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A CRITERION FOR SEMI-REDUCIBILITY
OF HOMOGENEOUS RIEMANNIAN SPACES

(Presented by Academician P. S. Aleksandrov, 15 II 1958)

Consider a proper Riemannian (ds? > 0) homogeneous space V,, with a con-
tinuous group of motions G, and the stationary subgroup H of a given point
M. Suppose that H, regarded as a group of rotations in the Euclidean tangent
space E,, at the point M, decomposes into the direct product of two subgroups:

H=H,x H,,

acting, respectively, on the planes E, and E, _ , which are, obviously, mutually
orthogonal*.

The purpose of the present note is to establish to what extent, from the indicated
decomposition of the stationary group H, there follows a foliation of the whole
space V,, into mutually complementary and orthogonal surfaces V, and V,,_,.

The following theorem, proved by Wakakuwa, is known (1):

Theorem 1. If Hy, fizes no one-dimensional direction in the plane E,, and H,

fizes none in E,,_, then the space V,, is reducible:

V, =V, x V, g

i.e. it is foliated into mutually orthogonal totally geodesic surfaces V, and V, _,.

We shall show that, under certain restrictions on the group H, the space V,,
is semi-reducible, i.e. it decomposes into mutually orthogonal surfaces V, and
V,—q» of which some are totally geodesic, while the others are umbilical and
similar to one another (?). Here it is essential that the restrictions are imposed
on only one of the components of the group H; the other remains completely

arbitrary.

Choose at the point M an orthonormal frame

RO(M’ éiv éo)**
so that the e, form a basis in F, and the €, in E,,_ . Subjecting the frame R,
to all possible transformations of the group G,., we obtain a family of frames R,
depending on the n coordinates of the point M and on the r — n parameters of
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the group H, and invariant with respect to GG,.. The connection of the space V,,,
referred to these frames, as is known, is determined by the formulas

dM = w%e,, de, = whe, (wh+w? =0),
where the forms w® contain only the differentials dz®. Moreover, in view of the
invariance of the planes E, and E,_, with respect to rotations from H, one

must have
w = Cpw (Cf, = —Cly,) (1)

* The case is not excluded in which one of the subgroups, for example H,, is
trivial, i.e. coincides with the identity transformation on the plane E,.

** The indices everywhere range over the following limits: a,b,c =
1,....n; 4, 5,k=1,...,¢; a,B8,vy=q+1,...,n.

with constant Cf, (since wf,w® are invariants with respect to the transitive
group G,.).

Under rotations of the group H, the forms w®, wy receive increments:

Sw® = LiwPst, dwi = (Léwj — Liw?)ét,

where L = | L#|| is one of the matrices of infinitesimal rotations. Applying these
formulas to (1) separately for rotations L from H, and L from H,, we obtain:

arB _ arB _ a7,
a) LlﬁC’ik =0, b) L3C, = lefj,

, , L (2)
o) ~ LiCg =50, ) LI0g, =0,

Let us further assume that one of the components of the group H, for example
H,, is irreducible. In particular, H; fixes no one-dimensional directions in E,,_,
and therefore from equality a) it follows that C’f .= —Cék = 0, while ¢) is
identically satisfied. If we denote ), = |Cgj|l, then b) in (2) can be written

briefly as

Lemma. If a matric C commutes with an irreducible group of orthogonal
matrices, then its symmetric part is a scalar matriz (i.e., of the form \E), and,
in the case when the dimension of the space is odd, its skew-symmetric part is
the zero matriz.

On the basis of this lemma the elements of the matrix C), have the form:
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0
Ciy = Agg + N85, Ay =—A,, ;;:{’ a0

Using these formulas in the structure equations of the space V,, under consider-
ation, we obtain:

D = [whuf] - Ag[we),

Duw® = [wﬁwg] + Afg [wFwB] + [MwPw®]. (4)

It is clear from this that the system of equations w® = 0 is completely integrable,
since the exterior differentials of the forms w® vanish as a consequence of the
system itself. As for the system w’ = 0, it is completely integrable if and only
if all Agﬁ are equal to zero. This is satisfied, according to the lemma, if the
plane FE,_, is odd-dimensional. If, however, n — ¢ is even, then we additionally
assume that Agﬁ = 0. This is equivalent to the requirement that the group H;
admit no rotation commuting with it.

