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THE CHEBYSHEV APPROXIMATION OF A
CONTINUOUS FUNCTION BY A POLYNO-
MIAL

(Presented by Academician N. N. Bogolyubov on 13 XII 1957)

1. Suppose that on some compact set () there is given a real continuous func-
tion f(q) and a system of n real continuous and linearly independent functions
©1(q), .., p,,(¢). By the problem of the Chebyshev approximation of the func-
tion f(q) by means of a polynomial of the form & ¢, (q) +-+&,¢,,(¢) one means
the problem of finding a system of coefficients (£9,...,£2) = 2° such that the
deviation

max |A(2°, q)| = max
qu| (2, )| na

> &e(a) — flg)
k=1

is least.

For some problems of Chebyshev approximation on an interval, algorithms were
created by P. L. Chebyshev (!) and S. N. Bernstein (?) which make it possible
to construct a sequence of polynomials whose deviations converge to the least
deviation. Some algorithms were indicated by E. Ya. Remez ().

In papers (4,°) a finite monotone algorithm was constructed for the Chebyshev

approximation of a finite system of inconsistent linear equations. In these same
papers it was shown that, in order to construct a polynomial whose deviation
from f(q) is approximately least, it is sufficient to consider an n-net ¢, ..., q,,, of
the compact set @ and, by this algorithm, to find the Chebyshev approximation
of the system of inconsistent linear equations

©1(4;)& + 02(a)8a + - + 0, (0:)E, = flg;) (i=1,...,m), (1)
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i.e., to find a point * = (&7, ..., &) for which

n

> el — flg)

k=1

n

> (a8, — fla)

max
’ k=1

= infmax ,
x 7

and, for sufficiently small 7 > 0, the deviation of the polynomial &, (q) + - +
&, (q) from f(q) will differ arbitrarily little from the least one. Using one idea
of Vallée-Poussin, it is not difficult to show (see, for example, (°)) how, in the
case of approximation on an interval by an ordinary or trigonometric polynomial,
for a given € > 0 one can actually choose n > 0 such that the deviation of the
approximate polynomial differs by less than ¢ from the least deviation.

In the present paper we give an algorithm for directly constructing the Cheby-
shev approximation of a function continuous on a compact set, without a pre-
liminary passage to the system (1), and consequently without preliminary com-
putation of the values of the functions ¢, (q), ..., ¢,,(q), f(g) on an p-net. In this
algorithm, one has mainly to deal only with

by the values of the functions at points of the compact set @ that are especially
important for our problem, at which the modulus of the difference between the
approximating polynomial and the function f(g) has the greatest value, i.e. at
points whose choice is predetermined by the nature of the functions themselves.

2. For the first approximation to the point 2°, take an arbitrary point

T, = (fg”, ,5511)) and find on @ the maximum value of the modulus of
the function

Alzy,q) = M0 (@) + 6 - 0n(@) + -+ &0 (a) — f(a).

Let max |A(xq,q)| be attained only at one point * g, € @, so that
qe

|A(z1,90) > |A(z1,9)]

for all ¢ € Q — {qo}-

We now determine the direction of the gradient of the function |A(x, q,)| at the
point x4, i.e. consider the function of z = (¢, ..., (,,) and of the parameter &

A(zy,q0) +¢ Z ©1(40)Ck|
k=1

|A(ry +€2,qp)| =

and define z = z; so that the derivative

n

d
P A(zy,q0) +¢ Z ©1(d0)C
k=1

n

= sign A(zy, qq) - Z‘Pk(QO)Ck

e=0 k=1
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is greatest in absolute value and negative for

. 1/2
|z] = [Z Cg} = const.
k=1

We obtain

21 = D0e(d0) retm = LG T ot

where X is an arbitrary multiplier with sign opposite to the sign of A(xy,q).

Now take a sufficiently small number 7; > 0 and denote by (); the new compact
set obtained by throwing out from @ the entire interior of the sphere of radius
7, with center at the point ¢, except for the point g, itself. Next, from the
equation

A(zy +e21,qy) = 0A(zy + €21, 9),

where g € Q — {qp} and § = +1, define the function

e(q) = 6A(xq,q) — A(xq,qp)

B 1 —{a}; 6==1).
S o) el T e

Let (g;) be the smallest positive value of this function on Q; — {qy} **.

For the second approximation to the point z°, we take the point

1 2
Ty =11 + ()7 = {El(c '+ €(Q1)C1<cl)}k:1,m,n = {52 >}k:1,m,n'

At this point we have:

|A(z1,q0)] > |A(z9,q90)| = |A(zg,q1)] > |A(9,9)] (¢ € Q1 — {0 01})s

A(szqO) = 01A(29,q1),

where 0, is equal to +1 or —1.

Denote by (), the new compact set obtained by throwing out from @); the entire
interior of the sphere of radius 7; with center at the point ¢;, except for the
point g, itself.
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* If this maximum is attained at more than one point, this only accelerates the
process.

** If the smallest positive value of the function e(q) is attained at more than
one point ¢, this only accelerates the process.

Suppose that the p-th approximation z, (p < n) has already been constructed
so that

|A(Ip7qo>| = |A(zp7Q1>| == |A<Ipan—1>| > |A(‘Tp7q)|
(q € prl - {quqla "'aqpfl})a

Ay, q0) = ATy, q) = =06, 1Ay, gy 1) (01,00, 1 = +1),

and let (), be the compact set obtained by removing from @,,_; the interior of
a sphere of radius 7; with center at the point g, _;, except for the point g, ;
itself.

