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Abstract
Full Text

Reports of the Academy of Sciences of the USSR
1958. Vol. 120, No. 4

MATHEMATICS
S. I. Zukhovitskii

AN ALGORITHM FOR CONSTRUCTING
THE CHEBYSHEV APPROXIMATION OF A
CONTINUOUS FUNCTION BY A POLYNO-
MIAL
(Presented by Academician N. N. Bogolyubov on 13 XII 1957)

1. Suppose that on some compact set 𝑄 there is given a real continuous func-
tion 𝑓(𝑞) and a system of 𝑛 real continuous and linearly independent functions
𝜑1(𝑞), … , 𝜑𝑛(𝑞). By the problem of the Chebyshev approximation of the func-
tion 𝑓(𝑞) by means of a polynomial of the form 𝜉1𝜑1(𝑞)+⋯+𝜉𝑛𝜑𝑛(𝑞) one means
the problem of finding a system of coefficients (𝜉0

1 , … , 𝜉0
𝑛) = 𝑥0 such that the

deviation

max
𝑞∈𝑄

|Δ(𝑥0, 𝑞)| = max
𝑞∈𝑄

∣
𝑛

∑
𝑘=1

𝜉0
𝑘𝜑𝑘(𝑞) − 𝑓(𝑞)∣

is least.

For some problems of Chebyshev approximation on an interval, algorithms were
created by P. L. Chebyshev (1) and S. N. Bernstein (2) which make it possible
to construct a sequence of polynomials whose deviations converge to the least
deviation. Some algorithms were indicated by E. Ya. Remez (3).
In papers (4,5 ) a finite monotone algorithm was constructed for the Chebyshev
approximation of a finite system of inconsistent linear equations. In these same
papers it was shown that, in order to construct a polynomial whose deviation
from 𝑓(𝑞) is approximately least, it is sufficient to consider an 𝜂-net 𝑞1, … , 𝑞𝑚 of
the compact set 𝑄 and, by this algorithm, to find the Chebyshev approximation
of the system of inconsistent linear equations

𝜑1(𝑞𝑖)𝜉1 + 𝜑2(𝑞𝑖)𝜉2 + ⋯ + 𝜑𝑛(𝑞𝑖)𝜉𝑛 = 𝑓(𝑞𝑖) (𝑖 = 1, … , 𝑚), (1)
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i.e., to find a point 𝑥∗ = (𝜉∗
1, … , 𝜉∗

𝑛) for which

max
𝑖

∣
𝑛

∑
𝑘=1

𝜑𝑘(𝑞𝑖)𝜉∗
𝑘 − 𝑓(𝑞𝑖)∣ = inf

𝑥
max

𝑖
∣

𝑛
∑
𝑘=1

𝜑𝑘(𝑞𝑖)𝜉𝑘 − 𝑓(𝑞𝑖)∣ ,

and, for sufficiently small 𝜂 > 0, the deviation of the polynomial 𝜉∗
1𝜑1(𝑞) + ⋯ +

𝜉∗
𝑛𝜑𝑛(𝑞) from 𝑓(𝑞) will differ arbitrarily little from the least one. Using one idea
of Vallée-Poussin, it is not difficult to show (see, for example, (6)) how, in the
case of approximation on an interval by an ordinary or trigonometric polynomial,
for a given 𝜀 > 0 one can actually choose 𝜂 > 0 such that the deviation of the
approximate polynomial differs by less than 𝜀 from the least deviation.

In the present paper we give an algorithm for directly constructing the Cheby-
shev approximation of a function continuous on a compact set, without a pre-
liminary passage to the system (1), and consequently without preliminary com-
putation of the values of the functions 𝜑1(𝑞), … , 𝜑𝑛(𝑞), 𝑓(𝑞) on an 𝜂-net. In this
algorithm, one has mainly to deal only with

by the values of the functions at points of the compact set 𝑄 that are especially
important for our problem, at which the modulus of the difference between the
approximating polynomial and the function 𝑓(𝑞) has the greatest value, i.e. at
points whose choice is predetermined by the nature of the functions themselves.

2. For the first approximation to the point 𝑥0, take an arbitrary point
𝑥1 = (𝜉(1)

1 , … , 𝜉(1)
𝑛 ) and find on 𝑄 the maximum value of the modulus of

the function

Δ(𝑥1, 𝑞) = 𝜉(1)
1 𝜑1(𝑞) + 𝜉(1)

2 ⋅ … ⋅ 𝜑2(𝑞) + ⋯ + 𝜉(1)
𝑛 𝜑𝑛(𝑞) − 𝑓(𝑞).

