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Abstract
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MATHEMATICS

S. E. KARAPETYAN

HARMONIC QUADRICS AND CERTAIN
RULED SURFACES OF CONGRUENCES

(Presented by Academician S. L. Sobolev on 25 IV 1958)

1. In the present note we consider congruences whose harmonic ruled surfaces
form quadrics, and in connection with this several theorems are proved.
Several new ruled surfaces of congruences are also considered. The method
of Cartan exterior forms is used in the paper (1).

2. The infinitesimal displacement of the tetrad {4;} is defined by the equa-

tions dA; = wjA, (i,k = 1,2,3,4), where Dw; = [wiw}]. A first-order

tetrad is defined by the differential equations w{ = 0, w3 = 0. For the
differential neighborhood up to the 5th order the following formulas are
obtained (for details on these formulas see (?), pp. 344—349):

wi = aw$ — Buws, w? = Buwd + yws,

Aa = ayw? — Bws, AB = afw? + vByws, Ay = Byw? + yows, (A)

Ay = aywi — Bwi, APy = 11w} +VBraws,

ABy = afow + Borws, Ay = Boow} + 12503,

and the formulas obtained from these by replacing the indices: 1 by 2; 3 by 4,
and by adding primes to the coefficients «, 3,y with arbitrary indices.

3. The conditions which the given congruence and its ruled surfaces wy = Aw?

must satisfy in order that the latter be quadrics are written in the form:

?fo(M A+ AN (@A +97) =971 + o) A® — BA(y/By + Ao’ B}) = 0,

3/o(A + M) (WA 4 a) — aay +77,0% + 33X (aB; + MB,) = 0, (1)

sovietrxiv.org/items/ru-195801.46085 Machine Translation


https://sovietrxiv.org/items/ru-195801.46085

A1+ M) + A2 (Agy + Ahgo) + 1/oANS — A+

+(YAZ + a) (N2 =208 =) + (/N2 + 9 )(AN2y + 208 — ) = 0,

where

dln X + wi + wi — w3 — Wi = A\wd + Awi,
Ay + A (W] — wd) + 2w = A wf + Ajpws, (2)

dXg + Ay (Wi — w]) — 2w = Aywh + Agows.

The harmonic ruled surfaces of the first and second focal surfaces of the congru-
ence are written respectively by the equations (37°)

a(wi)? —y(w)? =0, a/(w)® =7 (wi)* =0.

For harmonic ruled surfaces of the first focal surface,

A=eva/y (e=41). (3)

Differentiating equation (3), by virtue of (A) and (2) we obtain

2\ = a; — By, =2y = By + 72 (4)

A new differentiation of system (4), with the aid of (A) and (2), leads to the
equations

2M1 = oy — afyy, 2015 = 3o + vy — By — Bog — 485,

/7 / / (5)
201 = 488" — aa —3vy" — B — Bag, 2050 = —Yag — VP12-

If both harmonic ruled surfaces of the first focal surface (A;) are quadrics,
then the obtained values for A, A;, Ay, Aja, Aag; A1q, Agg, independently of €, must
satisfy system (1), and then we obtain

ay + 353, =0, 72 — 381 =0, 0/2+3ﬂi:07 %fgﬂé:()’

/7 /7 / ’ /7 (6)
aa’ — vy =0, B+ By =0, By + By =0, Bz + 6 =0.
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The invariant equations (6) characterize our congruence. The Laplace sequence
generated by this congruence is called a configuration L. This configuration has
the following properties:

1) The Laplace sequence closes after the fourth step and is an R-sequence
©).

2) All focal surfaces of this sequence are quadrics, and focal surfaces situated
at opposite vertices of the sequence coincide.

3) All four congruences of the sequence are equivalent.
4) Two diagonals of the sequence describe one linear congruence.

5) The two harmonic ruled surfaces of one congruence of the configuration
L coincide with the harmonic ruled surfaces of the remaining congruences
of the sequence.

All these results make it possible to formulate a number of theorems.

Theorem 1. Both harmonic ruled surfaces of one focal surface are quadrics if
and only if this congruence generates a configuration L.

Theorem 2. Two harmonic quadrics of one congruence of a configuration L
are simultaneously harmonic quadrics also for the remaining congruences of the
configuration.

If both asymptotic ruled surfaces of one focal surface of a congruence are
quadrics, then the Laplace sequence generated by this congruence is an R-
sequence; all focal surfaces and asymptotic ruled surfaces of each congruence
of the sequence are also quadrics. This sequence need not close after the fourth
step; consequently, the configuration L is a special case of this sequence (when
B15 + 8 = 0). This circumstance makes it possible to state Theorem 3.

Theorem 3. If both harmonic ruled surfaces of a given focal surface of a
congruence are quadrics, then all asymptotic ruled surfaces of this congruence
are also quadrics.

