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SOME FUNCTIONAL INEQUALITIES OF
THE TYPE OF EMBEDDING THEOREMS

(Presented by Academician S. L. Sobolev on VIII 6, 1958)

In the present note we consider certain estimates for functions defined in a
domain D of n-dimensional space, analogous to those given by the embedding
theorems of S. L. Sobolev (}2?), but under some additional assumptions. In
contrast to the conditions of S. L. Sobolev’ s theorems, in which one and the
same estimate is prescribed for integrals of the p-th powers of the [-th derivatives
over any subdomain €2 of the domain D, we shall assume this estimate to depend
on some positive power « of the diameter either of the whole subdomain 2, or
of its sections of smaller number of dimensions. For the case (I + a)p > n,
under somewhat different assumptions on the functions, analogous results were
obtained by Greco () and Nirenberg (*).

I. With respect to the domain D, in what follows we shall assume that it is such
that through each of its points one can draw an n-dimensional spherical sector
of constant radius and shape with vertex at this point, lying entirely in D. The
class of domains of this kind will be denoted by Cj}, where J is the value of
the greatest admissible radius of the attaining sector.

Let us introduce the following notation. By D,, we shall denote an arbitrary
section of the domain D by the hyperplane z,,,, = const,...,z, = const. Let

D, be some section of the domain D by the hyperplane z,,, ., = a,,.1,..., T, =
a,; then by [D,,]¢_, we shall denote the set of points P(2y, ..., Ty, Tppits e s Tpy)

of the domain D for whose coordinates the inequalities |z; — a;| < d, i =
m+1,...,n, hold. In particular, for example, [D,]? is the part of the domain D
contained inside a certain n-dimensional cube with side 2d, while [D,,]d = D.

IT. In what follows we shall assume that f(zq,z,,...,,,) is a continuous func-
tion defined in the domain D € C'j;, having continuous derivatives up to
order [, and satisfying the conditions

1
P

1) /"-/Ifl”dvn <A (>0, (1)
D)

where dv = dz - dzx,,;
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2) there exists a constant M > 0 such that for every integer m, 0 < m < n, and every d > 0 the inequality |

1

n 8lf 2\ 2

ma _— dv < Md*m™, 2
DmX / / . 271 Ox; - Ox; LS 2)

D, Jd Tyl = 1 i

where «,,, (m =0,1,...,n) are fixed numbers satisfying the inequalities
n—m
oz za, = 2a, =0, a,, < . (3)
p

From the fact that «, = 0, it follows that for d > 1 the term d“~ on the
right-hand side of inequality (2) may be omitted.

Theorem 1. Let f(zq,...,z,) satisfy conditions (1)—(3); let k be an integer,
with 0 <k <I—1.

Then:
1) if
n
l+ag———k=¢y—k>0
p
and
I
81‘i1 "'8Iik

is continuous in o
D=D+T

(T is the boundary of D), then for every point P € D the estimate

ok f

Ox; i

| < CARTR R 4 CoMb, (4)
31 1k

holds, where

n
50:l+o¢0—5;

9) if
I+ap——~— k<0,
p

m is an integer, 1 < m < n,

n—m

I+ a,, — — k>0,
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then for any section D,, of the domain D and any exponent ¢ > p such
that

m — (040 _am>p (5)

the inequality

holds, where dv,, = dx; ---dzx,,;

B

q

k
o°f dv

Oz, 0z,

m_p_n

< CSAh a ; + C4Mh€7nik7 (6)

m

D p m n
Em l—l—aO(l q)+amq+q r
h is an arbitrary positive number < #; C,Cy, Cy,C, are constants not de-
pending on A, M, h,a, but only on [, k, o, ov,,,, 0, ¢, m,n and on the form of the
domain D (on the solid angle of the sector reaching each point of the domain
D).