Let max
𝑞∈𝑄

|Δ(𝑥1, 𝑞)| be attained only at one point ∗ 𝑞0 ∈ 𝑄, so that

|Δ(𝑥1, 𝑞0)| > |Δ(𝑥1, 𝑞)|

for all 𝑞 ∈ 𝑄 − {𝑞0}.
We now determine the direction of the gradient of the function |Δ(𝑥, 𝑞0)| at the
point 𝑥1, i.e. consider the function of 𝑧 = (𝜁1, … , 𝜁𝑛) and of the parameter 𝜀

|Δ(𝑥1 + 𝜀𝑧, 𝑞0)| = ∣Δ(𝑥1, 𝑞0) + 𝜀
𝑛

∑
𝑘=1

𝜑𝑘(𝑞0)𝜁𝑘∣ ,

and define 𝑧 = 𝑧1 so that the derivative

𝑑
𝑑𝜀 ∣Δ(𝑥1, 𝑞0) + 𝜀

𝑛
∑
𝑘=1

𝜑𝑘(𝑞0)𝜁𝑘∣
𝜀=0

= signΔ(𝑥1, 𝑞0) ⋅
𝑛

∑
𝑘=1

𝜑𝑘(𝑞0)𝜁𝑘
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is greatest in absolute value and negative for

‖𝑧‖ = [
𝑛

∑
𝑘=1

𝜁2
𝑘]

1/2

= const.

We obtain

𝑧1 = {𝜆𝜑𝑘(𝑞0)}𝑘=1,…,𝑛 = {𝜁(1)
𝑘 }𝑘=1,…,𝑛,

where 𝜆 is an arbitrary multiplier with sign opposite to the sign of Δ(𝑥1, 𝑞0).
Now take a sufficiently small number 𝜂1 > 0 and denote by 𝑄1 the new compact
set obtained by throwing out from 𝑄 the entire interior of the sphere of radius
𝜂1 with center at the point 𝑞0, except for the point 𝑞0 itself. Next, from the
equation

Δ(𝑥1 + 𝜀𝑧1, 𝑞0) = 𝛿Δ(𝑥1 + 𝜀𝑧1, 𝑞),

where 𝑞 ∈ 𝑄 − {𝑞0} and 𝛿 = ±1, define the function

𝜀(𝑞) = 𝛿Δ(𝑥1, 𝑞) − Δ(𝑥1, 𝑞0)
∑𝑛

𝑘=1[𝜑𝑘(𝑞0) − 𝛿𝜑𝑘(𝑞)]𝜁(1)
𝑘

(𝑞 ∈ 𝑄1 − {𝑞0}; 𝛿 = ±1).

Let 𝜀(𝑞1) be the smallest positive value of this function on 𝑄1 − {𝑞0} ∗∗.
For the second approximation to the point 𝑥0, we take the point

𝑥2 = 𝑥1 + 𝜀(𝑞1)𝑧1 = {𝜉(1)
𝑘 + 𝜀(𝑞1)𝜁(1)

𝑘 }𝑘=1,…,𝑛 = {𝜉(2)
𝑘 }𝑘=1,…,𝑛.

At this point we have:

|Δ(𝑥1, 𝑞0)| > |Δ(𝑥2, 𝑞0)| = |Δ(𝑥2, 𝑞1)| > |Δ(𝑥2, 𝑞)| (𝑞 ∈ 𝑄1 − {𝑞0, 𝑞1}),

Δ(𝑥2, 𝑞0) = 𝛿1Δ(𝑥2, 𝑞1),

where 𝛿1 is equal to +1 or −1.
Denote by 𝑄2 the new compact set obtained by throwing out from 𝑄1 the entire
interior of the sphere of radius 𝜂1 with center at the point 𝑞1, except for the
point 𝑞1 itself.
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* If this maximum is attained at more than one point, this only accelerates the
process.

** If the smallest positive value of the function 𝜀(𝑞) is attained at more than
one point 𝑞1, this only accelerates the process.

Suppose that the 𝑝-th approximation 𝑥𝑝 (𝑝 ⩽ 𝑛) has already been constructed
so that

∣Δ(𝑥𝑝, 𝑞0)∣ = ∣Δ(𝑥𝑝, 𝑞1)∣ = ⋯ = ∣Δ(𝑥𝑝, 𝑞𝑝−1)∣ > ∣Δ(𝑥𝑝, 𝑞)∣

(𝑞 ∈ 𝑄𝑝−1 − {𝑞0, 𝑞1, … , 𝑞𝑝−1}),

Δ(𝑥𝑝, 𝑞0) = 𝛿1Δ(𝑥𝑝, 𝑞1) = ⋯ = 𝛿𝑝−1Δ(𝑥𝑝, 𝑞𝑝−1) (𝛿1, … , 𝛿𝑝−1 = ±1),

and let 𝑄𝑝 be the compact set obtained by removing from 𝑄𝑝−1 the interior of
a sphere of radius 𝜂1 with center at the point 𝑞𝑝−1, except for the point 𝑞𝑝−1
itself.