The converse theorem is false, but, obviously, the following theorem is true:

Theorem 4. If both asymptotic ruled surfaces of one focal surface of a congru-
ence are quadrics and the sequence

-surface R generated by this congruence closes up after the fourth step, then
the harmonic ruled surfaces of this congruence are also quadrics.

Thus, through each ray of every congruence of the configuration L there pass
four demiquadrics belonging to this configuration: two asymptotic and two
harmonic ruled surfaces. Of these two pairs, one pair (either the first or the
second) is always real, and the other imaginary.
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4. In addition to asymptotic and harmonic ruled surfaces, congruences have
infinitely many other remarkable ruled surfaces. Let us clarify the geo-
metric meanings of these ruled surfaces.

In the note (3) the equation of Lie’ s quadric of a ruled surface (wj = Aw?) of
the congruence was obtained. It has the form

2A(zlat — Az223) — A\ + Ay 23zt
+(A\2a/ — 28" — 7y )xtzt + A(\2y + 208 — )32 = 0. (7)

The tangent plane of the focal surface (A;) intersects the surface (7) in two
generators z, =0, x3 =0 and

x, =0, =222 + (\2y + 203 — a)z® = 0. (8)

Choose ) so that the generator (8) is tangent to the harmonic lines wj = 5\/5 w?

of the focal surface (A;). Since the tangent to the harmonic lines intersects the
edge (A, A3) at the point (8 + e,/ay) Ay + A, the generator (8) will also pass
through this point if and only if

«
)\21/;(64-61\/5), €, = &1, €=+l (9)
Thus, with each harmonic ruled surface
[a
wi=c¢ ; w?
there are associated two new ruled surfaces

4 _
Wy =

(E + 51\/§> w:{’.

NE

In what follows we shall denote the harmonic ruled surfaces by G, and the new
ruled surfaces by G;. The analogous ruled surfaces for the focal surface (A,)
will be denoted by the same symbols with primes.

Now choose A so that the generator (8) is tangent to the net G;. Since the
tangent to the net G intersects the edge A, A5 at the point

B+ (e+ 51\&)\/@]142 + As,

this point will lie on the line (8) if and only if
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<6+61\/§+4€2+25152\f2>, e=41, g =41, &,=41.
(10)

The ruled surfaces corresponding to these lines will be denoted by G5. Contin-
uing this process, we shall obtain ever newer ruled surfaces of the congruence
G4, Gy, .... Each G, contains 27! new ruled surfaces. Obviously, in the congru-
ence W all ruled surfaces G; coincide with the ruled surfaces G for any number
i

It is known that the net G on the focal surface (A4;) is a conjugate net. We shall
prove here that the lines G, are formed from two conjugate nets.

For the proof, choose the third vertex of the coordinate tetrahedron on the
second tangent focal net (A4;). This choice is characterized by the equation (see
(2), p. 360) 8 = 0. The tangents to the lines G; intersect the edge A, A4 at four
points

M, = (e +V2)JayAy + A3, N.=(e—V2)y/aydy +4; (e =£1).

The tangents to the asymptotic lines of the focal surface intersect the edge A, A4
at two points:

A=/—avA, + A;, B=—\/—ayA, + A;. (107
The cross ratio of the four points M_, N_, A, B is written in the form
\/—1—5—\/5 6—\/54-\/—1 -
PR s Y S

i.e., these points form a harmonic quadruple independently of ¢, as was to be
proved.

(M53N57A3B) = —].,

Now we prove that each family of lines G; on the focal surface A, is formed
from 2 conjugate nets.

This theorem will be obvious if we prove the following theorem: There exist
two ruled surfaces whose Lie quadrics intersect the given focal plane along a
preassigned straight line. Two lines on this focal surface corresponding to these
ruled surfaces are conjugate to one another.

Indeed, suppose that on the first tangent plane we have an arbitrary straight
line determined by two points A; and (84 ay)A,+ A, where a is an arbitrarily
prescribed quantity. The generator (8) coincides with this line if and only if
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A2y —2ayA —a =0, (11)

i.e., we have obtained a quadratic equation in A; consequently, the first part of
the theorem is proved. The tangents to the lines w3 = A\jw? and wj = Ayw?
(A1, Ay are the roots of equation (11)) intersect the edge A, A4 at the points (for

p=0)

M7<a+,/a2+a>A2+A3, N’y(a1/a2+a>A2+A3.
v Y

These two points, together with the two points A and B (10”) of the asymptotic
tangents, form a harmonic quadruple; i.e., the two lines wj = \;w} and wj =
Ayw? on the surface A; form a conjugate net.

The question of when the ruled surfaces G; are quadrics remains open.
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