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Abstract
Full Text

Reports of the Academy of Sciences of the USSR
1958. Vol. 123, No. 2

MATHEMATICS
A. A. Shishkin

EIGENVALUES AND EIGENFUNCTIONS OF
CERTAIN FOURTH-ORDER DIFFERENTIAL
OPERATORS WITH A SMALL PARAMETER
AT THE HIGHEST DERIVATIVE
(Presented by Academician I. G. Petrovsky on 17 VI 1958)

Let two linear self-adjoint differential operators be given on the interval [0, 1]:

𝐿𝜂 = −𝜂2 𝑑2

𝑑𝑥2 (𝑝2(𝑥) 𝑑2

𝑑𝑥2 ) + 𝐿0, where 𝐿0 ≡ − 𝑑
𝑑𝑥 (𝑝1(𝑥) 𝑑

𝑑𝑥) ,

where the coefficients 𝑝𝑖(𝑥) (𝑖 = 1, 2) are strictly positive and 𝑖 times continu-
ously differentiable everywhere in 0 ≤ 𝑥 ≤ 1. We shall regard the parameter 𝜂
as small.

In contrast to operators of this type considered in works (1−3), here the signs of
the coefficients at the highest derivatives in the full (𝐿𝜂) and degenerate (𝐿0)
operators are the same.

Consider the boundary-value problems

𝐿𝜂(𝑢) = 𝜆𝑢, 𝑢(0) = 𝑢(1) = 0, 𝑢(𝜎)(0) = 𝑢(𝜎)(1) = 0 (𝜎 = 1, 2); (I)

𝐿0(𝑦) = 𝜆𝑦, 𝑦(0) = 𝑦(1) = 0. (II)

1. Problem (I) has zero as its eigenvalue for certain exceptional values of the
parameter 𝜂, since the following theorem holds.

Theorem. The problem

𝐿𝜂(𝑢) = 0, 𝑢(0) = 𝑢(1) = 0, 𝑢(𝜎)(0) = 𝑢(𝜎)(1) = 0 (𝜎 = 1, 2)
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has nontrivial solutions, i.e. there exist eigenvalues 𝜂𝜎,𝑛 of this problem, and
they are equal to

𝜂𝜎,𝑛 = 𝜈
(3 − 𝜎)𝑛𝜋 (𝜎 = 1, 2; 𝑛 = 1, 2, …),

and, additionally, for the case 𝜎 = 1:

𝜂1,𝑛 = 𝜂∗
𝑛 (𝑛 = 1, 2, …),

where

𝜈 = ∫
1

0
√𝑝1(𝑥)

𝑝2(𝑥) 𝑑𝑥,

𝜂∗
𝑛 are the roots of the transcendental equation

tan 𝜈
2𝜂 = ∫

1

0

𝑑𝑡
𝑝1(𝑡)/𝜂

1
∑
𝑖=0

√𝑝2(𝑖)
𝑝3

1(𝑖) .

2. We introduce the stability region 𝑅 of the solution of problem (I), defining
it by the relations

∣sin 𝜈
𝜂 ∣ ≥ 1 + (−1)𝑛𝛿1𝜎

3 − 𝜎 𝑀,

where 0 < 𝑀 ≤ 1, 𝑛 is the number of the point 𝜂𝑛 = 𝜈/𝑛𝜋 (𝑛 = 1, 2, …), and
additionally, for the case 𝜎 = 1,

∣tg 𝜈
2𝜂 − ∫

1

0

𝑑𝑡
𝑝1(𝑡)/𝜂

1
∑
𝑖=0

∣√𝑝2(𝑖)
𝑝3

1(𝑖) ∣∣ ≥ 𝑁,

where 0 < 𝑁 < +∞, i.e. the 𝜂𝜎,𝑛 and a certain neighborhood of the values of 𝜂
around them are excluded from consideration. The stability region 𝑅 is the set
of intervals lying between two adjacent values 𝜂𝜎,𝑛, which, as 𝑛 → ∞ (𝜂 → 0),
tend to the open interval (𝜂𝜎,𝑛; 𝜂𝜎,𝑛+1), while at the same time tending to zero.

All further results are formulated only for 𝜂 ∈ 𝑅.