To construct the (𝑝 + 1)-st approximation, we determine the direction of the
relative gradient of the function |Δ(𝑥, 𝑞0)| at the point 𝑥𝑝, i.e., we determine
𝑧 = 𝑧𝑝 so that the derivative

𝑑
𝑑𝜀 ∣Δ(𝑥𝑝 + 𝜀𝑧, 𝑞0)∣∣

𝜀=0
= signΔ(𝑥𝑝, 𝑞0) ⋅

𝑛
∑
𝑘=1

𝜑𝑘(𝑞0)𝜁𝑘

be greatest in absolute value and negative under the conditions:

1) ‖𝑧‖ = (
𝑛

∑
𝑘=1

𝜁2
𝑘)

1/2

= const;

2) Δ(𝑥𝑝 + 𝜀𝑧, 𝑞0) = 𝛿1Δ(𝑥𝑝 + 𝜀𝑧, 𝑞1) = ⋯ = 𝛿𝑝−1Δ(𝑥𝑝 + 𝜀𝑧, 𝑞𝑝−1) (i.e.,

𝑛
∑
𝑘=1

[𝜑𝑘(𝑞0) − 𝛿𝜈𝜑𝑘(𝑞𝜈)] 𝜁𝑘 = 0 (𝜈 = 1, … , 𝑝 − 1)).

We obtain

𝑧𝑝 = 𝜆 {signΔ(𝑥𝑝, 𝑞0) ⋅ 𝜑𝑘(𝑞0)+
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+
𝑝−1
∑
𝜈=1

𝜇𝜈 [𝜑𝑘(𝑞0) − 𝛿𝜈𝜑𝑘(𝑞𝜈)]}
𝑘=1,…,𝑛

= {𝜁(𝑝)
𝑘 }𝑘=1,…,𝑛,

where 𝜇1, … , 𝜇𝑝−1 are determined from the system

𝑛
∑
𝑘=1

[𝜑𝑘(𝑞0) − 𝛿1𝜑𝑘(𝑞1)] [𝜑𝑘(𝑞0) − 𝛿𝑖𝜑𝑘(𝑞𝑖)] 𝜇1+

+
𝑛

∑
𝑘=1

{[𝜑𝑘(𝑞0) − 𝛿2𝜑𝑘(𝑞2)] [𝜑𝑘(𝑞0) − 𝛿𝑖𝜑𝑘(𝑞𝑖)]} 𝜇2 ⋯

⋯ +
𝑛

∑
𝑘=1

{[𝜑𝑘(𝑞0) − 𝛿𝑝−1𝜑𝑘(𝑞𝑝−1)] [𝜑𝑘(𝑞0) − 𝛿𝑖𝜑𝑘(𝑞𝑖)]} 𝜇𝑝−1 =

= − signΔ(𝑥𝑝, 𝑞0) ⋅
𝑛

∑
𝑘=1

{𝜑𝑘(𝑞0) [𝜑𝑘(𝑞0) − 𝛿𝑖𝜑𝑘(𝑞𝑖)]} (𝑖 = 1, … , 𝑝 − 1),

and the sign of the arbitrary 𝜆 is chosen so that

signΔ(𝑥𝑝, 𝑞0) ⋅
𝑛

∑
𝑘=1

𝜑𝑘(𝑞0)𝜁(𝑝)
𝑘 < 0.

Consider the equation

Δ(𝑥𝑝 + 𝜀𝑧𝑝, 𝑞0) = 𝛿Δ(𝑥𝑝 + 𝜀𝑧𝑝, 𝑞) (𝑞 ∈ 𝑄𝑝 − {𝑞0, … , 𝑞𝑝−1}; 𝛿 = ±1)

and from it find the function

𝜀(𝑞) = 𝛿Δ(𝑥𝑝, 𝑞) − Δ(𝑥𝑝, 𝑞0)
𝑛

∑
𝑘=1

[𝜑𝑘(𝑞0) − 𝛿𝜑𝑘(𝑞)] 𝜁(𝑝)
𝑘

(𝑞 ∈ 𝑄𝑝 − {𝑞0, … , 𝑞𝑝−1}; 𝛿 = ±1).

Let 𝜀(𝑞𝑝) be the smallest positive value of this function.

