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Abstract
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MATHEMATICS
I. A. Bakhtin and M. A. Krasnosel’skii

On the Theory of Equations with Concave Oper-
ators
(Presented by Academician P. S. Aleksandrov on 9 VI 1958)

1. Convergence of the sequence
𝜑𝑛+1 = 𝐴𝜑𝑛 (𝑛 = 0, 1, 2, …) (1)

to the solution 𝜑∗ of the equation 𝜑 = 𝐴𝜑 is usually a consequence of the fact
that the nonlinear operator 𝐴 is a contraction operator in some function space.
In other cases the convergence of the sequence (1) follows from its boundedness
and monotonicity; in these cases the main difficulty consists in finding an initial
approximation 𝜑0 that is “less”(or “greater”) than the unknown solution 𝜑∗.

In the present paper we study the question of the applicability of the method of
successive approximations for constructing solutions of equations with concave
operators, the theory of which was developed in (2−5).

2. Let 𝐸 be a real Banach space in which two cones 𝐾 and 𝐾1 are given,
with 𝐾 ⊂ 𝐾1. We introduce in 𝐸 a semi-ordering by means of the“larger”
cone 𝐾1: we shall write 𝑥 ≼ 𝑦 if 𝑦 − 𝑥 ∈ 𝐾1.

Everywhere below it is assumed that for any elements 𝑥, 𝑦 ∈ 𝐾, from 𝑥 ≼ 𝑦 it
follows that ‖𝑥‖ ≤ 𝑚‖𝑦‖. This property is obviously fulfilled if the cone 𝐾1 is
normal in the sense of M. G. Krein (see (1)). In what follows, 𝑢0 denotes some
fixed nonzero element of 𝐾.

Let the nonlinear operator 𝐴 be defined on the“smaller”cone 𝐾 and leave this
cone invariant: 𝐴𝐾 ⊂ 𝐾. Let 𝐴 be monotone on the cone 𝐾 in the sense of the
introduced semi-ordering: from 𝑥 ≼ 𝑦 it follows that 𝐴𝑥 ≼ 𝐴𝑦. Suppose that for
every nonzero 𝑥 ∈ 𝐾 there exist numbers 𝛼, 𝛽 > 0 such that 𝛼𝑢0 ≼ 𝐴𝑥 ≼ 𝛽𝑢0.
Finally, suppose that for 0 < 𝑡 < 1 the inequalities 𝐴𝑡𝑥 ⪰ 𝑡𝐴𝑥, 𝐴𝑡𝑥 ≠ 𝑡𝐴𝑥 hold
for all such elements 𝑥 ∈ 𝐾 that 𝑥 ⪰ 𝛾𝑢0, where 𝛾 > 0. Such operators 𝐴 will
be called concave.

A concave operator 𝐴 will be called {𝐾1, 𝑢0}-concave if, for any pair of elements
𝑥, 𝑦 ∈ 𝐾 such that 𝑥 ⪰ 𝛾𝑢0, 𝑦 ⪰ 𝛾𝑢0 (𝛾 > 0), 𝑦 − 𝑥 ∈ 𝐾1, from 𝑡𝑥 ≼ 𝑦
(𝑡𝑥 ≠ 𝑦, 𝑡 > 0) it follows that 𝐴𝑦 − 𝑡𝐴𝑥 ⪰ 𝛿𝑢0, where 𝛿 > 0.
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The class of {𝐾1, 𝑢0}-concave operators was introduced for consideration in (5);
this class contains the previously studied classes of 𝑢0-concave and 𝑢0-monotone
operators (2,3).
The following general assertion holds.

Theorem 1. Let the concave operator 𝐴 be completely continuous, and suppose
the equation 𝜑 = 𝐴𝜑 has in the cone 𝐾 a unique nonzero solution 𝜑∗. Then the
successive approximations (1) converge in norm to 𝜑∗ for any 𝜑0 ∈ 𝐾, ‖𝜑0‖ ≠ 0.

Conditions for the existence and uniqueness of solutions for equations with 𝑢0-
concave and 𝑢0-monotone operators are given in (2,3), and for equations with
{𝐾1, 𝑢0}-concave operators in (5).

3. P. S. Uryson in (6) studied the question of positive solutions of the equation
𝜑 = 𝐴𝜑, where

𝐴𝜑 = ∫
𝑏

𝑎
𝐾[𝑠, 𝑡, 𝜑(𝑡)] 𝑑𝑡 + 𝑓(𝑠). (2)

P. S. Uryson’s basic assumptions on the function 𝐾(𝑠, 𝑡, 𝑢) (𝑎 ⩽ 𝑠, 𝑡 ⩽ 𝑏, 0 ⩽
𝑢 < ∞) are that 𝐾(𝑠, 𝑡, 0) ≡ 0, 𝐾(𝑠, 𝑡, 𝑢) and 𝐾′

𝑢(𝑠, 𝑡, 𝑢) are positive for positive
𝑢, and 𝐾′

𝑢(𝑠, 𝑡, 𝑢) decreases as 𝑢 increases. It is assumed that 𝑓(𝑠) ⩾ 0. In (6),
in particular, it is shown (and this is one of the principal stages of the inves-
tigation) that there exist initial approximations 𝜑0(𝑠) for which the sequence
(1) converges to a solution of the equation 𝜑 = 𝐴𝜑. Methods for the effective
construction of the initial approximation 𝜑0(𝑠) are not indicated in (6).

