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MATHEMATICS
E. T. SMORKACHEV

SOME TYPES OF LOCAL NOMOGRAMS

(Presented by Academician A. N. Kolmogorov on 80 XI 1957)

In papers (12) it was shown that any function z = f(x,y) sufficiently smooth
at the point xy,yy, such that f;(zq,yo) # 0, f,(2¢,Y) # 0, is nomographable
in a neighborhood of this point with accuracy up to small quantities of the 6th
order. In this case the quantities o, ay, B, 73—the coefficients in the rows of
the Massau determinant effecting this nomographing—remain arbitrary.

In paper (%) it was proved that, for £ (g, yp) # 0, £} (9, yp) # 0, P(zo,5,) #
0, where P(x,y) is the Saint-Robert nomographic invariant, the values of the
coefficients ay, ay, By, 775 can always be chosen so that z = f(z,y) will be locally
nomographed with accuracy up to small quantities of the 5th order by a Cauchy
nomogram.

In the present note, by analogy with (®), questions are considered concerning the
nomographing of a function z = f(z,y) with accuracy up to small quantities
of the 6th order by a nomogram with one rectilinear scale, and concerning
nomographing with accuracy up to small quantities of the 6th order by a Clark
nomogram.

Theorem 1. A function z = f(z,y) sufficiently smooth at the point xy,yq,
such that fi(zg,y9) # 0, fy(z9,99) # 0, P(zg,yy) # 0, is representable in a
neighborhood of this point with accuracy up to small quantities of the 6th order
by a nomogram with rectilinear scale x (scale y).

Proof will be carried out for the case of the scale x. Suppose that, by a suitable
admissible transformation (?), the function z = f(x,%) is reduced to the form

Z=F(X,)Y)=X+Y +XY(X —=Y)(qp + @10X + -+ qp3Y?®) +0(p°®), (1)

where p = VX2 + Y2,

Substituting Z from this formula into the determinant
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X +a, X%+ 1+ a X +a X2+ 1
A= b X+bY?2+ —14+BY+B,Y24 1 (2)
17+ ey Z3 + - Vo L% + 523 4 - 1

and equating in the expansion of A in powers of X,Y all coeflicients of terms
of order less than 6 to zero, we obtain the well-known Kreines and Eisenstadt
formulas for ay, ..., v,.

Let us now require that the carrier of the scale X be a straight line. Suppose
the equation of the carrier of the scale X in the nomogram plane £On has the
form

n=ké+d. (3)

Obviously, then the following relations must hold between the coefficients of the
expansions in the first row of the determinant A:

o; = ka;, i <4 (4)
Eliminating k from equations (4), we find

G _ Y 9 _ M G _ Y 2 _ X2 (5)
- ’ - ) - ’ - .
Ay  Qy as Qg ay  Qy as O3

Substituting into (5) the expressions of the required coefficients in terms of

ay, iy, By, 753 from Kreines' formulas (?), one can write a system of 4 equations
with 4 unknowns oy, ay, By, V5t

1 . 1 2 10 4
——af — 4y — 50‘152 + 549001 + 3 %10~ 3901 = 0,

4 3
1 1 1 5 2
—ga% — 204773 — Za%z + gqooa% + 3%%0 — 3%90 = 0, (6)

1 1 2 4 4
_ga‘f — 20473 — Zoﬁﬂz + 5%004% + §QO052 + 3110

1
Jréal(IOl + 4¢a0 + Go2 — 3011 — 343y = 0.
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If g9 = —3P(z,yo)zoyy (°) is different from zero, i.e. P(zg,y,) # 0, then
system (6) is consistent and has the unique solution:

3362, +3¢;; — 4G9 — g 5 1
o =0, ay =0, By = 1 = Hq 02, 73 = ghoT 3401
00

Since a; = 1, it follows that k£ = 0, and, moreover, d = 1. We now substitute the
found values of o, iy, 85,775 into Kreines’ formulas and compute the coeflicients
Gy, ..., Y4, Necessary for nomographing up to infinitesimals of the 6th order. The
coefficient a5 is found from formula (4).

