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MATHEMATICS

Academician of the Academy of Sciences of the Armenian SSR M. M.
Dzhrbashyan and A. B. Nersesyan

ON THE APPLICATION OF CERTAIN
INTEGRO-DIFFERENTIAL OPERATORS

In the present note we give formulations of a number of new results in the
theory of Dirichlet series and in the theory of quasianalytic classes of functions.
These results are obtained by introducing special integro-differential operators
connected with the concept of fractional integration in the sense of Riemann—
Liouville or H. Weyl.

1°. Let the function F(o) be defined and continuous on the half-axis (o, +00).
For any « > 0 define the operator

d_“F(o) 1
d,o— IN(e

+o0
3 / (€77 — e W)* le " F(u) du, (1)

calling it the fractional integral of the function F'(o) of order a with endpoint
at +o00. It is easy to see that

d;°F
Jim % F()

a—+0 deafo‘

= F(o),

and therefore it is natural to regard the function F(o) itself as the integral of
order zero.

Let the sequence {u,, } (n > 0) satisfy the condition

o = 05 0<piprr —p <1 (E>0); klim Hy, = +00. (2)
—00

Denote ay, =1 — (g, — pp—1) (K =1,2,...), and introduce the operators

L) F(o) = F(0), L (o) = 7dde_ /k {eo'diL(Hk—l)F(g>} (k>1),
0 ¢ o
(3)
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assuming that all of them exist and are continuous on the half-axis (o, +00).

We shall agree to say that the function L(*+) F(o) is continuous on (o, +-0c] if:
1) it is continuous on the interval (o, +00); 2) there exists a finite limit

LUk F(400) = lim L) F(o).
o—+00

We shall say that F(o) € £(u,,;0,) if all the functions L#+) F(o) (k > 0) exist
and are continuous on (o, +00], while the functions

d
oL F k=0,1,2,..
€ da_ (U) ( R ) )
are continuous and absolutely integrable on (o, +00), where o; > o, is arbi-
trary.

Theorem 1. If F(o) € £(p,,;0,), then for any n > 0 and o € (0, +00] the
formula holds

2 L) B (400) 1 oo
F(o) = 767‘%04»7/ e T e U #n+17167uL<Hn+l)F w) du.
=2 " it T ¢ : )
(4)

This formula is, in a certain sense, an analogue of Taylor’ s formula and, as is
not difficult to see, in the particular case when p,, =n (n =0,1,2,...), after the
change of variable e™? = z, coincides with it.

From the class £(pu,,; o) we single out the subclass £*(p,,; 0) of those functions
F(o) for which, as n — oo, the integral remainder term in formula (4) tends
uniformly to zero in any interval oy, +00] C (0, +00]. Consequently, if F(o) €
L*(fy,; 09), then the expansion into a Dirichlet series is valid:

& L(uk)F(Jroo)ewka

uniformly convergent on any half-line [, +00] C (0, +00]. It is clear, moreover,
that if F(o) € £*(u,;0,), then it admits an analytic continuation to the whole
half-plane ¢ = Res > o (s = o + it), and the expansion (5) remains valid in
the same half-plane.

The following criterion of necessary-and-sufficient type holds for the expansibil-
ity of functions in a Dirichlet series with respect to the given system {e #+*}.

Theorem 2. Let the sequence {u, } (n > 0) satisfy condition (1).
a) If F(o) € L(u,;00) and, in addition,
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sup |LW) F(o)| < Me %0+ (1+ p,) (k> 0),

(09, +00]

then F(o) € £*(u,;00), €. the expansion

L(uk)F(_|_oo>
F(o)= — e o € (0g, +00],
; P(1+ pe) 0

holds.
b) If, in addition to (1), the sequence {p,,} also satisfies the condition

log k
lim sup o8
k—oo  Mp

<l < +o00 (6)

and the expansion

F(O’) = Zak€7#k07 o€ (GOa +OO],
k=0
holds, then for oy = oy + 1 one has F(o) € £(,,; 01); moreover,

sup |LM) F(o)| < ABMT(1+ p;,) (k> 0),

(0’1,+(X>]

Ly F(too) (k> 0)

a, = — "
¥ L1+ py,) B

In the case when the condition 0 <y ; — py, < 1 (kK > 0) is not fulfilled, the
following result holds.

