
Soviet-era science, translated into English

Mathematics
1958

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-195801.55200

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-195801.55200


Abstract
Full Text

Mathematics
Yu. A. Ryabov

An Estimate of the Region of Convergence of Pe-
riodic Series—Solutions of Differential Equations
with a Small Parameter
(Presented by Academician I. G. Petrovskii on 22 VII 1957)

1°. We consider, based on Lyapunov’s works (1,2), a method for estimating the
region of convergence of series that represent a periodic solution of a system of
nonlinear differential equations obtained by Poincaré’s small-parameter method.

Let the equations for the deviations 𝑥1, … , 𝑥𝑛 from the so-called “generating”
periodic solution of the original system (nonautonomous) have the form

𝑑𝑥𝑠
𝑑𝑡 = 𝑎𝑠1𝑥1 + ⋯ + 𝑎𝑠𝑛𝑥𝑛 + 𝜇𝜑𝑠 + 𝑋𝑠, 𝑠 = 1, … , 𝑛, (1)

where 𝑎𝑠𝑘 are constant coefficients; 𝑋𝑠 are expanded in a certain domain into
series (the analytic case) in integral positive powers of 𝑥1, … , 𝑥𝑛 and of the
parameter 𝜇 (𝜇 > 0), beginning with terms of the 2nd order, and 𝜑𝑠 and the
coefficients of the expansions of 𝑋𝑠 are continuous periodic functions of 𝑡 with
period 2𝜋. Let the characteristic equation for the linear system obtained from
(1) when 𝑋𝑠 = 0 have 𝑟 roots (simple*) of the form 𝜆𝜎 = 𝜒𝜎

√
−1 (𝜎 = 1, … , 𝑟),

where 𝜒𝜎 is an integer or zero, while the remaining 𝑛 − 𝑟 roots are not equal
to zero or to an integral multiple of

√
−1. Such a case is called resonant, as

distinct from the nonresonant case, when the indicated characteristic equation
has no roots of the form 𝜒𝜎

√
−1.

It may be assumed that the functions 𝑋𝑠 have a factor 𝜇 (otherwise equation
(1) can always be transformed to this form). Thus, the expansions of 𝑋𝑠 may
be written in the form

𝑋𝑠 = 𝜇𝑋𝑠,

where

𝑋𝑠 = 𝑝𝑠1𝑥1+⋯+𝑝𝑠𝑛𝑥𝑛+𝜇𝜓𝑠+
∞

∑
𝑚1+⋯+𝑚𝑛+1=2

𝑃 (𝑚1,…,𝑚𝑛+1)
𝑠 𝑥𝑚1

1 ⋯ 𝑥𝑚𝑛𝑛 𝜇𝑚𝑛+1 , (2)
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𝑃 (𝑚1,…,𝑚𝑛+1)
𝑠 , 𝑝𝑠𝑘, 𝜓𝑠 being periodic coefficients.

The periodic solution of system (1), which tends to zero when 𝜇 = 0, is sought
in the form of series:

𝑥𝑠 = 𝜇𝑥(1)
𝑠 + 𝜇2𝑥(2)

𝑠 + ⋯ , 𝑠 = 1, … , 𝑛, (3)

* In general, it is immaterial whether these roots are simple or multiple. We regard them as simple only for the sake of greater simplicity in the further exposition.

where 𝑥(𝑘)
𝑠 are periodic functions with period 2𝜋. The problem consists in esti-

mating the domain of convergence of these series.

The equations for 𝑥(1)
𝑠 are written in the form

𝑑𝑥(1)
𝑠

𝑑𝑡 = 𝑎𝑠1𝑥(1)
1 + ⋯ + 𝑎𝑠𝑛𝑥(1)

𝑛 + 𝜑𝑠, 𝑠 = 1, … , 𝑛; (4)

the equations for 𝑥(𝑘)
𝑠 , for any 𝑘 ⩾ 2, are in the form of analogous linear nonho-

mogeneous equations

𝑑𝑥(𝑘)
𝑠

𝑑𝑡 = 𝑎𝑠1𝑥(𝑘)
1 + ⋯ + 𝑎𝑠𝑛𝑥(𝑘)

𝑛 + 𝑓 (𝑘)
𝑠 ,

𝑓 (𝑘)
𝑠 = 𝑝𝑠1𝑥(𝑘−1)

1 + ⋯ + 𝑝𝑠𝑛𝑥(𝑘−1)
𝑛 + 𝑋(𝑘−1)

𝑠 , (5)

where 𝑋(𝑘−1)
𝑠 are finite combinations of those 𝑥(𝜎)

1 , … , 𝑥(𝜎)
𝑛 for which 𝜎 ⩽ 𝑘 − 2.

