Soviet-era science, translated into English

Reports of the Academy of
Sciences of the USSR

1958

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-195801.46343

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-195801.46343

Abstract

Full Text

Reports of the Academy of Sciences of the USSR
1958. Volume 118, No. 2

MATHEMATICS

L. N. SLOBODETSKII
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(Presented by Academician V. I. Smirnov on 28 X 1957)

1. Let E,, be the n-dimensional space of points = (21, ..., x,,); let nqy,...,n,
be natural numbers whose sum is n; let E*) be n,;-dimensional spaces of
points

e® = @ 2y k=1,2,..,r).

Further, let Q) be finite or infinite domains in E*), and

Q= H Q)
k=1
We define the function space W;{E? ,(Q) for nonnegative [,. First let [,
be an integer. We shall say that f(z) € Wﬁ,’jf ,(@) if it has generalized

derivatives, square-summable over (), with respect to x(1k> ,x%kk) up to

order /. The norm of f(x) in Wﬁz)),z(Q) is defined to be

1/2
”f“ () = {Z/|Di(mf|2dx} :
WI(,C),Z(Q) =

lk‘ == l;€+)\k,

Now let

where [} is a nonnegative integer and A is a proper fraction (0 < A\, < 1). We
shall say that f(z) € W) (Q) if

z(F),2

fla) e Wit L@
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and if all the integrals

(k)
2 (e _ NIy s I dx dy /
L3 (D, f) = /Q(k) |A(e®,y*) D1 f| o) — R on, (¢ <1,),

converge, where

QW =@ x ¥ (zeQ, y ea®),

A®) y®) f = feD), a0 g g a0 kD) k) gk

s=1

n 1/2
k

k k
) —y )| = [E (2l — g ))2] :

In this case we set

1/2
C o =R L3(D! :
ity o %mﬁf@+z,xww}

),2 q<ly,

Suppose now that [, ..., [, are nonnegative numbers. We say that
—
fl@) e Wiyt L(Q)
if l
fl@) e Wit (@)

for all
k=1,2,...,r.

In this case

. 1/2
— 2
M@WMWF{;MWM@}'

...... 2(k) 2

Definition of the spaces Wil&’)“:.’.l;)(r) 5 is easily generalized to surfaces of the

form T' = SM x ... x 8 where S is a sufficiently smooth surface without
boundary of dimension m,, (1 < m,, <n, —1), lying in E¥. For l; =, = - =
I, =, the space Wil(ll)l;(T)Q(Q) will be denoted by WQ(I)(Q). The functional
spaces introduced above are complete Hilbert spaces with an appropriately in-
troduced scalar product.

If the Q% are bounded by sufficiently smooth surfaces, then f(z) €

Wg(;l(ll)l;)(r)Q(Q> can be extended to E, so that its extension f*(z) €

Wg(gilml’;n)(r)Q(En) and coincides with f(z) in .  Therefore, in what
follows we shall consider functions defined in all of E,. To every asser-

tion for f(x) € W;ill)l;)(r)z(En) there will correspond an assertion for
(A
f(@) € Wi ) 2(Q)-
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2. Theorem 1. If f(z) € W;l(ll)ljgm o(F,) and my,...,m, are nonnegative
integers satisfying the inequality

T
my
:u‘ml,...,mr =1- Z - > Oa
k=1

my

then f(z) has generalized mixed derivatives of the form D ; >~-DZE;) f e

W&Ul;)(rm(En), with [, = Py ,oom b (B =1,2,...,7). Moreover,

‘V%dV"D“%ﬂMﬁ%fﬂmﬁanS(NUMV“ e (B &)

where C' does not depend on f.

It follows from this theorem that, for integral [, our space Wz(l)(Q) is equivalent
to the corresponding space of S. L. Sobolev.

3. In what follows it is convenient to assume that the E*®) are one-dimensional
spaces.

Theorem 2. Let f(z) € W. lll;)(mQ(En), 1<m<n—1;andlet s, 4,...,5

be nonnegative integers satisfying the inequality

n

n l>0. (2)

n
1
—1_ 5k _ 2
2 k=m+1 lk

m+115n

M I
k=m+1 "k

Then on any m-dimensional section E,, of the space E, by the planes

x, = ¢, (k = m+1,...,n), the generalized derivatives DZ(mH - ” f €
Lyl S T

Wz(<11>, ,zgm),z(Em)v with I, = pg o 1 (k=1,2,...,m). Moreover,

A N L E1 I PR ¢

),2

where C' does not depend on f and ¢, (k=m+1,...,n).