The proof for the rectilinear scale Y is carried out analogously. It is known
(3) that the g;;, from (1) are expressed in terms of the nomographic invariants
S(k,m), P, M. Expressing the necessary coefficients from determinant (2) in
terms of these invariants, we can construct this determinant for the function
z = f(z,y), bypassing the preliminary reduction of it to the form (1).

For the case of the rectilinear scale X, these coefficients have the form

a; =1, by =1, a; =0, By =0, ay =0, by =0,

1 PM o

a2:07 52:

182,00 +8(1,1) +3(PM)? 2

72776 PM 0"
A7\ 2
- iS(ZO) - 5(113%) £5(PID)
1 55(2,0) +55(1,1) + (PM)* ,,
bs=—9; PM o
I PT2
.= _% 5(2,0) + S](DZL,MI) (PMP o
1 73 1 73
ag =0, Bs = —5[5(1,0) + 5(0,1)]zg’, Vg = ES(LO)% ,

1 1
ay = @[65(1, 0) +5(0,1)]zg, by = 8—4[225(1, 0) +155(0, 1))z,
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L 51,00+ 50,102, ay =0,

“= 168

1 [8(2,0)+81,1) — (PM)?]”
Pa= {_24 [ PM ]

+%[ S(2,0) +3S5(1,1) +45(0,2) 4+ 13(PM)>? ]}xo,

1 [82,00+5(1,1) — (PM)?]
M= _%68[ PM }

o [5(2,0) ~ 38(1,1) —5(PM)2]}5664,

—(PD21?
0 = {1[5(2,o)+5<1,1) (PM)} .

480 PM

1
o5 [75(2,0) +215(1,1) — 5(0,2) + 41(PM) ]}:po,

, _ 1 [S@0+80,1) - (PM)? ?
5 30[ PM }

1
+o55 [525(2,0) + 65(1,1) — 315(0,2) — 124(PM) ]}xo ,

B 7 [5(2,0)+S(1,1) — (PM)?]°
%= 177680 [ PM ]

YT [85(2,0) +95(1,1) + S(0,2) + 4(PM)? ]} zl.

Here M = —f;/f,, M = 1/M. We find the value z{ = 1/f(xq,yo)h,, where
hy # 0 is an arbitrary number.

Theorem 2. If P(zy,y,) = 0, but P(x,y) # 0 in any neighborhood of z, ¥y,
then nomographing up to quantities of the 6th order with a rectilinear scale X
is possible under the condition

S(2,0) + S(1,1) + (PM)? = 0. (7)

Proof. In the exceptional case gy, = P(xq,y,) = 0, the system of equations (6)
has the form
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Oé2 = 5@1,
1 1 10 4
_Za? —dy; — 504152 + 3 %0 3901 = 0,

1 1 5 2
—ga% — 20375+ Zafﬁz + 3090 — 3%90 = 0,

1 1 4 1
_ga% — 20473 — 104%52 T 3%%0 T 501 T 4420 + o2 — 3q11 = 0.
Noting that condition (7) is identically the condition 4¢sy + ¢ge — 3¢1; = 0, we
conclude that, when condition (7) is fulfilled, system (8) is consistent and has
the solution

5 1 .
a; =0, a; =0, 9= ¢do~ 31 Py arbitrary.

The theorem is proved.
This theorem may be proved analogously for the case of a rectilinear scale Y.

Theorem 3. A function z = f(z,y) sufficiently smooth at the point z,yq,
such that f;(zg,99) # 0, fy(7g,v9) # 0, P(zg,99) # 0, and for which at this
point

1S(2,0) — §(0,2)]MP + [S2(1,0) — S2(0,1)] + (4N P)? = 0, (9)

is represented in a neighborhood of z, y,, with accuracy up to quantities of the
6th order, by a Clark nomogram.

