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Abstract
Full Text

A. LANGENBACH

ON THE APPLICATION OF THE VARIA-
TIONAL PRINCIPLE TO SOME NONLINEAR
DIFFERENTIAL EQUATIONS
(Presented by Academician V. I. Smirnov on 14 III 1958)

1. Variational method.
It is required to solve the operator equation

𝑃𝑢 = 𝑓, (1)

where 𝑃 is a nonlinear operator in a Hilbert space 𝐻; 𝑓 is a prescribed element
of this space. We shall suppose that the operator 𝑃 is defined on some linear
set 𝑀 ; the solution of equation (1) will be sought in another linear set 𝑀0 ⊂ 𝑀 ,
with 𝑀0 dense in 𝐻.

Theorem 1*. Let:

A. 𝑃 (0) = 0; the Gâteaux differential 𝑃 ′(𝑥)𝑦 exists for arbitrary 𝑥, 𝑦 ∈ 𝑀 , is
linear with respect to 𝑦, and, as an element of 𝐻, is continuous in every“plane”
containing the point 𝑥.
B. (𝑃 ′(𝑥)ℎ1, ℎ2) = (𝑃 ′(𝑥)ℎ2, ℎ1) for 𝑥 ∈ 𝑀; ℎ1, ℎ2 ∈ 𝑀0.

C. (𝑃 ′(𝑥)ℎ, ℎ) > 0 for 𝑥 ∈ 𝑀; ℎ ∈ 𝑀0; ℎ ≠ 0.
If, moreover, there exists a solution of the equation

𝑃𝑢 = 𝑓, 𝑢 ∈ 𝑀0,

then:

1) this solution is unique;

2) it gives the functional

Φ(𝑢) = ∫
1

0
(𝑃 𝑡𝑢, 𝑢) 𝑑𝑡 − (𝑓, 𝑢) (2)
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a minimum value;
3) conversely, an element of the set 𝑀0 realizing the minimum of the functional
(2) satisfies equation (1).

The first assertion is verified directly. Indeed, assuming the existence of two
distinct solutions 𝑢1, 𝑢2 ∈ 𝑀0, we have the relation (𝑃𝑢1 − 𝑃𝑢2, 𝑢1 − 𝑢2) = 0,
which is transformed into the form

∫
1

0
(𝑃 ′(𝑡𝑢1 + (1 − 𝑡)𝑢2)(𝑢1 − 𝑢2), 𝑢1 − 𝑢2) 𝑑𝑡 = 0.

According to condition C, it follows from this that 𝑢1 − 𝑢2 = 0.
The proof of the second assertion is based on the formula

Φ(𝑢 + ℎ) − Φ(𝑢) = ∫
1

0
(𝑃 (𝑢 + 𝑠ℎ), ℎ) 𝑑𝑠 − (𝑓, ℎ).

* In the examples considered by us, the operator 𝑃 is differential; the set 𝑀

is the domain of definition of the differential operations, while 𝑀0 is determined
by boundary conditions.

The third assertion has been proved repeatedly in theorems on the potentiality
of operators (1).
Theorem 2. Suppose that conditions A, B of Theorem 1 are satisfied, and also
the condition

D. (𝑃 ′(𝑥)ℎ, ℎ) ⩾ 𝛾2‖ℎ‖2 for all 𝑥 ∈ 𝑀, ℎ ∈ 𝑀0.

Then the functional Φ(𝑢) is bounded below. Every minimizing sequence converges
in the metric of 𝐻.