3. The solution constructed in the stability region 𝑅 of the problem

𝐿𝜂(𝑧) = 𝑓(𝑥), 𝑧(0) = 𝑧(1) = 0, 𝑧(𝜎)(0) = 𝑧(𝜎)(1) = 0 (𝜎 = 1, 2),
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where 𝑓(𝑥) is a function continuous together with its two derivatives in 0 ≤ 𝑥 ≤
1, satisfying the boundary condition 𝑓(0) = 𝑓(1) = 0, has the form

𝑧(𝑥, 𝜂) = 𝑣(𝑥) + 𝜂𝜎𝜔(𝑥, 𝜂) + 𝜁(𝑥, 𝜂),

where 𝑣(𝑥) is the solution of the degenerate problem

𝐿0(𝑣) = 𝑓(𝑥), 𝑣(0) = 𝑣(1) = 0;

|𝜔(𝑥, 𝜂)| < 𝑂(1), |𝜔′(𝑥, 𝜂)| < 1
𝜂 𝑂(1),

and 𝜁(𝑥, 𝜂) is a function of order 𝜂𝜎+1, with first derivative of order 𝜂𝜎.

4. Consider the problem of a more general form

𝐿𝜂(𝐽) = 𝑓(𝑥), 𝐽(0) = 𝐽(1) = 0, 𝐽 (𝜎)(𝑙, 𝜂) = 𝑆𝜎,𝑙(𝜂)

(𝜎 = 1, 2; 𝑙 = 0, 1),

where 𝑓(𝑥) satisfies the same conditions as the right-hand side of the equation
of the problem considered in the preceding item; 𝑆𝜎,𝑙(𝜂) is a constant satisfying
the following condition: |𝑆𝜎,𝑙(𝜂)| ≤ 𝐶, and may, in particular, be equal to zero.
For its solution we obtain the estimate

|𝐽(𝑥, 𝜂)| < max |𝑓(𝑥)|𝐾1(1 + 𝜂𝐿1) + 𝜂𝜎𝑆𝜎(𝜂)𝐾2(1 + 𝜂𝐿2),

|𝐽 ′(𝑥, 𝜂)| < max |𝑓(𝑥)|𝐾3(1 + 𝜂𝐿3) + 𝜂𝜎−1𝑆𝜎(𝜂)𝐾4(1 + 𝜂𝐿4),

where

𝑆𝜎(𝜂) = max
𝑙

|𝑆𝜎,𝑙(𝜂)|;

𝐾𝑖, 𝐿𝑖 (𝑖 = 1, 2, 3, 4) are certain constants.

This estimate is used to determine the order of smallness of the remainder term
𝜁(𝑥, 𝜂) in the solution of the problem of the preceding item.

5. We construct the Green’s function 𝐺(𝑥, 𝜉, 𝜂) of the operator 𝐿𝜂. It turns
out that, just as in work (1), the relations
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𝐺(𝑥, 𝜉, 𝜂) = 𝐺0(𝑥, 𝜉) + 𝜂𝑂(1) for 𝑥, 𝜉 ∈ [0, 1], 𝜂 ∈ 𝑅;

𝜕𝐺
𝜕𝑥 (𝑥, 𝜉, 𝜂) = 𝑂(1) for 𝑥, 𝜉 ∈ [0, 1], 𝜂 ∈ 𝑅,

hold, where 𝐺0(𝑥, 𝜉) is the Green’s function corresponding to the degenerate
differential operator 𝐿0.

6. In the stability region 𝑅, for sufficiently small 𝜂, one can indicate the least
positive eigenvalue 𝜆 of problem (I), which remains the least among the
positive eigenvalues and does not

will merge with some other one upon a further decrease of 𝜂. We assign this
eigenvalue the index 1. The corresponding normalized eigenfunction will be
denoted by 𝑢1(𝑥, 𝜂).
Similarly, for a sufficiently small value of the parameter 𝜂 ∈ 𝑅, one can indicate
a positive eigenvalue of problem (I), adjacent to 𝜆1(𝜂), which upon a subsequent
decrease of 𝜂 will remain the second (after 𝜆1(𝜂)) positive eigenvalue and will
not merge with any other eigenvalue of this problem, etc.

