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Abstract
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HYDROMECHANICS
N. N. MOISEEV and A. M. TER-KRIKOROV

ON THE NONUNIQUENESS OF THE SOLU-
TION OF THE HYDROFOIL PROBLEM
(Presented by Academician M. A. Lavrent’ev, 20 XI 1957)

In the linear formulation, the plane problem of hydrofoil theory has been the
subject of numerous investigations. In the nonlinear formulation, for Froude
numbers greater than 1, it was considered by A. M. Ter-Krikorov (1). The
nonlinear formulation makes it possible to establish a number of facts that
cannot be detected in a linear treatment. The most interesting results are
provided by the nonlinear theory for the study of flows at Froude numbers close
to 1. Under these conditions it turns out that the flow problem has a nonunique
solution. The existence of two flow regimes was apparently first established
experimentally by G. S. Sukhomel (2). Theoretically this fact was noted by N.
N. Moiseev (3) in the study of flow over an uneven bottom.

1. The plane problem of hydrofoil theory in dimensionless variables reduces
to the determination of an analytic function 𝑤(𝑧) (see Fig. 1, where
the notation is introduced), satisfying the flow conditions on 𝐿0 and 𝑆,
the asymptotic condition lim

𝑥→−∞
𝑦 = 1, and the condition of constancy of

pressure on 𝐿, which is a streamline:

Fig. 1

∣ 𝑑𝑤
𝑑𝑧 ∣

2
+ 2𝛾𝑦 = const,

where 𝛾 = 𝑔ℎ3/𝑄2; ℎ is the depth of the fluid at infinity to the left; 𝑄 is the
discharge.

Let, in the 𝜁-plane, the strip 𝑇𝑧 correspond to a strip of unit width. If the
contour 𝑆1 (the image of the contour 𝑆) is prescribed, then the function 𝑤(𝜁)
can be determined. Denote
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(∣𝑑𝑤
𝑑𝜁 ∣

2
)

𝜂=1
= 1 + 𝜔.

The function 𝜁(𝑧) will, for 𝜂 = 1, satisfy the condition

1
2(1 + 𝜔) ∣𝑑𝜁

𝑑𝑧 ∣
2

+ 𝛾𝑦 = const . (1)

It can be shown that if |1 − 𝛾| and |𝜔| are sufficiently small, then the bounda—

the curve 𝐿 satisfies the smoothness conditions under which M. A. Lavrent’ev’
s estimates for ∣ 𝑑𝜁

𝑑𝑧 ∣ are valid∗

∣ 𝑑𝜁
𝑑𝑧 ∣

2
∼ 1

𝑦2 [1 + 2
3𝑦𝑦″] .

Using this estimate, setting 𝑦 = 1 + 𝑢, and choosing the constant so that, for
𝜔 ≡ 0, 𝑢 = 0 satisfies equation (1), we obtain the following equation, which
approximately describes the form of the free boundary:

𝑢″ + 3(𝜈 − 1)𝑢 + 3
2(1 + 2𝜈)𝑢2 = 𝜇Φ, (2)

where

𝜇Φ = 𝜔(𝑥)[1 + 2𝜈𝑢2 − (2𝜈 − 1)𝑢] + [𝜔(𝜉) − 𝜔(𝑥)][1 + 2𝜈𝑢2 − (2𝜈 − 1)𝑢].

2. Let 𝜈 < 1. To find a solution of equation (2) that would pass into the trivial
one as 𝜇 → 0, put

𝑢 = 𝜇𝑢1 + 𝜇2𝑢2 + … , Φ = Φ1 + 𝜇Φ2 + … (3)

For the function 𝑢1 we obtain the equation

𝑢″
1 = 3(1 − 𝜈)𝑢1 + Φ1. (4)

Since, as 𝑥 → −∞, 𝑢1 = 0, denoting 𝜆 = √3(1 − 𝜈), we find:

𝑢1 = − 1
𝜆 {𝑒𝜆𝑥 ∫

∞

𝑥
Φ1(𝜏)𝑒−𝜆𝜏 𝑑𝜏 + 𝑒−𝜆𝑥 ∫

𝑥

−∞
Φ1(𝜏)𝑒𝜆𝜏 𝑑𝜏} .
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The computation of the subsequent approximations is analogous. In this case
the free surface of the flow has the form shown in Fig. 1.