Let us outline the proof of this theorem. With the aid of condition D it is easy
to prove that InfΦ(𝑢) ⩾ − 1

2𝛾2 ‖𝑓‖2. Obviously, the functional Φ(𝑢) is convex;
moreover, the inequality

1
2Φ(𝑢𝑘) + 1

2Φ(𝑢𝑙) − Φ (𝑢𝑘 + 𝑢𝑙
2 ) ⩾ 𝛾2

8 ‖𝑢𝑘 − 𝑢𝑙‖2

holds for 𝑢𝑘, 𝑢𝑙 ∈ 𝑀0. It turns out that the left-hand side of this inequality
tends to zero for any minimizing sequence {𝑢𝑛} ⊂ 𝑀0, if 𝑘 → ∞, 𝑙 → ∞.
The limit of a minimizing sequence will be called a generalized solution of
equation (1).
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Theorem 3. The generalized solution of problem (1) is unique. In other words:
all minimizing sequences of the functional Φ(𝑢) have one and the same limit in
the space 𝐻.

It may happen that the generalized solution found belongs to the set 𝑀0. Then
it is the desired solution of equation (1). In the contrary case equation (1) has no
solution on 𝑀0; then the question arises of extending the domain of definition
of the functional Φ(𝑢), originally defined on the set 𝑀0.

2. Solution of a variational equation. Consider the functional Φ(𝑢) =
𝐹(𝑢) + 𝑙𝑢, defined on some linear set 𝑁 of a Hilbert space 𝐻.

Theorem 4. Suppose that the following conditions are satisfied:

1) 𝑙𝑢 is a linear functional defined on 𝐻;

2) 𝐹(𝑢) ⩾ 𝛾2‖𝑢‖2 for 𝑢 ∈ 𝑁 ;

3) 𝐹(2𝑢) ⩽ 𝑘𝐹(𝑢), 𝑘 = const, 𝑢 ∈ 𝑁 ; 𝐹(0) = 0; 𝐹(−𝑢) = 𝐹(𝑢);
4)

𝜌(𝑢, 𝑣) = 1
2Φ(𝑢) + 1

2Φ(𝑣) − Φ (𝑢 + 𝑣
2 ) = 1

2𝐹(𝑢) + 1
2𝐹(𝑣) − 𝐹 (𝑢 + 𝑣

2 ) ⩾

⩾ 𝐹 (𝑢 − 𝑣
2 ) , 𝑢, 𝑣 ∈ 𝑁;

5) From 𝐹(𝑢 − 𝑣) → 0 it follows that |𝐹 (𝑢) − 𝐹(𝑣)| → 0, 𝑢, 𝑣 ∈ 𝑁 .

Then there exists a metric space 𝑅 ∈ 𝐻, on which the functional Φ(𝑢) attains
its minimum. Φ(𝑢) is continuous on 𝑅 and 𝑁 is dense in 𝑅.

Proof. 𝜌(𝑢, 𝑣) ⩾ 0; putting here 𝑢 = 𝑥 − 𝑦, 𝑣 = 𝑧 − 𝑥, we obtain the estimate

𝐹(𝑥 − 𝑦) + 𝐹(𝑥 − 𝑧) ⩾ 2𝐹 (𝑦 − 𝑧
2 ) ⩾ 2

𝑘𝐹(𝑦 − 𝑧).

Here 𝑘 ⩾ 4; this follows from the inequality 𝜌(𝑢, 𝑣) ⩾ 𝐹 (𝑢 − 𝑣
2 ); for 𝑣 = 0, 𝑢 =

2𝑤, 𝐹(2𝑤) ⩾ 4𝐹(𝑤). As a function of two points 𝑥, 𝑦 ∈ 𝑁 , the functional
𝐹(𝑥 − 𝑦) satisfies the axioms of symmetry and identity of a metric space, as
well as a weakened triangle condition. Chittenden proved (5) that under these
conditions there exists on 𝑁 a metric function 𝛿(𝑥, 𝑦), topologically equivalent
to 𝐹(𝑥 − 𝑦) and satisfying all the axioms of a metric space. Adjoining to 𝑁 all
limit elements in the sense of this metric, we obtain a complete metric space
𝑅. Consider a convergent sequence {𝑢𝑘} ⊂ 𝑅. By assumption, 𝛿(𝑢𝑝, 𝑢𝑞) → 0 as
𝑝 → ∞, 𝑞 → ∞. Topological equivalence means that 𝐹(𝑢𝑝 − 𝑢𝑞) also tends to
zero. From condition 2) it follows,