Since under P. S. Uryson’s conditions the operator (2) is 𝑢0-concave on the cone
of nonnegative functions (see (2,3)), it follows from Theorem 1 that there is a
somewhat unexpected fact: under the conditions found by P. S. Uryson for the
existence of a positive solution of the equation 𝜑 = 𝐴𝜑 with operator (2), this
positive solution can be obtained as the limit (the convergence being uniform)
of the sequence (1) for any nonnegative initial approximation 𝜑0(𝑠) (𝜑0(𝑠) ≢ 0).
We shall give a more general assertion, in whose proof certain propositions
established jointly by L. A. Lyadyzhenskii and one of the authors are used.

Theorem 2. Let the functions 𝐾(𝑠, 𝑡, 𝑢), continuous in 𝑢 and positive for 𝑢 > 0,
and Φ(𝑠, 𝑡, 𝑢) = 𝐾(𝑠, 𝑡, 𝑢)/𝑢 have the following properties:

a) 𝐾(𝑠, 𝑡, 0) ≡ 0, 𝐾(𝑠, 𝑡, 𝑢) increases monotonically as 𝑢 increases, 0 ⩽ 𝑢 <
∞;

b) for 0 ⩽ 𝑢1 < 𝑢2

inf
𝑎⩽𝑠,𝑡⩽𝑏

[Φ(𝑠, 𝑡, 𝑢1) − Φ(𝑠, 𝑡, 𝑢2)] > 0;
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c) there exist limits, uniform with respect to 𝑠, 𝑡, of the function Φ(𝑠, 𝑡, 𝑢)
as 𝑢 → 0 and as 𝑢 → +∞; the first of these limits is a positive bounded
function, and the second is either likewise a positive function or identically
zero.*

Let the equation 𝜑 = 𝐴𝜑 with operator (2), where 𝑓(𝑠) is a nonnegative function,
have a positive solution 𝜑∗(𝑠).
Then the sequence

𝜑𝑛+1(𝑠) = ∫
𝑏

𝑎
𝐾[𝑠, 𝑡, 𝜑𝑛(𝑡)] 𝑑𝑡 + 𝑓(𝑠) (𝑛 = 0, 1, 2, …)

converges uniformly to 𝜑∗(𝑠), whatever nonnegative function 𝜑0(𝑠), not identi-
cally zero, may be chosen.

In the assertion of Theorem 2 one may consider, instead of the interval [𝑎, 𝑏],
an arbitrary set of finite measure. From Theorem 1 follows the convergence of
successive approximations to positive solutions of a number of other equations.
For example, in (5) conditions are given for the concavity of nonlinear integral
operators in spaces of vector-functions; by virtue of Theorem 1 these condi-
tions guarantee convergence of successive approximations to positive solutions
of systems of integral equations.

4. In some cases the assertion of Theorem 1 can be strengthened. We shall
call the 𝑢0-norm of an element 𝑥 ∈ 𝐸 the least of the nonnegative numbers
𝛼 for which the inequalities −𝛼𝑢0 ⩽ 𝑥 ⩽ 𝛼𝑢0 hold. This norm ‖𝑥‖𝑢0

was
used in a number of works of M. G. Krein,

L. V. Kantorovich et al.; this norm is defined, generally speaking, not on all
elements of the space 𝐸. From the convergence of the sequence 𝑥𝑛 ∈ 𝐸 in
the 𝑢0-norm there follows ordinary convergence (since from 𝑥 ≤ 𝑦, for 𝑥, 𝑦 ∈
𝐾, by assumption it follows that ‖𝑥‖ ≤ 𝑚‖𝑦‖); the converse is false—if, for
example, 𝐸 = 𝐿2, 𝑢0(𝑠) ≡ 1, and the cones 𝐾 and 𝐾1 coincide with the cone of
nonnegative functions, then the 𝑢0-norm is defined on bounded functions and
convergence in this norm is equivalent to uniform convergence.

The elements having finite 𝑢0-norm form a space 𝐸(0), complete in the 𝑢0-norm.
Note that in this case the element 𝑢0 is an interior element of the cone 𝐾(0)

1 =
𝐾1 ∩ 𝐸(0).

We shall call a concave operator 𝐴 𝑢0-concave (cf. (3)) if, for every 𝜑 ∈ 𝐾 such
that 𝜑 ≥ 𝛾𝑢0, 𝛾 > 0, and for every interval [𝑎, 𝑏] ⊂ (0, 1), one can indicate an
𝜂 > 0 such that

𝐴𝑡𝜑 ≥ (1 + 𝜂)𝑡𝐴𝜑
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(𝑎 ≤ 𝑡 ≤ 𝑏). Obviously, 𝑢0-concave operators belong to the class of {𝐾1, 𝑢0}-
concave operators.