To construct the (p + 1)-st approximation, we determine the direction of the
relative gradient of the function |A(z,q,)| at the point z,, i.e., we determine
z = z, so that the derivative

p?

n

= sign A(l‘p, qo) : Z‘pk(QO)Ck

e=0 k=1

d
e ‘A(a:p + 6z,q0)’

be greatest in absolute value and negative under the conditions:
. 1/2
b= () e
k=1

2) A(w,+ez,q9) = 5, A(x, +ez,q1) = =0, 1Az, +e2,q, 1) (Le,

n

Z[@k(qo)iaygok(qu)] Ck =0 (V: 157p*1))

k=1

We obtain

z, = A{sign Az, q0) - 94 (g0)+
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p—1

+ w, lewlae) — mmm} e (L T
k=1 n

v=1

=1,...,

where piy, ..., p,_ are determined from the system

n

Z [er(g0) — d101(a1)] [Pr(d0) — ipr(as)] 1+
=1

n

+ Z {len(g0) — d201(a2)] [1(d0) — 050k (ai)]} 1o -
k=1

-+ Z { [@k(%) - 6p7190k(qp71>] [e1(q0) — 51'901@((11‘)]} Hp—1 =
k=1

n

= —sign A(%v%) ) Z {en(a0) [plao) — 00l (i=1,...,p—1),
k=1

and the sign of the arbitrary A is chosen so that

SignA(xp’ ) - Z e (40) l(cm <0.
k=1

Consider the equation

A(xp + Ezp7 qO) = 6A<xp + EZp, Q) (q e Qp - {QOv ) qp—l}; 6 = :l:l)

and from it find the function

elq) = 5A(1'p7 q) — A(Iw %) (qe Qp — (g, ,L]p_l}; 5= 1),

len(g0) — Spp(@)] ¢

NE

el
Il

1
Let a(qp) be the smallest positive value of this function.

As the (p + 1)-st approximation to the point 2° we take the point

1
xp+1 = xp + g(qp)zp = {El(cp) + a(qp><l(cp)}k:1,m,n = {éé:er >}k:1,.“,n’

at which
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|A(9CpaQO)| > |A($p+1a%)| = |A($p+1,(h)| =
= |A(xp+1?qp)| > |A(xp+1’q)‘ (q € Qp - {qu "'7qp})7

A(l“pﬂvqo) = 51A(33p+1>q1) == 6pA('rp+l7qp) (Gps e op = +1).

Denote by @, the compact set obtained by removing from (), the entire
interior of the sphere of radius 7, with center at the point g, except for the
point g, itself.

We shall continue the preceding process until the construction of a compact set
@,_; and a stationary point z,, i.e., one such that

A2y )l = |A@,, qi)| = - = Az, g0)] > [A2,,9)]

(q S Qr—l - {qu ceey qT—l})?

but there does not exist such a direction z = z, along which, under motion (i.e.,
for increasing € > 0), all the quantities |A(z, +€z,,q0)]; -,

R |A(xr + szr’qr71>|

would decrease while remaining equal to one another.* If the stationary point
x, lies inside one of the simplexes (or one of the prisms (6)) bounded by the
planes of the system

01(4;)& + 02(0)6 + -+ ,(¢:)E, = flg;) (i=0,1,...,7r—1), (2)

then the polynomial

S o(a)
k=1

deviates least from f(q) on the compact set @,_;, and the first part of the
process ends here. Otherwise z, is directed from the point z, to the vertex of
the simplex (edge of the prism) having maximal characteristic, i.e., such that
the sum of the number of planes from (2) passing through it and the number
of planes from (2) separating it from x, has the greatest value. Similarly to
the preceding steps, we construct the function €(g), find its least positive value
e(q,), and obtain the next approximation x, ., (i.e., a new stationary point) and
a new compact set Q,.
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It is not hard to show that after a finite number of steps the process ends with
the construction of a compact set le C @ (possibly consisting only of a finite

number of points) and of a point ¥ such that the corresponding polynomial
deviates least from f(¢q) on @, , and moreover the inequality

max |A(9,¢)| < infmax|A(x, ¢)| < max |A(9,g)
q9€Q T qeQ q€Q

holds, giving a convenient estimate of the accuracy with which the deviation of
our polynomial approximates the least deviation on the entire compact set Q.

3. Remark. The process can, of course, be repeated, taking the constructed
point z{ as the first approximation and taking as the radius of the spheres to be
removed a number 7, < 1;. As already indicated at the beginning, as 7, — 0
the deviation of the corresponding polynomial tends to the least deviation.

Lutsk Pedagogical Institute
named after Lesya Ukrainka

Received
3 XII 1957

CITED LITERATURE
1. P. L. Chebyshev, Complete Collected Works, 2, Moscow-Leningrad, 1947.

2. S. N. Bernstein, Collected Works, 1, 1952.

3. E. Ya. Remez, On Methods of the Best, in the Sense of Chebyshev,
Approximate Representation of Functions, Kiev, 1935.

4. S. 1. Zukhovitskii, DAN, 79, No. 4 (1951).

5. S. L. Zukhovitskii, Mathematical Collection, 33 (75), 2 (1953).
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