From inequalities (4) and (5) the following inequalities also follow:

oFf kin\ Trag

L <oy (AR M) L OgA, ifey—k >0, (4)
| < )
orr |
e [ —=2 | 4 <
/ /‘axil"'a%k o
(D)
1
< Oy (Asnhpghs 5= ) ool T d 4 Oy A, (6")
if
g — k<0, l+am—n_m—k>0, p<Lqg< m — (% = )P

n—(+ay—Fkp

It is not difficult to show by examples that the indicated estimates are sharp in
order.
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Fig. 1

Figure 1: Fig. 1

III. Suppose now that the domain D € C%, is such that any two of its points

P and @ can be joined by a broken line Py P, ... P,_{P, (P, = P; P, =Q)
with a finite number of links (the number of links for any two points P
and @ is bounded and < s;) and with lengths not exceeding |@Q — P|, and
such that for any two adjacent vertices P,_; and P, there exist reaching
sectors of one and the same aperture and radius, whose axes lie on the
segment P;_, P;, and arranged so that the spherical surface of one of them

lies inside the other and conversely (see Fig. 1).

Theorem 2. Let the domain D satisfy the conditions of the present item; P, Q
are two arbitrary points of D. Then under the conditions of item 1) of Theorem
1, for any number X\ satisfying the inequalities 0 < A < ey —k, A < 1, the
estimate

Cy (ARTF75 72 4 Mheoh=2) ifeg—k>1lorey—k<1;
JOMP) Q) .
T, ..0x; x; ...0T; k=) g . . )
GRS Cm(Ah ; +ﬁMh€oH), ifeg—k=1, A<1:

Cy [AX T 4 M+ #))], ifeg—k=1, A=1,
(7)
holds, where Cy,C},,Cy; are constants independent of A, M, h,\; h is an arbi-
trary positive number < H; H < H, |Q — P|.

Let S,, be a plane m-dimensional manifold contained in D,,; let R be a vector
such that all vectors hR (0 < h < 1) translate S,, within D. Such a vector R
will be called admissible for S,, C D,,.

Suppose further that there exist admissible vectors Ry, R,, ..., R,, translating

successively S, into Sg), Sﬁ,}b) into Sf,%), e Sﬁ,ﬁ_m into Sf,ﬁ) = S _, such that:

DR, +..+R, =R (t<t,);

3) for each point P,_; on SV and the corresponding point P, (P,=P,_,+
R;) on Sﬁ,?, there exist reaching sectors lying entirely in D and possessing
the same property as in III (see Fig. 1); the radii and apertures of these
sectors are assumed to be the same.

Theorem 3. Let f(xq,...,2,) satisfy the conditions of item 2) of Theorem 1;
S,, C D,,; R is a vector admissible for S,,, and with respect to S,, and R the
assumptions made above hold.
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Then for any q > p satisfying condition (5), and for any number X\ satisfying
the inequalities 0 < A < ¢, — k, A <1, the estimate

1/q
" g TR ek
IR e e Cra [An + Mhem i,
— 1 'k 1 'k m_n 1
(Sm) C |:Ah77;fkf)\ Mhem_k_)‘:|
R < 13 + T )

ife,, —k>1lore, —

ife,, —k=1, A <1,

m_n H
Cla {A}[G*T’C*MLM (1+ ’hlﬁm . ife,—k=1, =1,

(8)
where C,,C43,C 4 do not depend on A, M,h,\; h is an arbitrary positive
number < H; H < H,|R|.

From (7) and (8) follow inequalities analogous to inequalities (4”) and (6”).

IV. The theorems stated will also be valid in the case where condition (2) is
replaced by the following;:

There exists M > 0 such that

—1/p
T
Oz

iy B‘ril

2 p/
) dv,, <M (m=0,1,...,n);
i1od=1

n
n
_kn—m
max o | Tl g
D,,
-
(D)

(2)
where r,,_,, is the distance from the plane D,_,, 0 < k,_,,, <n—m, k; = 0.

In addition, we note that the estimates indicated for functions with continuous
derivatives extend also to functions having generalized derivatives in the sense
of S. L. Sobolev.
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