Now let 𝜈 be close to 1. Denote 1 − 𝜈 = 𝛼, and write equation (2) in the form

𝑢″ = 3𝛼𝑢 − 9
2𝑢2 + 𝜇𝑓,

where 𝜇𝑓 = 𝜇Φ + 𝛼𝜂2, and put 𝑢 = 𝑢0 + 𝜇𝑢1 + …. The function 𝑢0 satisfies the
equation

𝑢″
0 = 3𝛼𝑢0 − 9

2𝑢2
0. (5)

The solution of (5) possessing the prescribed asymptotics has the form

𝑢0 = 𝛼

ch2 {
√

3𝛼
2 (𝑥 + 𝑥0)}

, (6)

where 𝑥0 may be arbitrary.

Solution (6) describes a solitary wave. The function 𝑢1 satisfies the equation

𝑢″
1 = 3𝛼𝑢1 − 9𝑢0𝑢1 + 𝑓1(𝑥, 𝑥0, 𝛼), (7)

where 𝜇𝑓1 = 𝜇Φ1 + 𝛼𝑢2
0.

Particular solutions of equation (7) for 𝑓1 ≡ 0 are

𝑦1 =
th

√
3𝛼
2 (𝑥 + 𝑥0)

ch2
√

3𝛼
2 (𝑥 + 𝑥0)

; 𝑦2 = 𝑦1 ∫
𝑥 ch4

√
3𝛼
2 (𝜏 + 𝑥0)

th2
√

3𝛼
2 (𝜏 + 𝑥0)

𝑑𝜏.

∗ See more details in (4).

Consequently, the general solution of equation (7) will be

𝑢1 = 1
Δ {𝑦1(𝑥) [∫

𝑥

0
𝑓1(𝜏, 𝑥0, 𝛼)𝑦2(𝜏) 𝑑𝜏 + 𝐶1]

−𝑦2(𝑥) [∫
𝑥

0
𝑓1(𝜏, 𝑥0, 𝛼)𝑦1(𝜏) 𝑑𝜏 + 𝐶2]} ,

where Δ = 𝑦2𝑦′
1 − 𝑦1𝑦′

2.
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The requirement that 𝑢1 be bounded as 𝑥 → ±∞ leads to the equation

∫
∞

−∞
𝑓1(𝜏, 𝑥0, 𝛼)𝑦1(𝜏) 𝑑𝜏 = 0; (8)

since 𝛼 = 1 − 𝜈 is a quantity determining the flow velocity and is prescribed,
from equation (8) we find the value of 𝑥0. The constant 𝐶1 may be arbitrary.
To determine it one must consider the equations of the second approximation.
The determination of the following terms of the expansion is analogous.

Thus a second solution has been found; it determines a flow whose free boundary
passes into a solitary wave as 𝜇 → 0.

3. In exactly the same way one investigates the case 𝜈 > 1. We shall seek
the solution that passes into the trivial one in the form of the series (3).
The equation of the first approximation for 𝑢1 will be

𝑢″
1 + 3(𝜈 − 1)𝑢 = Φ1.

The solution of this equation having the required asymptotic behavior as 𝑥 →
−∞ has the form

𝑢1 = 1
√3(𝜈 − 1)

∫
𝑥

−∞
Φ(𝜏) sin √3(𝜈 − 1)(𝑥 − 𝜏) 𝑑𝜏. (9)

The shape of the free surface is shown in Fig. 2. As 𝑥 → +∞, the free surface
tends to a regular sinusoid of the form
𝑢1 = 𝐴 sin √3(𝜈 − 1) 𝑥 + 𝐵 cos √3(𝜈 − 1) 𝑥. To construct a second solution,
different from (9), we set, as before, 𝜈 − 1 = 𝛼, 𝑢 = 𝑢0 + 𝜇𝑢1 + ⋯. The function
𝑢0 will satisfy the equation

𝑢″
0 − 3𝛼𝑢0 − 9

2𝑢2
0 = 0.