Proof. We shall seek the equation of the common carrier for the scales X and
Y in the £On plane in the form

A%+ 2460+ Agyn® + 24,36 4+ 24930+ 1 = 0. (10)

Let ¢ and 7 take the following values: for the scale X, £ = a; X + ayX? +
az X3+ a, X% n =1+ a; X + a, X2 + a3 X3 + a, X% for the scale YV, ¢ =
b Y +b, Y240, Y345, Y4 = —1+5,Y+8,Y2+3,Y3+3,Y*. Substituting the
values of £ and 7 for the scale X, and then for the scale Y, into equation (10) and
each time equating all coefficients of terms up to the 4th order inclusive to zero,
we obtain 10 equations with 9 unknowns A;;, Ay, Agy, A13, Ags, q, g, By, Ys-
This system has the form
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Agg + 2453 +1 =0, Agg —2A55+1 =0, A+ Ay —a; =0,
—Ajp+ Ay +a; =0, Ay +2(0f —ay) =0, Ay +2(af + B;) =0,

Ao + 208 — agay +a; fy + 8y — §QOOO‘1 - ?qlo + 2‘101 =0,
—Ajjaq =208 + ajay —ay By — 8v; — g%o% - gqlo + ?%1 =0,
—éa‘f + ga%% + %a%ﬂz - %a%%o - %Ana% + 4oy
_ga% + %%ﬁz - ;aﬂho - %0‘1%1 + %0‘2%0 - 252%0
+gA11a2 + %A1152 + 6450 — 2411400 — 8420 — 2402 + 6¢11 = 0,
—éa‘f - %a%% - ga%ﬁ)z + %a%%o - %Aua% + 4oy
—gﬂg + %04252 - éaﬂho - %0416101 - gaz%o + %52‘100
_%A11a2 - §A1152 + 645 + 2411400 + 2409 + 842 — 6¢11 = 0.

(11)

Taking into account the identity of condition (9) with the condition

7
5(‘1%0 — q81) + 1285 — 6400 (920 — do2) = 0,

we observe that, when condition (9) is fulfilled, system (11) is consistent and
has the unique solution

Apy = 2(ay — 0‘%)7 Ay = ay, Agy = —1, A3 =0, Ags =0,

49 (g10 — 901)” 15 doo + doo q11 1
ay =—Py = 4 o 2 Qo0 + 9q00a V3= 4(‘110 + do1)-
The found values oy, oy, By, 73 are substituted into the Kreines formulas, and
the coefficients a, ...,7,, necessary for nomographing up to small quantities
of the 6th order, are computed. a5 and (5 are found from the condition that
in formula (10), for the new £ and 7, the coefficients of the terms of the 5th
dimension are zero. The theorem is proved.
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Theorem 4. If P(z,,y,) = 0, but P(x,y) # 0 in any neighborhood of x, Y,
then nomographing up to small quantities of the 6th order according to Clark is
possible under the following conditions: 1) the Bittner invariants are equal to

zero; 2) S(2,0) +25(1,1) + S(0,2) + 2(PM)*> = 0; 3) P, # 0, P, # 0.

Proof. Consider the system (11”), obtained from (11) for g5y = 0. Fulfillment
of the first condition of the theorem means (®) that ¢;; = qy;- The second
condition is identical to the condition 5¢,y+5¢gy, —6¢;,; = 0. The third condition
of the theorem, taking into account the relation between P(X,Y) and P(z,y)
and their derivatives, as well as lemma 3 from (3), means that q;, = ¢5; # 0.
Hence it follows that, when the conditions of the theorem are fulfilled, system
(11) is consistent and has the following solutions:

A =2(ay — a%), Ay = ay, Agy = —1, A3 =0, Agz =0,

_ 6411 — 8420 — 2902 _ 2450 + 8Gp2 — 6411
q10 do1 ’

851 By = —ay,

1 1 .
Vg = §q10 = §q01’ oy arbitrary.

The theorem is proved.

The problems solved in the present note, as well as in work (3), were posed to
the author by S. V. Smirnov and were solved under his scientific guidance. I
take this opportunity to express my deep gratitude to S. V. Smirnov.

Khabarovsk State
Pedagogical Institute
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