If 𝜑1, … , 𝜑𝑛 satisfy certain conditions, then a periodic solution of equations (4)
exists and is found in the form

𝑥(1)
𝑠 = 𝑥(1)

𝑠 (𝐶) + ̄𝑥(1)
𝑠 , (6)

where

𝑥(1)
𝑠 (𝐶) = 𝐶(1)

1 𝐾𝑠1𝑒𝜆1𝑡 + ⋯ + 𝐶(1)
𝑟 𝐾𝑠𝑟𝑒𝜆𝑟𝑡; ̄𝑥(1)

𝑠 = 𝐽𝑠(𝜑1, … , 𝜑𝑛);

𝐾𝑟𝜎, 𝐶(1)
𝜎 are constants, with the 𝐶(1)

𝜎 arbitrary; 𝐽𝑠 are certain operators. These
operators are such that ̄𝑥(1)

𝑠 can be represented in the form of integrals of linear
combinations of 𝜑1, … , 𝜑𝑛 with variable coefficients. In finding 𝑥(2)

𝑠 , the con-
stants 𝐶(1)

𝜎 do not, in general, remain arbitrary, but are determined from the
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conditions of periodicity of 𝑥(2)
𝑠 . These conditions constitute algebraic linear

nonhomogeneous equations with respect to 𝐶(1)
1 , … , 𝐶(1)

𝑟 .

If the determinant of these equations is not equal to zero, then we obtain

𝐶(1)
𝜎 = 𝐽𝑐

𝜎( ̄𝑓 (2)
1 , … , ̄𝑓 (2)

𝑛 ), 𝜎 = 1, … , 𝑟, (7)

where 𝐽𝑐
𝜎 are certain linear operators, and

̄𝑓 (2)
𝑠 = 𝑝𝑠1 ̄𝑥(1)

1 + ⋯ + 𝑝𝑠𝑛 ̄𝑥(1)
𝑛 + 𝜓𝑠.

Let us note that the nonvanishing of the indicated determinant and the condi-
tions imposed on 𝜑1, … , 𝜑𝑛 are sufficient for system (1), at any rate for suffi-
ciently small 𝜇, to have a periodic solution in the form of the series (3).

Suppose that all functions 𝑥(𝜎)
1 , … , 𝑥(𝜎)

𝑛 , for 𝜎 ⩽ 𝑘 − 1, have turned out to be
periodic, and that 𝑥(𝑘−1)

𝑠 have the same form as 𝑥(1)
𝑠 :

𝑥(𝑘−1)
𝑠 = 𝑥(𝑘−1)

𝑠 (𝐶) + ̄𝑥(𝑘−1)
𝑠 , 𝑠 = 1, … , 𝑛, (8)

where

𝑥(𝑘−1)
𝑠 (𝐶) = 𝐶(𝑘−1)

1 𝐾𝑠1𝑒𝜆1𝑡+⋯+𝐶(𝑘−1)
𝑟 𝐾𝑠𝑟𝑒𝜆𝑟𝑡, ̄𝑥(𝑘−1)

𝑠 = 𝐽𝑠(𝑓 (𝑘−1)
1 , … , 𝑓 (𝑘−1)

𝑛 ).

If the constants 𝐶(𝑘−1)
𝜎 are determined by formulas analogous to (7):

𝐶(𝑘−1)
𝜎 = 𝐽𝑐

𝜎( ̄𝑓 (𝑘)
1 , … , ̄𝑓 (𝑘)

𝑛 ), 𝜎 = 1, … , 𝑟, (9)

where

̄𝑓 (𝑘)
𝑠 = 𝑝𝑠1𝑥(𝑘−1)

1 + ⋯ + 𝑝𝑠𝑛𝑥(𝑘−1)
𝑛 + 𝑋(𝑘−1)

𝑠 , 𝑠 = 1, … , 𝑛,

then the functions 𝑥(𝑘)
𝑠 turn out to be periodic and are written in the same form

as 𝑥(𝑘−1)
𝑠 .

With the aid of the expressions for the operators 𝐽𝑠, 𝐽𝑐
𝜎, one can estimate the

functions ̄𝑥(𝑘)
𝑠 and the constants 𝐶(𝑘−1)

𝜎 . We obtain

max | ̄𝑥(𝑘)
𝑠 | ≤ 𝑞(𝑠)

1 max |𝑓 (𝑘)
1 | + ⋯ + 𝑞(𝑠)

𝑛 max |𝑓 (𝑘)
𝑛 |, 𝑠 = 1, … , 𝑛, (10)

|𝐶(𝑘−1)
𝜎 | ≤ 𝑙𝜎1 max | ̄𝑓 (𝑘)

1 | + ⋯ + 𝑙𝜎𝑛 max | ̄𝑓 (𝑘)
𝑛 |, 𝜎 = 1, … , 𝑟,
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where 𝑞(𝑠)
𝑖 , 𝑙𝜎𝑖 are certain numbers.

