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On the Connection of the Method of Nearby Sys-
tems in Special Linear Topological Spaces with
Certain Questions in the Perturbation Theory of
Linear Operators in Banach Spaces

(Presented by Academician V. I. Smirnov on 28 IV 1958)

In the present note we show the possibility of transferring a number of results
of the perturbation theory of linear operators in Banach spaces (!) to certain
linear topological spaces. In particular, from an abstract point of view the
method of proximity of M. A. Evgrafov in analytic space ((?), Ch. IV, §§ 3, 4)
is elucidated, which makes it possible not only to strengthen known results, but
also to broaden the range of their applicability.

1. Let B, (a < r < b) be a family of Banach spaces satisfying the conditions:
1) B, is an everywhere dense linear manifold in B,,, with respect to the
norm | - |~ in B, for v < r; 2) |fl» < |fll, for f € B, and »’ < r.
Let ﬁ; (@ < ¥ < b; 7 is a continuous monotonically increasing function
of ) be another family of Banach spaces with the same properties as 3,..
By 2, we denote the complete linear topological space consisting of the
elements

with linear operations induced from B,,, (r’ < r), and with convergence f,, — f
.

equivalent to the convergence | f,,— f|,» — 0 for all ¥’ < r. Analogously, starting
from the family B;, we construct the spaces 2;:.* In what follows the asterisk

T

sign for spaces will denote passage to conjugate spaces, and for operators passage
to conjugate operators. It is obvious that

W=D B

r’<r

Consider a distributive operator A, defined on a linear manifold D 4(3B,) C B,
(a < r < b), with range R, (B;) C B;. It is assumed that D4(B,) C D4 (B,/)
for " < r and that the result of the action of the operator A does not depend
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on 7. The operator A induces in each space 2, a distributive operator with
domain of definition

DA(QLI’) = H DA<B7”>
r’'<r
and range

Ry(%) = [[ Ra(B5).

r’'<r

Theorem 1. If A is a ®-operator*™* from 3B, into %; for all @ < r < b, then it
is also a ®-operator from 2, into ™A for all r € (a,b).

* We shall denote the norm in %; by | - |z and by f, — f convergence in .
T

** The concept of a ®-operator, introduced in (*) (p. 52) for Banach spaces,
includes only topological properties and therefore may also be introduced for
operators in linear topological spaces.

Proof. The operator A from 2, into ﬁr is, obviously, closed. Denote, following
(1) (p. 50), by as(B,) (a4s(2A,)) the dimension of the null subspace 34(B,)

(34(2,)), and by B, (B*) (B4(2A*)) the dimension of the defect subspace 51‘4(%*)

(52(ﬁi)) of the operator A, acting from 9B, into %T (from 2. into ﬁr) From
the assumption made and from the fact that 3,(B,/) D 34(%B,) for ' < 7, it
follows that a,(B,) (@ < r < b) is a nondecreasing function taking integer
nonnegative values. Consequently, for every r there exists such a §(r) > 0 (we
choose 0(r) maximal possible) that a4 (B,,) = const for r’ € (r—3J(r),r). Then
34(B,) is one and the same for all " € (r — d(r),r), and therefore 3, (A,) =
34(B,/) (r—4(r) < < r). From the inclusion 32(%’;,) C 31‘4(%’;) (r <
it follows that 3, (B

therefore exists such an n(r) > 0 that BA(%;‘J) = coust for v € (r —n(r),r)
and, consequently, 52(%j,) is one and the same for all v’ € (r —n(r),r). Denote
by {52};"’ (m, = BA(%:,)) a basis in the spaces 5’1‘4(%;,) for v’ € (r —n(r),r).
If h € Ry(A,) € Ry(B,,), then $,(h) =0 (i = 1,2,...,m,). Conversely, let
heA,d,h)=0(i=1,2..,m,); then h € Ry(B,) for all v’ € (r —n(r),r),
and consequently i € R, ().

) is a nonincreasing integer-valued function of r. There

This proves that the operator A from 2, into ﬁT is normally solvable and has
finite d-characteristic ((1), p. 50). Moreover, it has been found that

aa(@,) = lim a,(B,) and B,(0) = lim 5,(B;).

r’ —r—0
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The index

na(2,) = 5A<ﬁ:i) —ay(2A,)

is an integer-valued nonincreasing function of r € (a,b), and

%A(Q['r) = lim %A(%T/).

r’—r—0
Remark. The theorem is also true in the case when A is a ®-operator from 95,
into B, for all r € (a,b) except for a discrete set of values.
On the basis of this theorem and Theorem 2.2 of (1), we obtain:

Theorem 2. Let A be an operator satisfying the conditions of Theorem 1.
Then there is a positive function p(r) (a < r < b) such that, whatever the
linear bounded operator B mapping B, into %B,., independently of r € (a,b), for

which* ps|B|, < p(r), the operator A + B, acting from 2, into ﬁr (a <7 <b),
will also be a ®-operator, and

%A+B(§21r> = %A<er) (a’ <r< b)

With the help of analogous arguments and Theorem 2.4 of (1) we obtain:
Theorem 3. Let the operator A satisfy the conditions of Theorem 1. Then

there is a positive function p(r) (@ < r < b) such that for all linear bounded

~

operators B, acting from B, into B, independently of r, for which || B|, < p(r)
(a < r < b), the operator A + B, acting from 2, into 2, (a < r < b), will also
be a ®-operator,

%AJrB(Q[r) = %A(mr) (a‘ <r< b)a

and, moreover,

ap () <ay(®A) (a<r<b).