As the (𝑝 + 1)-st approximation to the point 𝑥0 we take the point

𝑥𝑝+1 = 𝑥𝑝 + 𝜀(𝑞𝑝)𝑧𝑝 = {𝜉(𝑝)
𝑘 + 𝜀(𝑞𝑝)𝜁(𝑝)

𝑘 }𝑘=1,…,𝑛 = {𝜉(𝑝+1)
𝑘 }𝑘=1,…,𝑛,

at which
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|Δ(𝑥𝑝, 𝑞0)| > |Δ(𝑥𝑝+1, 𝑞0)| = |Δ(𝑥𝑝+1, 𝑞1)| = ⋯

⋯ = |Δ(𝑥𝑝+1, 𝑞𝑝)| > |Δ(𝑥𝑝+1, 𝑞)| (𝑞 ∈ 𝑄𝑝 − {𝑞0, … , 𝑞𝑝}),

Δ(𝑥𝑝+1, 𝑞0) = 𝛿1Δ(𝑥𝑝+1, 𝑞1) = ⋯ = 𝛿𝑝Δ(𝑥𝑝+1, 𝑞𝑝) (𝛿1, … , 𝛿𝑝 = ±1).

Denote by 𝑄𝑝+1 the compact set obtained by removing from 𝑄𝑝 the entire
interior of the sphere of radius 𝜂1 with center at the point 𝑞𝑝, except for the
point 𝑞𝑝 itself.

We shall continue the preceding process until the construction of a compact set
𝑄𝑟−1 and a stationary point 𝑥𝑟, i.e., one such that

|Δ(𝑥𝑟, 𝑞0)| = |Δ(𝑥𝑟, 𝑞1)| = ⋯ = |Δ(𝑥𝑟, 𝑞𝑟−1)| > |Δ(𝑥𝑟, 𝑞)|

(𝑞 ∈ 𝑄𝑟−1 − {𝑞0, … , 𝑞𝑟−1}),

but there does not exist such a direction 𝑧 = 𝑧𝑟 along which, under motion (i.e.,
for increasing 𝜀 > 0), all the quantities |Δ(𝑥𝑟 + 𝜀𝑧𝑟, 𝑞0)|, … ,

… , |Δ(𝑥𝑟 + 𝜀𝑧𝑟, 𝑞𝑟−1)|

would decrease while remaining equal to one another.* If the stationary point
𝑥𝑟 lies inside one of the simplexes (or one of the prisms (6)) bounded by the
planes of the system

𝜑1(𝑞𝑖)𝜉1 + 𝜑2(𝑞𝑖)𝜉2 + ⋯ + 𝜑𝑛(𝑞𝑖)𝜉𝑛 = 𝑓(𝑞𝑖) (𝑖 = 0, 1, … , 𝑟 − 1), (2)

then the polynomial

𝑛
∑
𝑘=1

𝜉(𝑟)
𝑘 𝜑𝑘(𝑞)

deviates least from 𝑓(𝑞) on the compact set 𝑄𝑟−1, and the first part of the
process ends here. Otherwise 𝑧𝑟 is directed from the point 𝑥𝑟 to the vertex of
the simplex (edge of the prism) having maximal characteristic, i.e., such that
the sum of the number of planes from (2) passing through it and the number
of planes from (2) separating it from 𝑥𝑟 has the greatest value. Similarly to
the preceding steps, we construct the function 𝜀(𝑞), find its least positive value
𝜀(𝑞𝑟), and obtain the next approximation 𝑥𝑟+1 (i.e., a new stationary point) and
a new compact set 𝑄𝑟.
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It is not hard to show that after a finite number of steps the process ends with
the construction of a compact set 𝑄𝑚1

⊂ 𝑄 (possibly consisting only of a finite
number of points) and of a point 𝑥0

1 such that the corresponding polynomial
deviates least from 𝑓(𝑞) on 𝑄𝑚1

, and moreover the inequality

max
𝑞∈𝑄𝑚1

|Δ(𝑥0
1, 𝑞)| ≤ inf

𝑥
max
𝑞∈𝑄

|Δ(𝑥, 𝑞)| ≤ max
𝑞∈𝑄

|Δ(𝑥0
1, 𝑞)|

holds, giving a convenient estimate of the accuracy with which the deviation of
our polynomial approximates the least deviation on the entire compact set 𝑄.

3. Remark. The process can, of course, be repeated, taking the constructed
point 𝑥0

1 as the first approximation and taking as the radius of the spheres to be
removed a number 𝜂2 < 𝜂1. As already indicated at the beginning, as 𝜂𝑘 → 0
the deviation of the corresponding polynomial tends to the least deviation.
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