Theorem 3. Let the sequence {u, } (n > 0) satisfy the conditions

to 2 0; 0 <ppsr—my (K=0); lim p, = +00. (7)

k—oo

a) If F(o) is defined on (0y,+00) and there exists an extension of {,,} to a
sequence {uh} satisfying conditions (1), such that:

1) F(o) € £(pp;00);
2)

sup |LU F(o)| < Me 20D (1 4 ) (k= 0);

(JO’+OO]
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3) LW F(+o0) = 0, if 1}, ¢ {p,},

then the expansion into a Dirichlet series is valid:

s L(uk)F(+oo)
F(o) = ———— e M7, o € (oy, +o0].
; D1+ py,) 0

In this case F'(0) can be analytically continued to the half-plane 0 = Re s > o,
(s = o+it), and the expansion remains valid in the whole half-plane 0 = Re s >
Og-

b) Let {u,,} (n > 0) satisfy conditions (7) and (6), and suppose that there is
an expansion

o0
F(o) = Zake’“k", o € (0g, +0).
k=0
For any completion of {y,,} to a sequence {u} } satisfying conditions (1) and

log k
lim sup ngk

k—+oo  Hp

<I* < 400,

the following assertions hold for o* = o, + I*:

1) F(o) € L(pp;0%);

2)
S |ER(F@)] < ABMT( 4 ) (k2 0)
o*,+00
3)
L(uk)FH_oo)
= — k>0),
WS Tty P20

where L) F(¢) = LW F(0), if uy, = pf, -

2°. For a function f(x), defined and continuous on the half-line [0, 400), and
for a given sequence {ay} (k > 0), where 0 < o, < 1 (k > 0), we introduce the
operators

flay D@ =L

Df(x) =

T dz™

D Vi) (k=0),

where, for a > 0,
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d*a 1 xr o
0= iy [ o0 a

is the fractional integral of order « of the function f(z) in the Riemann-Liouville
sense.*

We shall call the function D) f(z) (if it exists) the k-th generalized derivative of
f(x) with respect to the given sequence {«;}. We shall say that f(z) € C{ay}
if the functions D* f(z) (k > 0) are continuous on the half-line [0, +00), and
the functions

ZDWf@) (= 0)

are continuous on (0,+o00) and absolutely integrable on every interval [0, d]
(6 >0).

Let {m,,} (n > 0) be some sequence of positive numbers. We assign to the class
C,,, {ay} all those functions f(z) from the class C{ay} for which:

a)
|D®) f(z)| < ABZi (-0 mye’” (k>0), 0<z<+4o0,
where A, B, and C are constants depending on the given function f(x);
b)

%DU@f(x)’ € L,(0,4+00) (k>0).

e—Cac

We shall say that the set of functions C,,, {a | constitutes a quasi-analytic class
in the generalized sense 1f for any functions f,(z) and fy(z) € C. m, 10} the

equalities D) f,(0) = D £,(0) (k > 0) imply the identity

fi(z) = fo(z), 0<z<+c0.

The following assertion holds—an analogue of the well-known Carleman-Ostro-
vsky theorem.

* Tt is easy to see the connection between the operators L) F(o) and D* f(x),
if one makes the change of variable x = e™.

Theorem 4. For the quasianalyticity of the class C,, {a;} it is necessary and
sufficient that
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+oo
log T
/ 08 2a\1) o(7) dr = 400,
1

r2
where
T oy (1)
r) =su
o(r) sup — -

3°. Let f(x) be given on (—oo,+00).
The Weyl integral of order « > 0 of the function f(x) is the function

We f(x) = ﬁ / (& — 1) L f(t) dt.

It is natural to set WY f(x) = f(x).
For a given sequence {a;} (k> 0; 0 < o, < 1) we introduce the operations

ROf(z) =W f(z);  RWf(x)= W%%RWU flz) (k>1).

It is easy to see that if aj, = 0 (k > 0), then R¥) f(z) = f*)(x).

Let the function p(z) be defined and continuously differentiable on the half-axis
[0, +00), and let lim, , . p’(t) = ~+oo, while the function g¢(z), as in (1), is
conjugate to p(x) in the sense of Young. Let, further, {m,} be some sequence
of positive numbers.

We assign to the class C,,, {p(z);y} all functions satisfying the conditions:

d
a) The functions R® f(z) and %R(’“) f(z) exist and are continuous on the

whole axis (—oo, +00);
b)
|IRW) f(x)] < mkwf(x)e—m(w) (k=0,1,2,...), —00 < x < 400,

where w;(x) > 0 is summable on (—o0, +00), and p; (z) = p(|z|) for < 0, while
pi(x) > C, for x > 0 (Cy is a real constant);

)
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d
(1+ x2)%R<k>f(a:) <C, (k=0,1,2,..), —00 < 1 < +00,

where C}, > 0 are some constants.

Theorem 5. The class C,, {p(z);q,} is empty, in other words, contains only
the function f(z) =0, —oc0 < z < o0, if

R
lim inf —q(R) —g/ LgTO‘(T) dr p = —o0,
R 1

R5Yo0 0 72
where
TZ?(lfak)
T, (r) =sup ———.
n>1 m,,
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