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PHYSICS
Academician N. N. BOGOLYUBOV

ON A VARIATIONAL PRINCIPLE IN THE
MANY-BODY PROBLEM
Consider a dynamical system of Fermi particles with a Hamiltonian of the form

𝐻 = ∑{𝑇 (𝑓, 𝑓 ′) − 𝜆𝛿𝑓,𝑓′}𝑎+
𝑓 𝑎𝑓′ + 1

2 ∑ 𝐽(𝑓1, 𝑓2, 𝑓 ′
2, 𝑓 ′

1)𝑎+
𝑓1

𝑎+
𝑓2

𝑎𝑓′
2
𝑎𝑓′

1
, (1)

where 𝜆 is the chemical potential; 𝑎, 𝑎+ are Fermi amplitudes; 𝑓 is the set of
indices characterizing the state of one particle.

We perform a linear transformation of the Fermi amplitudes:

𝑎𝑓 = ∑
𝜈

(𝑢𝑓𝜈𝛼𝜈 + 𝑣𝑓𝜈𝛼+
𝜈 ). (2)

In order that this transformation be canonical and thereby not violate the com-
mutation properties of the Fermi amplitudes, the 𝑐-functions 𝑢, 𝑣 must satisfy
the orthonormality conditions

𝜉𝑓,𝑓′ ≡ ∑
𝜈

{𝑢𝑓𝜈𝑢∗
𝑓′𝜈 + 𝑣𝑓𝜈𝑣∗

𝑓′𝜈} = 𝛿𝑓,𝑓′ ,

𝜂𝑓,𝑓′ ≡ ∑
𝜈

{𝑢𝑓𝜈𝑣𝑓′𝜈 + 𝑣𝑓𝜈𝑢𝑓′𝜈} = 0. (3)

Substitute (2) into expression (1) and find the mean value of 𝐻 with respect to
the vacuum state 𝐶0:

𝛼𝜈𝐶0 = 0

for the new Fermi amplitudes. We obtain
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𝐻 = ∑{𝑇 (𝑓, 𝑓 ′) − 𝜆𝛿𝑓,𝑓′}𝐹1(𝑓, 𝑓 ′)+

+1
2 ∑ 𝐽(𝑓1, 𝑓2, 𝑓 ′

2, 𝑓 ′
1){Φ∗(𝑓1, 𝑓2)Φ(𝑓 ′

1, 𝑓 ′
2)+

+𝐹1(𝑓1, 𝑓 ′
1)𝐹1(𝑓2, 𝑓 ′

2) − 𝐹1(𝑓2, 𝑓 ′
1)𝐹1(𝑓1, 𝑓 ′

2)} ≡ ℰ(𝑢, 𝑣), (4)

where

𝐹1(𝑓, 𝑓 ′) = ∑
(𝜈)

𝑣∗
𝑓𝜈𝑣𝑓′𝜈, Φ(𝑓, 𝑓 ′) = ∑

(𝜈)
𝑣𝑓𝜈𝑢𝑓′𝜈.

We determine 𝑢, 𝑣 from the condition of a minimum of the form ℰ(𝑢, 𝑣) in
the presence of the additional conditions (3). The corresponding stationarity
equation will be

𝛿 ̃ℰ(𝑢, 𝑣) = 0, (5)

̃ℰ(𝑢, 𝑣) = ℰ(𝑢, 𝑣) + ∑
𝑓,𝑓′

{𝜆(𝑓, 𝑓 ′)𝜉(𝑓, 𝑓 ′) + 𝜇(𝑓, 𝑓 ′)𝜂(𝑓, 𝑓 ′) + 𝜇∗(𝑓, 𝑓 ′)𝜂∗(𝑓, 𝑓 ′)};

where 𝜆, 𝜇 are Euler multipliers; the variations 𝛿𝑢, 𝛿𝑣 and 𝛿𝑢∗, 𝛿𝑣∗ are regarded
here as independent.