If an operator 𝐴, satisfying the conditions of Theorem 1, transforms every se-
quence of elements convergent in the ordinary norm into a sequence convergent
in the 𝑢0-norm, then, obviously, the sequence (1) converges to 𝜑∗ not only in
the ordinary norm, but also in the 𝑢0-norm.

It turns out that in some cases convergence of the sequence (1) in the 𝑢0-norm
can be proved without the assumption of complete continuity of the operator
𝐴.

Theorem 3. Let the equation 𝜑 = 𝐴𝜑, with a 𝑢0-concave operator 𝐴, have a
nonzero solution 𝜑∗ in 𝐾. Then the successive approximations (1) converge to
𝜑∗ in the 𝑢0-norm for any nonzero 𝜑0 ∈ 𝐾.

It is clear that, for convergence in the 𝑢0-norm of the sequence (1), it is sufficient
that some iteration of the operator 𝐴 be a 𝑢0-concave operator.

5. If the space 𝐸 possesses additional properties, then one can dispense with
some of the requirements imposed on the operators under consideration.

Theorem 4. Suppose that in the space 𝐸 every bounded monotone sequence
converges. Suppose that the continuous operator 𝐴 is concave and that the
equation 𝜑 = 𝐴𝜑 has in the cone 𝐾 a unique nonzero solution 𝜑∗. Then the
successive approximations (1) converge to 𝜑∗ for any nonzero 𝜑0 ∈ 𝐾.

Let us note that under the conditions of Theorem 3 it is not assumed that the
operator 𝐴 is continuous.

For the existence of a nonzero solution of the equation 𝜑 = 𝐴𝜑 with a mono-
tone and, in particular, with a concave operator, it is sufficient that there exist
elements 𝑥0, 𝑦0 ∈ 𝐾 (𝑥0 ≠ 0) such that 𝑥0 ≤ 𝑦0, 𝑥0 ≤ 𝐴𝑥0, 𝐴𝑦0 ≤ 𝑦0.

6. In all the assertions formulated above it was assumed that the operator 𝐴
is defined on the whole cone 𝐾. In a number of cases the operator 𝐴 is
defined only on the intersection 𝐾𝑟 of the cone 𝐾 with the ball ‖𝑥‖ < 𝑟.
The definitions of concavity on 𝐾𝑟, 𝑢0-concavity, and {𝐾1, 𝑢0}-concavity
are naturally carried over to such operators.

For equations with concave (𝑢0-concave, {𝐾1, 𝑢0}-concave) operators on 𝐾𝑟,
various assertions hold analogous to Theorems 1, 3, and 4. Suppose, for example,
𝜓 ∈ 𝐾𝑟, (𝜓 ≠ 0) and 𝐴𝜓 ≤ 𝜓, and suppose that for 𝜑 ∈ 𝐾, from the inequalities
0 ≤ 𝜑 ≤ 𝜓 it follows that 𝜑 ∈ 𝐾𝑟. Then, under the conditions of Theorems 1,
3, and 4, the sequences (1) converge to a solution 𝜑∗ of the equation 𝜑 = 𝐴𝜑
for any such nonzero 𝜑0 ∈ 𝐾 that 0 ≤ 𝜑0 ≤ 𝜓.
As an example of a {𝐾1, 𝑢0}-concave operator on some 𝐾𝑟 one may take the
nonlinear integral operator to the study of which the problem of the longitudinal
bending of a hinged rod of variable stiffness leads (see (3,4,7)).
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Let us give one more important example. Consider a nonlinear completely
continuous operator 𝐴 (𝐴0 = 0), acting in some neighborhood

the zero of a real Hilbert space 𝐻 and admitting a representation by Taylor’
s formula (see (3,8)): 𝐴𝜑 = 𝐵𝜑 + 𝐶𝜑 + 𝐷𝜑, where 𝐵 is a linear self-adjoint
operator, 𝐶𝑡𝜑 = 𝑡𝑘𝐶𝜑, and 𝐷 is an operator of order higher than 𝑘. Let 1
be a simple eigenvalue of the operator 𝐵: 𝐵ℎ = ℎ, and let all the remaining
eigenvalues be less than 1 in absolute value.

Suppose that (𝐶ℎ, ℎ) < 0. It turns out that then one can indicate cones 𝐾 and
𝐾1, 𝐾 ⊂ 𝐾1, such that 𝐴 on some 𝐾𝑟 is a {𝐾1, ℎ}-concave operator.

The condition (𝐶ℎ, ℎ) < 0 makes it possible (see (8)) to describe the location
of the spectrum of the operator 𝐴 in a neighborhood of its first bifurcation
point. The corresponding eigenfunctions can be obtained as limits of successive
approximations under a special choice of the initial approximations 𝜑0—this
follows from the concavity of 𝐴 and from the assertions formulated above. The
initial approximations may be chosen in the form 𝜌ℎ, where for the admissible
values of 𝜌 one can give an upper estimate.

Voronezh State
University
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