This equation has the solution

𝑢0 = 𝛼 [ 1
ch2 √

3𝛼
2 (𝑥 − 𝑥0)

− 2
3] , (10)

which also describes a solitary wave, whose depth as 𝑥 → ±∞ will be
ℎ∗ = ℎ [1 − 2(𝜈−1)

3 ], where ℎ is the depth of the solitary wave found in the
preceding section. Starting from the solution (10) and repeating the arguments
given above, we shall find a flow which, as 𝜇 → 0, passes into the flow whose
free boundary is described by equation (10).

Fig. 2
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Fig. 2

Figure 2: Fig. 2

Fig. 3

Figure 3: Fig. 3

4. Thus, even the simplest analysis of the nonlinear problem reveals a number
of qualitative features of the hydrofoil which in principle cannot be stud-
ied within the framework of the linear theory. The qualitative picture
of the nonuniqueness can be represented schematically in the plane 𝛼𝑄
(amplitude—discharge). In Fig. 3, curve 𝐼 is the solution (3) for 𝜈 < 1; 𝐼𝐼
is a solution of the form 𝑢 = 𝑢0 + 𝜇𝑢1, where 𝑢0 is determined by formula
(10); 𝐼𝐼𝐼 is a solution of the form 𝑢 = 𝑢0 + 𝜇𝑢1, where 𝑢0 is determined
by formula (6); 𝐼𝑉 is a solution of the form (9).

Fig. 3

5. Different flow regimes also correspond to different hydrodynamic charac-
teristics of the hydrofoil. As an example, let us consider the motion of a
vortex under the surface of a liquid. Let its coordinates in the 𝜁-plane be
(0, 1

2 ); then the function 𝑤(𝜁) has the form

𝑤(𝜁) = 𝜁 + Γ
2𝜋𝑖 ln sh 𝜋

2 (𝜁 − 𝑖
2 )

sh 𝜋
2 (𝜁 + 𝑖

2 ) .

Then

𝜔(𝜉) = Γ
2 ch 𝜋𝜉 .

Using the formulas of S. A. Chaplygin, it is not difficult to determine the forces
acting on the vortex. If 𝜈 < 1, then for the lift force we obtain the following
formulas (written in dimensional form):

𝑌 = −𝑐𝜌Γ − 𝑐𝜌Γ2

4ℎ√3(𝑐2 − 𝑔ℎ)
; (I)

𝑌 = −𝑐𝜌Γ + 𝜌Γ
𝑐 (𝑐2 − 𝑔ℎ); (II)

here 𝑐 is the velocity of motion of the vortex.

The first formula determines the lift force in a flow “close”to uniform. The
second formula gives the value of the lift force in a flow“close”to a flow whose
free surface is a solitary wave.
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Remark. Since the contour is specified in the parametric plane, it is clear that
the solutions found correspond, generally speaking, to different foils. Neverthe-
less, the calculations presented indicate the possibility of the existence of two
forms of flow.

Moscow Institute of Physics and Technology

Received
20 XI 1957

CITED LITERATURE
1. A. M. Ter-Krikorov, Izv. AN SSSR, ser. matem., 22, No. 2 (1958).

2. G. S. Sukhomel, Problems of the Hydraulics of Open Channels, Kiev, 1949.

3. N. N. Moiseev, Prikl. matem. i mekh., 21, No. 6 (1957).

4. M. A. Lavrent’ev, B. V. Shabat, Methods of the Theory of Functions of
a Complex Variable, Moscow–Leningrad, 1951.
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