Thus, in the stability region 𝑅, for sufficiently small 𝜂, all positive eigenvalues
of problem (I) and the corresponding eigenfunctions can be numbered, i.e.,

𝜆1(𝜂), 𝜆2(𝜂), … , 𝜆𝑘(𝜂), where 𝜆𝑘(𝜂) > 0;

𝑢1(𝑥, 𝜂), 𝑢2(𝑥, 𝜂), … , 𝑢𝑘(𝑥, 𝜂).

We note that, as 𝜂 decreases, the number of positive eigenvalues of problem (I)
increases.

The eigenvalues and normalized eigenfunctions of problem (II) will be denoted
respectively by 𝜆𝑘 and 𝑦𝑘(𝑥).

7. In the stability region 𝑅, on the basis of the results obtained in the pre-
ceding items, using the variational method, we obtain

lim
𝜂(𝑚)→0

𝜆𝑘(𝜂(𝑚)) = 𝜆𝑘, lim
𝜂(𝑚)→0

𝑢𝑘(𝑥, 𝜂(𝑚)) = 𝑦𝑘(𝑥) (𝑘 = 1, 2, …),

where {𝜂(𝑚)} is any sequence of values of the parameter 𝜂, taken from the
stability region 𝑅.

8. Using (with account taken of the stability region 𝑅) the method proposed
in paper (1), we obtain representations for the positive eigenvalues and
eigenfunctions of problem (I) in terms of the eigenvalues and eigenfunc-
tions of the degenerate problem (II):

𝜆𝑘(𝜂) = 𝜆𝑘 − 𝜂𝜎Φ𝜎,𝑘 + 𝜂𝜎+1𝑂(1).
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In particular, for 𝑘 = 1 we have

Φ𝜎,1 =

⎧{{
⎨{{⎩

𝑅(0)𝑅(1)𝐷−1
1 (𝜂) {cos 𝜈

𝜂
1

∑
𝑖=0

√𝑝1(𝑖)𝑝2(𝑖)𝑦2
1(𝑖) + 𝜘

1
∏
𝑖=0

4√𝑝1(𝑖)𝑝2(𝑖)𝑦1(𝑖)} , for 𝜎 = 1,

∫
1

0
𝑝2(𝜉)𝑦2

1(𝜉) 𝑑𝜉, for 𝜎 = 2,

where

𝐷1(𝜂) = sin 𝜈
𝜂 ∫

1

0

𝑑𝑡
𝑝1(𝑡) − 𝜂(ℎ2(0) + ℎ2(1)) (1 − cos 𝜈

𝜂 ) , 𝑅(𝑖) = √𝑝1(𝑖)
𝑝2(𝑖) ,

ℎ(𝑖) = 4√𝑝2(𝑖)
𝑝3

1(𝑖) (𝑖 = 0, 1), 𝜘 = 1
𝑅(0)𝑅(1) ∫

1

0

𝑑𝑡
𝑝1(𝑡) ( 1

𝑅(0)𝑅(1) ∫
1

0

𝑑𝑡
𝑝1(𝑡) − 1) sin 𝜈

𝜂 −2.

𝑢𝑘(𝑥, 𝜂) = 𝑦𝑘(𝑥) + 𝜂𝜎𝜒𝜎,𝑘(𝑥, 𝜂) + 𝜂𝜎+1𝑂(1),
where |𝜒𝜎,𝑘(𝑥, 𝜂)| < 𝑂(1).
In conclusion I express my deep gratitude to my scientific adviser V. B. Glasko.

Moscow State University
named after M. V. Lomonosov

Received
11 V 1958

CITED LITERATURE
1. V. B. Glasko, DAN, 108, No. 5, 767 (1956).

2. J. Moser, Comm. Pure and Appl. Math., 8, 251 (1955).

3. D. P. Kostomarov, DAN, 115, No. 2, 230 (1957).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-195801.41056 Machine Translation

https://sovietrxiv.org/items/ru-195801.41056

	Abstract
	Full Text
	Reports of the Academy of Sciences of the USSR
	MATHEMATICS
	A. A. Shishkin


	EIGENVALUES AND EIGENFUNCTIONS OF CERTAIN FOURTH-ORDER DIFFERENTIAL OPERATORS WITH A SMALL PARAMETER AT THE HIGHEST DERIVATIVE
	CITED LITERATURE