that ‖𝑢𝑝 −𝑢𝑞‖ → 0, and therefore 𝑅 ⊂ 𝐻. By condition 5), |𝐹 (𝑢𝑝)−𝐹(𝑢𝑞)| → 0;
the sequence {𝐹(𝑢𝑛)} has a finite limit, which we take as the value of 𝐹(𝑢) on
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𝑅. Thus the functional Φ(𝑢) is extended to 𝑅 uniquely. Φ(𝑢𝑛) is bounded below
for 𝑢𝑛 ∈ 𝑁 . Indeed,

Φ(𝑢𝑛) = 𝐹(𝑢𝑛) + 𝑙𝑢𝑛 ≥ 𝛾2‖𝑢𝑛‖2 − ‖𝑙‖ ‖𝑢𝑛‖ ≥ − 1
2𝛾2 ‖𝑙‖2;

as 𝑛 → ∞, 𝐹(𝑢𝑛) → 𝐹(𝑢), 𝑙𝑢𝑛 → 𝑙𝑢. Hence

Φ(𝑢) ≥ − 1
2𝛾2 ‖𝑙‖2

for 𝑢 ∈ 𝑅. Denote by 𝑑 the lower bound of the functional Φ(𝑢) on 𝑅. Then
there exists at least one minimizing sequence {𝑢𝑛} ⊂ 𝑅, lim𝑛→∞ 𝐹(𝑢𝑛) = 𝑑.
Suppose that, for 𝑝, 𝑞 > 𝐿,

Φ(𝑢𝑝) < 𝑑 + 𝜀, Φ(𝑢𝑞) < 𝑑 + 𝜀;

then 𝜌(𝑢𝑝, 𝑢𝑞) < 𝜀. Passing to the limit in condition 4), we note that 𝐹(𝑢𝑝 −
𝑢𝑞) → 0 as 𝑝 → ∞, 𝑞 → ∞. The sequence {𝑢𝑛} converges in the metric 𝑅 to
some element 𝑢 ∈ 𝑅. By definition,

𝐹(𝑢) = lim
𝑛→∞

𝐹(𝑢𝑛) = 𝑑,

as was required to prove.

3. Examples.
1) The problem of elastic-plastic torsion of a solid rod.

This problem reduces to solving the equation

𝜕
𝜕𝑥 [𝑓(𝑇 2)𝜕𝐹

𝜕𝑥 ] + 𝜕
𝜕𝑦 [𝑓(𝑇 2)𝜕𝐹

𝜕𝑦 ] = −2𝐺𝜔 = const; (3)

𝑇 2 = (grad𝐹)2

with the boundary condition

𝑢∣𝑆 = 0. (4)

Problem (3)—(4) and the corresponding variational problem were indicated by
L. M. Kachanov (3). The existence of a solution of problem (3)—(4) was proved
by A. I. Koshelev for a smooth contour (2). It was assumed here that
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𝑓(𝑇 2) = 𝑓0 + 𝜑(𝑇 2), 𝑓0 > 0; 𝜑(𝑡) ≥ 𝑏𝑡𝜈, 𝑏 > 0, 𝜈 > 0, 𝑡 > 0.

When the problem is solved by the variational method, the smoothness condi-
tions on the contour are superfluous; as regards the behavior of the function
𝑓(𝑇 2), in addition to the corresponding smoothness conditions it is enough to
impose the conditions

𝑓(𝑇 2) ≥ 𝑓0 > 0; 𝑓(𝑇 2) + 2𝑓 ′(𝑇 2)𝑇 2 ≥ 𝜘 > 0.

The proof of these assertions reduces to verifying conditions A, B, D.