Let us now form the algebraic equations

𝑢𝑠 = |𝐾𝑠1|𝑌1 + ⋯ + |𝐾𝑠𝑟|𝑌𝑟 + 𝑢̄𝑠, 𝑠 = 1, … , 𝑛, (11)

where

𝑢̄𝑠 = 𝜇(max | ̄𝑥(1)
𝑠 | + 𝑞(𝑠)

1 𝑈1 + ⋯ + 𝑞(𝑠)
𝑛 𝑈𝑛),

𝑌𝜎 = 𝑙𝜎1 ̄𝑈1 + ⋯ + 𝑙𝜎𝑛 ̄𝑈𝑛, 𝜎 = 1, … , 𝑟. (11*)

𝑈𝑠 = 𝑈𝑠(𝑢1, … , 𝑢𝑛, 𝜇) are majorants of the expansions 𝑋𝑠, and ̄𝑈𝑠 are obtained
from 𝑈𝑠 after replacing 𝑢1, … , 𝑢𝑛 by 𝑢̄1, … , 𝑢̄𝑛 in the terms of first order with
respect to 𝑢1, … , 𝑢𝑛. These equations determine 𝑢1, … , 𝑢𝑛 as implicit functions
of the parameter 𝜇.
If we seek a solution of equations (11) in the form of series

𝑢𝑠 = 𝜇𝑢(1)
𝑠 + 𝜇2𝑢(2)

𝑠 + ⋯ , 𝑠 = 1, … , 𝑛, (12)

then, comparing the expressions for 𝑢(𝑘)
𝑠 with the inequalities (10), one can

verify that these series will majorize the series (3) under consideration. Thus,
the problem has been reduced to determining the domain of existence of positive
solutions of (11), vanishing for 𝜇 = 0 and representable by series of the form
(12).

Using the expressions (11*), we can transform (11) to the form

𝐹𝑠 = 𝑢𝑠 − 𝑓𝑠(𝑢1, … , 𝑢𝑛, 𝜇), 𝑠 = 1, … , 𝑛, (13)

where the 𝑓𝑠 expand into series with positive coefficients in integral positive
powers of 𝑢1, … , 𝑢𝑛, 𝜇; moreover, all 𝑓𝑠 and 𝜕𝑓𝑠/𝜕𝑢𝑘 vanish for 𝑢1 = ⋯ = 𝑢𝑛 =
𝜇 = 0, but 𝑓𝑠(0, … , 0, 𝜇) ≠ 0. It can be shown that (13) have the solution we
need if 𝜇 ≤ ̄𝜇, where ̄𝜇 is found by solving the equations

𝐹𝑠 = 0, 𝜕(𝐹1, … , 𝐹𝑛)
𝜕(𝑢1, … , 𝑢𝑛) = 0, 𝑠 = 1, … , 𝑛, (14)

which possess a unique system of positive roots 𝑢𝑠 = 𝑢∗
𝑠, 𝜇 = ̄𝜇. Thus, the series

(4) converge in any case if 𝜇 ≤ ̄𝜇.

2∘. If the functions 𝜑𝑠 and 𝑝𝑠𝑘, 𝜓𝑠, 𝑃 (𝑚1,…,𝑚𝑛+1)
𝑠 —the coefficients of the expan-

sions 𝑋𝑠—are represented by Fourier polynomials, then the estimates (10) can
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be reached by finding the solution of equation (5) for different 𝑘 by selecting it
in the form of Fourier polynomials in complex form. Then we obtain all ̄𝑥(𝑘)

𝑠
and 𝐶(𝑘−1)

𝜎 in the form

̄𝑥(𝑘)
𝑠 =

𝑟𝑘

∑
𝑗=−𝑟𝑘

(𝑞(𝑠)
1𝑗 𝐴(𝑘)

1𝑗 + ⋯ + 𝑞(𝑠)
𝑛𝑗 𝐴(𝑘)

𝑛𝑗 )𝑒𝑗
√

−1 𝑡, 𝑠 = 1, … , 𝑛,

(15)

𝐶(𝑘−1)
𝜎 =

𝑟
∑
𝑚−1

(𝑙(𝑚)
𝜎1 ̄𝐴(𝑘)

1𝑥𝑚 + ⋯ + 𝑙(𝑚)
𝜎𝑛 ̄𝐴(𝑘)

