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Abstract
Full Text

V. A. GROBOV

THE METHOD OF AVERAGING CANONICAL EQUA-
TIONS CONTAINING A “QUASI-CYCLIC” ANGULAR
COORDINATE

(Presented by Academician N. N. Bogolyubov, December 2, 1957)

Let us consider a dynamical system whose state is determined by r variables
41,99, ---,q, and an angular variable ¢. Suppose that the motion of the system
under consideration is described by a canonical system of equations of the form
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1 is a small parameter.

Systems of this type occur in the dynamics of turbogenerator rotors; moreover,
the unperturbed Hamiltonian H, is readily reduced to the form (4) by a suitable
choice of generalized coordinates.

In equations (2) the derivative of the momentum coordinate p,._ ;, corresponding
to the angular variable ¢, is proportional to the small parameter; therefore,
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according to N. N. Bogolyubov’ s perturbation theory (1), it is a slowly varying
function of time, and the angular variable may be called “quasi-cyclic” (i.e.,
almost cyclic). From physical considerations it follows that the coordinates
d1:9s; -+ q, are periodic functions of the angle of rotation ¢ with period 2.

Following the idea of the asymptotic methods of N. M. Krylov and N. N. Bo-
golyubov (?), we assume for system (1), in the first approximation,

g\ = a, cos(p + 1), (5)

where a;, and v, are regarded as slowly varying functions of time which, over
the course of one period, may be considered constant; as a result we have
G, = —appsin(p +Py). (6)

Solving equation (la) with respect to the momentum coordinates py,py, ..., D,
we obtain

r (1)
. 1 w (OH,
== — by DA e O N
Pk c a’k(pSIH(QO + wk) c - ik COS(SO + wz) cn ( apk ) ( )

Considering expressions (5) and (7) as formulas for a transformation of variables
and differentiating them, taking into account the dependence of a; and v, on
time, we obtain

% cos @, — ak% sin@, =0, (8)
% sin @, + ak% cos ), =
—é ; (%ai cosf;, — b;a;p Sin9i> =

=Fp(ag, ey py @+ 1, e, 0 +0,), (9)

where 6, = ¢+ 1. In the expressions for the derivatives 0H /dq;, and OH, /Jp,,
in equations (9), the values of ¢, and p,, according to formulas (5) and (7) must
be substituted.
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Multiplying equation (8) successively by cosf, and sind,, and equation (9),
respectively, by sin, and cos#,, we obtain, as the result of addition and sub-
traction, the following system of equations

da .
Tf :Fk(a17a2a"'aar5¢+¢1""7¢+¢7“) Slnek’
dy, 1
Ttk = ;ka(alva27 “warv@"_djlv'”?@—'_d}r) COSQk. (]‘0)

In order to eliminate the “quasicyclic” variable from the right-hand sides of
equations (10), let us average them over ¢ + 1, over a time equal to one period;
we obtain

da, a1 |:dbik - 2 o ]
PTHE A ; prlt sin(1); — 1) — b;pa;@ cos(v; — ) | +
1 o\ a fom,\"
il —u— ==L ind, df, = o
+27T(,0 /0 lck <aqk> Mdt ( apk ) SV avy, k:(ala 7(1”1/)1, 71/17")7

(11)

Do 2 -1 > [d R a; cos(v; — Py,) — bgagpsin(v; — ¥) | +
=1

1 o\ a fom,\"
—&-27@%/0 [ck (6%) —uE (8]%) cos 0, dO, = Vy(aq,...,a,,0q,...,0,).

Equating to zero the right-hand sides of equations (11) and averaging equations
(2) for the “quasicyclic” coordinate, we obtain equations for determining

parameters of the stationary motion:

Dy (ayy ey Gy thy, e, 0,) =0,

\Il(alv“‘,arvwlv"'a’l/}r) :0; (12)
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Having found the values a{ and 1 from equations (12) and (13), and the expres-
sions cj,im , ]5561), which characterize the values of the generalized and momentum

coordinates in stationary motion, we investigate its stability.

According to A. M. Lyapunov’ s theory of stability 3, a sufficient condition for
the stability of the motion of a canonical system is the sign-definiteness of the
quadratic form

1 1A ?H 9?H ?H
H2—§ZZ g, 04y, §ikp T2 4, 0p, &+ . O P

(i,k=1,2,...,r+1),

formed from the lowest quadratic terms of the expansion of the Hamiltonian
in a Taylor series in powers of the perturbations &;,n, of the generalized and
momentum coordinates.
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