From the complete integrability of the systems w® = 0 and w’ = 0, it follows
that the planes E, and E,,_, are holonomic, i.e., they envelope the surfaces V,
and V,,_,. Let us pass to a new coordinate system determined by the orthogonal
decomposition of V,, into these surfaces, and denote by the symbol d differen-
tiation with respect to 2¢, and by ¢ differentiation with respect to 2®. Then,
first,

and, secondly, from the structure equations (4), taking into account Agﬁ =0:
5y (wi(d)* =0,
i

dYy (w(6)) = 2w (d) Y _(w(8))%, ()

S(Agwh(d)) = 0.

To prove the last equality, the equations d) from (2) were also used, from which it

0.
follows that L;A; = 0, i.e., the A; determine one-dimensional invariant directions
with respect to Hj on the plane E,.

It follows immediately from (5) that the metric ds® in the indicated coordinate
system has the form
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ds? = (W) + > (w)? = g;;(a*) da'da? + o(a*) a,4(27) dzda?,  (6)

i «

and, consequently, the space V,, is semireducible (). The group G, is an un-
mixed group (3) with respect to the decomposition (6); otherwise we would
arrive at a contradiction with the assumption of irreducibility of Hj.

Thus, the following theorem has been proved:

Theorem 2. Let there be given a homogeneous Riemannian space V,, (ds? > 0)
with group G, and stationary subgroup H. Suppose that the group H decom-
poses into the direct product of two subgroups, one of which is irreducible, and
if the plane on which it acts in the tangent space of the given point is four-
dimensional, it has no mutually permutable rotations. Then the space V,, is
semireducible, and its metric is reduced to the form (6), with respect to which
the group G, is unmixed.

From Theorem 2 there follows a more general theorem:

Theorem 3. If in a homogeneous proper Riemannian space V,, the stationary
group

H=HyxH x..xH

p?

and all groups H, (t > 0) possess the property indicated in Theorem 2, then
the space V,, is p-fold semireducible, i.e., in some coordinate system

ds® = ds§(x") 4+ oy (a") dsT(x*) + ... + 0, (a") dsD(x). (7)

With respect to the decomposition (7), the group G,. is unmixed.

Remark 1. The function o in (6) is determined from the condition

MwF(d) = =% dIno.

Therefore, if H, does not fix one-dimensional directions, then all A\, = 0, i.e.,
o = const, and the space V,, is reducible in accordance with Theorem 1.

Remark 2. Since the transitive group G,. in (6) is an unmixed group of motions,
under motions from G, the function o passes into Ko, and aaﬁdxo‘dxﬁ into
Eaaﬂdazo‘dazﬁ. This means that the hypersurfaces o = const form in V, a
system of imprimitivity for the group of motions induced by G, in V,, while the
metric aaﬁdx“dxﬂ must be Euclidean.
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Remark 3. The requirement that the group H; have no mutually permutable
rotations is essential, for otherwise, as we have seen, the corresponding planes

E, _, may turn out to be nonholonomic, and there will no longer be a semire-

ducible fibration of the space V,,. For example, the space V,

ds? = e* (dz'? + dz??) + e2e (da® + x'da? — xde1)2 + dz*?

admits a transitive group of motions with translation operators
X1 =p3, Xo=po+ xlpga X3 =p1 _xQP:sa

1 1
X, = —§x1p1 — §x2p2 — a3py + py

and with the rotation operator Y = x'p, — 22p, relative to the point (0,0,0,0).
Here H, is the identity transformation in the plane {z® z*}; H, is the group
of rotations in the Euclidean plane {x!,#?}. Obviously, H; is irreducible, but
there is no semireducible decomposition of V,, in view of the fact that H,
admits rotations permutable with it—in the present case it is permutable with
itself. Analogous examples could be given for any n (for n = 5, see (4)).
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