Conversely, if for every s,,.q,..,s, satisfying inequality (2) functions
Plomersn)(z7) € er&) ” ’;()m) ,(E,,) are prescribed
(z/ = (zM,...,z(™)), then there exists a function f(x) € Wil(lml’;)(n) o (E,)
satisfying the boundary conditions
Dafiwiy Dafud |, = #mmt@) ()
k=m+1,..,n
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in the sense of strong convergence in Wé(l) D)2

(E,,). Moreover,

WWH%NMSQEW%WWW%W?W<mV """ )

1),y @(m),2

Here C; does not depend on p($m+1:-5n) (g7,

The theorems obtained have numerous applications in the theory of boundary-
value problems for partial differential equations.

4. Consider the polyharmonic equation:

APy = 0. (6)
Let D be a bounded domain in E,, with boundary

n—1
S = S

m
m=[3

where S,, is a p + 1 times continuously differentiable surface of dimension m,
and f is the greatest m satisfying the inequalities

n—m

2

Am:p—[ }—12& l<m<n—1.
It is assumed here that the different .S,, have no pairwise common points. Fur-

ther, let vy, ..., v, be a complete system of linearly independent normals to
(1)

J1sendism

n—m

S,,. On each S, define a collection of functions ¢
(m=8,+1,....,n; 1=0,1,....7; Ji,- 0 =012,...,n—m).

It is required to find a function v = u(zr) = u(zq, ..., z,) satisfying equation (6)
inside D and, on S,,, the boundary conditions

0'u 0
| = Piveiim (7)
ayjl “ee ayJ SWl J1 Ji
at least in the sense of weak convergence in L, over surfaces parallel to S,,.
Using the results of S. L. Sobolev [1] and Theorem 2, we obtain the following

proposition.
Theorem 3. In order that problem (6)—(7) be uniquely solvable in W2(p )(D),

it is necessary and sufficient that

W € WQ(M"’”)(Sm%

Pt redim
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where
n—m

2
When these conditions are fulfilled, the solution satisfies the two-sided inequality

i =P — 1=

n—1 Am

n—m
30 3 el smlys,) < Wl <

m=p 1=0 jy,...,5;=1

n—1 Am n—m

<SGy > Y H¢21~Jnm”mé”ﬂnksm>’ )

=0 j1,.-J;=1

3
I
i)

where C| and C, are positive constants depending only on D. Moreover, the

boundary conditions (7) are fulfilled in the sense of strong convergence in Wém””>
over parallel surfaces.

Analogous results can be obtained for boundary-value problems with nonhomo-
geneous boundary conditions for broad classes of homogeneous

elliptic equations and systems, in particular for strongly elliptic ones.

5. Ina domain D C E,, bounded by a three-times continuously differentiable
surface S, the boundary-value problem is posed: find a solution of the
equation

Au = f(z), (9)

satisfying the boundary condition

ul, = ). (10)

Using Theorem 2 and the results of O. A. Ladyzhenskaya (2, we prove:

Theorem 4. In order that problem (9)—(10) be uniquely solvable in W2<2)(D),

it is necessary and sufficient that f(z) € Lo(D) and ¢ € W2(3/2>(S). Under these
conditions, for the solution the two-sided estimate holds

Oy [1f ) + lellyssrasy | < Pilyioripy < Ca [Iflyio) + lelyag ] - (1)

where C and C, depend only on D. Moreover, the boundary condition (10) is
satisfied in the sense of strong convergence in W/2)(S).

Analogous results can be obtained for the boundary-value problem with
Neumann-type boundary conditions and for the problem with an oblique
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derivative. Everything said in this paragraph, with the appropriate changes,
extends to boundary-value problems for nonhomogeneous strongly elliptic
systems.

6. Let us now consider in Q@ = Q x [0,7] (z € Q, 0 <t < T) the heat-
conduction equation

% — Au+t f(t,x). (12)

For (12) we pose the mixed problem with initial and boundary conditions

u|t:0 =o¢(z) (xe€Q), u‘r =¢(t,x) (I'=5x[0,T)). (13)

Here S is the three-times continuously differentiable boundary of €.

Using Theorem 2 and the results of O. A. Ladyzhenskaya ®), we obtain:

Theorem 5. In order that problem (12)—(13) be uniquely solvable in Wt(ylx’g (@),

it is necessary and sufficient that f(t,z) € Ly(Q), ¢(x) € W2(1>(Q), P(t,x) €
Wt(?;/é 3/2>(F), and that the compatibility condition ¢(x)|g = (0, ) be satisfied

in the sense of strong convergence in Wél/ 2),

inequality holds

Moreover, for the solution the

Cy [Ielygo gy + Wlhyiosom oy + 11 ,009] <

< Hu”Wt‘lTZ;(Q) < CQ [||90||W;1>(Q> + |‘¢|‘W£?l/fé3/2>(p) + ”f”LQ(Q)] ) (14)

where C; and C, depend only on Q.
Analogous results are obtained for strongly parabolic systems.
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