Theorem 4. If A is a ®_-operator ((1), p. 89) from B, into B, fora <r <b,
then it is respectively also a ®_ -operator from %[, into ﬁr for a < r <b.

Using Theorems 7.1 and 7.2 of (1), we obtain:
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* By ps | B, we denote the pseudonorm of the operator B from B, into B, (sec
(1), p. 55).

Theorem 5. Let A be a ®_ -operator (®_-operator) acting from B, into B,
independently of r € (a,b). Then there exists a function p(r) > 0 such that,
whatever the bounded linear operator B may be (BB, C %T), whose action
does not depend on 7 € (a,b), if |B|, < p(r) (a < r < b), the operator A + B,
acting from 2, into ﬁw will also be a ®_ -operator (®_-operator), and moreover

aA+B<9’lr) < a4 (Q[r> for r € (a7 b)
(Bar@,) < BA(,) for 7 € (a,b)).

Remark. The theorems stated will remain valid if A is assumed to be a bounded
linear operator mapping B, into B,. (a < r < b), and the spaces 2,. are replaced
by the spaces 2., consisting of elements of Zr,,>r B,.» with the following defini-
tion of convergence: f,, — f if and only if there exists an #” > r such that { f,,}5°
and f are contained in 9B,.,» and | f,,— f|l,» — 0. In this case the conjugate space
ﬁ: is equal to

I3, aa@)= lim a,(B,)

v
r” —r+4+0
,r// >r

and

2. We shall show one possible application of the preceding theorems. Consider
the Banach space B, (0 < r < R), consisting of all

f(z> = Zanzn7
n=0

for which

17l =D lag ™ < oo.
n

5, is a normed ring. The space B} may be realized as the set of functions

=0(() =) ¢, ([¢|>7)
n=0

with
[®], = sup Jen] < 00.
n T

n
The action of the functional is given by the formula

1

v =D e =g [ @050
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(in the case where the integral does not exist, its value is taken to be equal to
®(f)). A, and 2, are spaces of analytic functions in |z| < r, respectively |z| < r,
with their usual topologies.

The space 9B, possesses in the domain |z| < r a reproducing family of functionals
1

@ = {7}

e C=2)

so that ®,(f) = f(z) for f € B, and |z| < r. Moreover, for any |z| < r and
natural n > 1, there exists a linear functional

n!

(n)
ol = ———
(P

such that

To every bounded linear operator B, BB, C B, there corresponds a kernel

B0, = B = B(:.0) - D) P

such that:
1) B(z,(), for |z| < r, belongs to B;
2) B(z,() € B, C B for [¢]| > r;

3)
SUp Y _ |e a7 = 1By
n m

4) for all f(z) € B, and ®(¢) € B we have

1 1

BIG) =g | BEOMQ BUO =5 [ B OB
Cl=r z|l=r
(1)

where the integrals are understood as the actions of functionals represented
by the corresponding kernel.

Consider in ®B,., r € (0, R), the operator A of multiplication by a function p(z),
analytic in |z| < R. Exclude the discrete set of values r of the interval (0, R)
for which p(re'?) vanishes. For the remaining values

of the interval (0, R)

K, k,
p(2) = [z = 20"0,(2) (|zi| <1 Y vi=my, g () #0, for || < ) :

K3
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To the operator A there corresponds the kernel

o= PR
Az Q) = 22

and
1A, = lp(2)],-

A is a ®-operator from B, into B, (0 <7 < R, p(re'®) # 0), with a,4(B,) =0
and 8,4(%B,) = m,. The subspace R4 (B, ) is characterized by the fact that its
elements are orthogonal to the functionals <I>(Z‘? (t=1,2,...,k; s=0,1,...,v,—

s sy

1). On R, (%B,) the operator has a bounded inverse A~1, with

k -1

A7, <l (2], {]_T[(T - IZZ-I)”f}

=1

For the operator A theorem 1 holds.

Let us also consider a linear bounded operator B, BB, C B, with kernel

B(2,0) =D > Enn™ ¢,

satisfying the condition

k’l‘
T S lemlr = < [ =2 lar* ()17 (2)

for all nonexceptional values of . Then the operators A and B satisfy the
conditions of theorem 2. If one assumes

k,
sup e lr™ " < [10r = lziDla ()1,
nom i=1

then A and B satisfy the conditions of theorem 3.

From the preceding, if we put ¢, = 0 for m < n, p(0) # 0, and replace
condition (2) by the condition

M m—-n __
lim E EmnT =0,
n—oo
m
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we obtain the results of M. A. Evgrafov (see (?), Ch. IV, §§ 2, 3).

The scheme used above may also be applied to the space of analytic functions
of many variables f(zy, 25, ..., 2;) (|2;| < R;) by introducing the spaces B,
(r; < R;) of all functions

— E Ny Sk
f_ anl,...,nk’zl 2
n;

for which

1 s 20y e = D Ny [P < o0

n;

The operator A should be replaced by the operator of multiplication by the
function

p1(21) = pr(2p)a(21s - 23),s

where the p;(z;) are analytic for |z;| < R; (1 = 1,2,..., k), and q(z,...,2;) is
a nonvanishing analytic function in the polycylinder |z;| < R, (i = 1,2,..., k).
The operator A will no longer be a ®-operator, but will remain a ®_ -operator.

Let us also note that, with the aid of the preceding theorems, one can formulate
certain criteria of completeness and basis property for systems of functions of
the form {(A + B)f,(2)}5° in an analytic space.
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