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1. In an analogue of Newton’ s method (1) for the approximate solution of
the equation P(x) = 0, the algorithm

LTpp1 = Ty — Fﬁlp('rn% (1)

is used, where I', = P’(x,,) or T',, = P’(x,). Instead of the derivative operators
T, in (1), one may take an operator L, having an inverse L™, “close’to P’(x) in
the Banach norm (?) (our notation). We may impose weaker restrictions on the
operator L and choose a simpler (not necessarily invertible) operator convenient
for computations.

Let X be a space of type (Bg) (®). We shall use the notation:

Vi) =V[V*iz)], V°=I  I(z)=xz  AU=U(z+Az)—U(z).

Theorem 1. Suppose that on the set G C X: 1) |AU| < V(|Az|), where
U =1 — LP; 2) the operator V is monotonically increasing; 3) G contains the
bounded sphere (zy, R):

o=z SR=D V*z),  z=|LP(xy)]; (2)
k=0

4) the operator LP is (bk)-continuous; 5) the equation L(y) = 0 has the
unique zero solution.

Then the algorithm

Tni1 = Ty 7LP(xn) (n:07172a'") (3)

converges in the sphere (z,, R) to the solution z* of the equation P(z) = 0 with
rate
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o, — 27| <Y VE(z). (4)
k=n

For condition 2) it is sufficient that the operator V' be additive; for 4), (o)-
continuity of V' is sufficient; for 5), additivity and invertibility of the operator
L are sufficient. If V is not additive, then in the inequalities (2), (4) one may
take |V, |, and, in general, a stronger estimate is obtained than when using the
ordinarily employed (in Banach spaces) power |V|* or even the norm |V*| of
the iteration.

The operator V is called Volterra if (I — V)~ ! = 220:0 VE. In this case R =
(I —V)~L(2). If V is additive, then |z, —z*| < V"(R).

2. In what follows X is a K-space (®). For practical estimates of a solution
it is sometimes necessary to establish an operator analogue of Chaplygin’
s theorem—

Lygina [4] on differential inequalities, i.e., the establishment of conditions suf-
ficient for the inequality P(x) > 0 to imply = > z*, where P(z*) = 0. For an
additive invertible operator P this means its positive invertibility, i.e., P~ > 0.

Theorem 2 (comparison of additive operators). If the operators T' and A are

(o)
additive and invertible, T > A, T=t > 0, (I —T"'A)"(x) — 0 (n — o), then
At >o0.

Theorem 3 (on operator inequalities). Suppose that on the set G C X the
following conditions hold: P(xzy) > 0 (or < 0); T'(Az) > AP > A(Ax) for
Ax > 0; the operators T' and A are additive and positively invertible; the operator
1P is monotonically continuous; the set G contains [z, x| (or[zo, z;]), where
zy = x5 — A P(z0).

Then on this interval there exists a unique solution of the equation P(x) = 0.
From this, in particular, it is not difficult to obtain the comparison theorem
from the paper [75].

3. Let us construct an algorithm of Chaplygin type on the basis of replacing
the operator I',;! in the algorithm of Theorem 1 of the paper [76], similarly
to how this was done above.

Theorem 4. Suppose that on each [a,b] C [z, Ty] there exist additive positively
invertible operators I'(a,b) and T'(a,b) such that throughout [a, b]

L(a,b)(x —a) > P(x) — P(a), [(a,b)(b—x) > P(b) — P(x).

Suppose there exists an additive positively invertible operator T' > I'(a,b), T’
['(a,b) on all[a,b], the operator T'™1 P is monotonically continuous, and P(x)

0 < P(z,).

>
<
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Define the algorithm

xz =7z _Ln(ﬁn)v in-&-l zin_Ln(

N

n) ()

where P(gn) <z <0<z
homogeneous,

< P(z,), the operators L, are positive and

rL <I, r,L, <I, r,=r(,z,), I,=I(z,z,).

=n’

Then the algorithm determines sequences x,, satisfying the inequalities

SQTIr‘rl S&Sigjn+1 Sin?

-n
where z, T are the least and greatest solutions on [z, Ty] of the equation P(x) = 0.

For uniqueness of the solution it is sufficient that there exist an additive posi-
tively invertible operator A such that AP > A(Ax) for Az > 0.

If it is known in advance that the solution is unique, then the condition z, < z,
need not be imposed. Instead of the conditions imposed on L, , it is sufficient

- _ n’

torequire that ' L (z,) > z,, ', L, (%,) < %,. Under some additional assump-

n n
tions concerning L, (z,), the algorithm converges to the solution. Instead of

continuity of the operator I'"! P, one may require continuity of the operators I'
and P. This remark also applies to Theorem 3.

Putting I',, =T,,, L,, = I';;!, we obtain the algorithms of the paper [7].

Theorem 5. If, under the conditions of Theorem 4, the operators I — T, are
positive Volterra operators, then one may take as L,

ST,
k=0

where m is arbitrary.

Hence, for z,, = P(z,,), acting in the space of collections of derivatives, one can,
in particular, obtain (concrete) algorithms of work®. They occupy an interme-
diate place between the algorithms

LTpp1 = T — P(mn)

and the more complicated, but more rapidly convergent,

Tpy1 = Ty — F;1P($n>
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4. The additivity and positive invertibility condition on the operator I/, usu-
ally used in analogues of Chaplygin’ s method®”, can be replaced by an-
other one.

Theorem 6. Let the following conditions be fulfilled on the set G C X: P(xy) >
0 (or<0), T'(Ax) > AP for Ax > 0; there exists an operator L such that L > 0,
'L <1TI (or Lly) < 0 < T'L(y) —y for y < 0); the equation L(y) = 0 has the
unique zero solution; the operator LP is monotonically continuous; AU < AV
for Ax > 0, where U = I — LP; the operator V is monotonically increasing; the
set G contains the bounded interval

[zg — R, mo] (o1 [z, 70 + R]),

where

R=Y"VHe), == |LP().
k=0

Then the equation P(x) = 0 has on this interval a solution x*, which can be
obtained by algorithm (3), and moreover x, \, x* (or z,, 7 x*) with rate

2, —a*] <> VE(2).
k=n

A consequence of this is Theorem 3 under the additional condition: the operator
V = I—T"1A is Volterra. The theorem can be modified by replacing algorithm
(3) with an algorithm of the form (5).
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