2) The problem of creep of a plate clamped along the boundary

reduces to finding deflections 𝑤(𝑥, 𝑦) satisfying the equation

𝜕2

𝜕𝑥2 [𝑔(𝐻2) (𝜕2𝑤
𝜕𝑥2 + 1

2
𝜕2𝑤
𝜕𝑦2 )] + 𝜕2

𝜕𝑦2 [𝑔(𝐻2) (𝜕2𝑤
𝜕𝑦2 + 1

2
𝜕2𝑤
𝜕𝑥2 )] +

+ 𝜕2

𝜕𝑥 𝜕𝑦 [𝑔(𝐻2) 𝜕2𝑤
𝜕𝑥 𝜕𝑦 ] = 𝑝(𝑥, 𝑦); (5)

𝐻2 = (𝜕2𝑤
𝜕𝑥2 )

2
+ (𝜕2𝑤

𝜕𝑦2 )
2

+ 𝜕2𝑤
𝜕𝑥2

𝜕2𝑤
𝜕𝑦2 + ( 𝜕2𝑤

𝜕𝑥 𝜕𝑦 )
2

under the boundary conditions

𝑤∣𝑆 = 0, 𝜕𝑤
𝜕𝑛 ∣

𝑆
= 0. (6)

Problem (5)—(6) was indicated by L. M. Kachanov (4). Applying Theorems 1–3
to the problem formulated, we obtain the following conditions for its solvability
by the variational method: a) 𝑝(𝑥, 𝑦) ∈ 𝐿2(Ω); b) the function 𝑔(𝐻2) is three
times continuously differentiable and satisfies the conditions

𝑔(𝐻2) ≥ 𝑔0 > 0; 𝑔(𝐻2) + 2𝑔′(𝐻2)𝐻2 ≥ 𝜘 > 0.

Analogous solvability conditions have been obtained in the plane problem of
the theory of elastic-plastic deformations, as well as in the three-dimensional
problem of elastic-plastic equilibrium, if the boundary conditions are given in
displacements. Nonhomogeneous

the boundary conditions are then reduced to homogeneous ones with the aid of
solutions of the corresponding linear problems of the theory of elasticity.
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3) The variational equations of the considered problems of torsion of a bar
and creep of a plate have the form

𝛿Φ(𝑢) ≡ 𝛿 ∫
Ω

[∫
𝐽2

0
𝜑(𝑡) 𝑑𝑡 − 2𝑞(𝑥, 𝑦)𝑢] 𝑑Ω = 0.

In the torsion problem 𝜑(𝑡) = 𝑓(𝑡); 𝐽2 = (grad𝑢)2; 𝑞(𝑥, 𝑦) = 2𝐺𝜔, while in the
problem of creep of a plate 𝜑(𝑡) = 𝑔(𝑡);

𝐽2 = (𝜕2𝑢
𝜕𝑥2 )

2
+ (𝜕2𝑢

𝜕𝑦2 )
2

+ 𝜕2𝑢
𝜕𝑥2

𝜕2𝑢
𝜕𝑦2 + ( 𝜕2𝑢

𝜕𝑥 𝜕𝑦 )
2

; 𝑞(𝑥, 𝑦) = 𝑝(𝑥, 𝑦).

Sometimes in the expansion of the function 𝜑(𝑡) one restricts oneself to the
linear approximation: 𝜑(𝑡) = 1 + 𝑐𝑡, 𝑐 > 0. A direct calculation shows that,
for the linear approximation, the conditions of Theorem 4 are satisfied. As an
equivalent metric one may choose the metric of the space 𝑊 2

4 (Ω) in the torsion
problem and the metric of the space 𝑊 4

4 (Ω) in the problem of creep of a plate.
Hence it follows, in particular, that the convergence of the variational method
in the problems considered is better than in the corresponding problems of the
linear theory of elasticity.

Humboldt University Berlin, German Democratic Republic

Received 12 III 1958
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