𝑛𝑥𝑚), 𝜎 = 1, … , 𝑟, 𝑘 = 2, 3, … .

where 𝑞(𝑠)
𝑖𝑗 , 𝑙(𝑚)

𝜎𝑖 are constants depending on the coefficients 𝑎𝑠𝑘 of the original
system (1) and on the indices 𝑗, 𝑚, respectively, 𝑟𝑘 depends on the index 𝑘, and

𝐴(𝑘)
𝑠𝑗 = 1

2𝜋 ∫
𝜋

−𝜋
(𝑝𝑠1𝑥(𝑘−1)

1 + ⋯ + 𝑝𝑠𝑛𝑥(𝑘−1)
𝑛 + 𝑋(𝑘−1)

𝑠 ) 𝑒−𝑖𝑗
√

−1𝑡 𝑑𝑡,

̄𝐴(𝑘)
𝑠𝑥𝑚 = 1

2𝜋 ∫
𝜋

−𝜋
(𝑝𝑠1 ̄𝑥(𝑘−1)

1 + ⋯ + 𝑝𝑠𝑛 ̄𝑥(𝑘−1)
𝑛 + 𝑋(𝑘−1)

𝑠 ) 𝑒−𝜒𝑚
√

−1𝑡 𝑑𝑡. (15*)

On the basis of these expressions we obtain

max | ̄𝑥(𝑘)
𝑠 | ≤ 𝑞(𝑠)

1

𝑟𝑘

∑
𝑗=−𝑟𝑘

|𝐴(𝑘)
1𝑗 | + ⋯ + 𝑞(𝑠)

𝑛

𝑟𝑘

∑
𝑗=−𝑟𝑘

|𝐴(𝑘)
𝑛𝑗 |,

|𝐶(𝑘−1)
𝜎 | ≤ 𝑙𝜎1

𝑟
∑
𝑚=1

| ̄𝐴(𝑘)
1𝑥𝑚| + ⋯ + 𝑙𝜎𝑛

𝑟
∑
𝑚=1

| ̄𝐴(𝑘)
𝑛𝑥𝑚|. (16)

where 𝑞(𝑠)
𝑖 ≥ |𝑞(𝑠)

𝑖𝑗 |, 𝑙𝜎𝑖 ≥ |𝑙(𝑚)
𝜎𝑖 | for all possible 𝑗 = 0, ±1, … , ±𝑟𝑘, 𝑚 = 1, … , 𝑟.

If it proves possible to establish that all 𝑥(𝑘)
𝑠 contain no terms with 𝑒𝑖𝑗

√
−1𝑡,

where 𝑗 = 𝑗1, 𝑗 = 𝑗2, …, then these values of 𝑗, in choosing the numbers 𝑞(𝑠)
𝑖 , 𝑙𝜎𝑠,

are not taken into account. In this way the structure of the periodic solution
being sought is, to a certain extent, taken into account.

After the coefficients 𝑞(𝑠)
𝑖 , 𝑙𝜎𝑖 of inequalities (16) have been found, one can form

equations (11). The majorants 𝑈𝑠 are obtained in this case by replacing, in the
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expansions of 𝑋𝑠, the functions 𝑃 (𝑚1,…,𝑚𝑛+1), 𝑝𝑠𝑘, 𝜓𝑠 by the sums of the absolute
values of their (complex) Fourier coefficients.

3°. If the nonresonant case occurs, then all the preceding arguments remain
valid; it is only necessary to put all 𝐶(𝑘)

𝜎 , 𝑌𝜎 equal to zero and 𝑥(𝑘)
𝑠 = ̄𝑥(𝑘)

𝑠 , 𝑢𝑠 =
𝑢̄𝑠.

Let us note that the method considered gives, in general, a better result than
the method proposed by Lewis 3 and applicable only to the nonresonant case.
For example, let the equation be given

𝑑2𝑧
𝑑𝑡2 + 1

16𝑧 = 𝜇(1 − 𝑧2)𝑑𝑧
𝑑𝑡 + sin 𝑡, (17)

which, for 𝜇 = 0, has the“generating”periodic solution 𝑧0 = − 16
15 sin 𝑡. Putting

𝑧 = 𝑧0 + 𝑥, forming the equation for 𝑥, and investigating its periodic solution

𝑥 = 𝜇𝑥(1) + 𝜇2𝑥(2) + ⋯ (18)

as was indicated above, we obtain that this series converges, in any case, if
𝜇 < 0.15. By the Lewis method, however, we obtain that convergence of the
series (18) is guaranteed if approximately 𝜇 < 1/130.
All-Union Correspondence
Power Engineering Institute
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