite-difference process generated by the equation

Yk + Y1 T Yo = "B fryr + -+ Bufierin)
converges uniformly only when the conditions

oy + oy +ay =0, 200+ 0y =By ++ 8, #0,

St
Qg

—-1< <1

are fulfilled.
3°. Suppose that f(x,y) satisfies the Lipschitz condition in y with constant L.
Then the integral

u= / 15 (6) — y(©)] de

0
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satisfies the inequality
du/dx < Lu+ A + B(z — z,), (12)
where

4

Za

Ag.
= (@)

m—1

O+ Z

A= hp(h

i+ C*(m — 1)1 . B=C":(h),

p(h) = max S U/ G

zo—(m—1)h<z<z,

e(h) = max |Q,(2), (13)

ro<z<T

= Z/Bz‘fk+1—i - a;f(z —ih, §,(z —ih)), Tpq <T STy,
=0 =0 j

m—1m—1

= max Cil 16 (R,

0<k<+oo £
i=1

3

<.
Il
—

where (; (k), ..., (,,,_1 (k) denote the functions, arranged in a certain order,
DU L R LA L 5 LA L

constructed

* By My and my, M, and m,, etc., we shall denote the upper and lower bounds
of the moduli of the functions f, 1, etc., in the region under consideration.

by means of the roots of equation (11) (A; has multiplicity w;; Ej:o w; =m—1),
and the constants C;; do not depend on h. From (12) one obtains the estimate

B
(@) — ()] < Actemo) 4 2 [eblero) 1] (14)

If f(x,y) satisfies the Lipschitz condition

If(z,y) — f(2',y")| < Lylz — 2| + Loy — o/|

with constants L, and L,, then estimate (14) can be given a more effective form:
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i) — )| < { perat o+ T ey} )
2
where
m—1 i
P=ph) |C* Y Y ayli+CHm— 1)] . plh) <M, + My,
=0 |j=0

7
Zo‘j

=0 1=0 |j=0

n n m—1
S = lLl + Ly (C* My + C** M) Z |5z|] [Z 1Bl (li = 1] +1) + Z
i=0

y/(.’ﬂ) - f(x,y(m)),y(x - T($))a m, > 0, (16)

4°. Let, for the equation

where f(z,v,2) is given and continuous in the closed domain G of the space
(z,y,2), and () is also a given continuous function, it be required to find a
solution satisfying the condition

y(x) = p(r) for z <z <z, (17)
where
7= xog;gX[a: —7(z)];

() is a given continuous function.

The definitions, propositions, and estimates established in paragraphs 1°,2°,3°
extend, with slight modifications, to the finite-difference method for solving
problem (16), (17), defined as follows. Consider the points x;, i = 0,+1, 42, ...,
and use the finite-difference equation

Z QY =h Z Bifrrii (18)
i=0 =0

of order p — q. Put

Yi :g(xi)’ 7;:0’_17“'7_(27_(]_1)’ (19)

where g(z) is a continuously differentiable function defined on the interval z* <
x <y, g(zy) = p(xy); the step h must satisfy the conditions

0<h<m, hip—q—1) < a*—x,.
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Next we shall solve equation (18) step by step under the initial conditions (19),
putting §,(z) = ¢(x), & <z < g,

fj =f (xjvyjaﬂh(xj - 7'(%))) )

and continue, step by step, the function y = %; (z), applying linear interpolation
of the neighboring values y; and y,,. This will lead to the construction of an
approximate solution of problem (16), (17).
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