We now arrive at the formulation of a new approximate method in the many-
body problem. In this method we take such 𝑢, 𝑣, satisfying the stationarity
equations, that give the minimal value to the form ℰ(𝑢, 𝑣). For them the corre-
sponding 𝐶0 is regarded as the wave function of the ground state, and ℰ(𝑢, 𝑣) as
the energy of the ground state. The question of the justification of the method
and of the limits of applicability is rather complicated. Therefore here we shall
confine ourselves only to a number of remarks.

Thus, on the basis of the results of work (1), we may assert that the proposed
method gives an exact solution of the problem in the case when in the Hamil-
tonian only interactions of pairs of particles with opposite momenta are taken
into account. On the other hand, we shall show that among the solutions of
the stationarity equation there is always a solution corresponding exactly to the
well-known Fock method (2).
Indeed, take a system of functions 𝜑𝑓𝜈, orthonormalized in the usual sense,

𝜁(𝑓, 𝑓 ′) ≡ ∑
𝜈

𝜑∗
𝑓𝜈𝜑𝑓′𝜈 = 𝛿𝑓,𝑓′ (6)
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and divide the whole set of indices 𝜈 into two parts 𝐹 and 𝐺. As 𝐹—the“Fermi
sphere”—we take a finite set of indices 𝜈, consisting of 𝑁 elements (where 𝑁 is
the number of particles); the remaining 𝜈 we combine into an additional set 𝐺.

Set

𝑢𝑓𝜈 = 0, 𝑣𝑓𝜈 = 𝜑𝑓𝜈, 𝜈 ∈ 𝐹 ;
𝑢𝑓𝜈 = 𝜑𝑓𝜈, 𝑣𝑓𝜈 = 0, 𝜈 ∈ 𝐺. (7)

Then, obviously, all the orthogonality conditions (3) will be satisfied. If such
𝑢, 𝑣 are substituted into the form ℰ, then Φ vanishes in it, and it will depend
only on 𝐹1, and thereby only on 𝜑𝑓𝜈 for 𝜈 ∈ 𝐹 .

We agree to denote 𝜈 ∈ 𝐹 by the letter 𝜔. Determine 𝜑𝑓𝜔 from the condition of
the minimum of the form ℰ(⋯ 𝜑𝑓𝜔 ⋯) under the additional conditions (6). The
corresponding stationarity equation will be

𝛿 ̃ℰ𝐹 = 0, ̃ℰ𝐹 = ℰ(⋯ 𝜑𝑓𝜔 ⋯) + ∑
𝑓,𝑓′

𝜆(𝑓, 𝑓 ′)𝜁(𝑓, 𝑓 ′). (8)

It is not difficult to notice that we have now formulated nothing other than the
usual Fock method. The wave function of the system corresponds to such a
position when the individual particles occupy all the states 𝜑𝑓𝜔; the remaining
states 𝜑𝑓𝜈 are empty. On the other hand, from equations (5) we see that they
always have a solution of type (7), in which the 𝜑𝑓𝜔 are chosen by the Fock
method as solutions of equations (8). Thus, our method may be regarded as a
generalization of the Fock method and, consequently, its limits of applicability,
in any case, will not be narrower.

Arguing as in work (1) and composing the expression for the second variation
𝛿2ℰ(𝑢, 𝑣) for the “normal solution”(7), we can obtain the condition for its
instability. This condition is formulated with the aid of the eigenvalue problem
for the corresponding system of linear equations. In practice it can be used,
for example, to obtain a criterion of superconductivity in a model in which the
crystal lattice of the metal is explicitly taken into account.

In conclusion, let us note that the method set forth can receive further develop-
ment and refinement by means of studying the chain of equations for“distribu-
tion functions”:

𝛼+
𝑓1

… 𝛼+
𝑓𝑠

𝛼𝑓′𝑟
… 𝛼𝑓′

1
= 𝐹𝑠+2(𝑡, 𝑓1, … , 𝑓𝑠; 𝑓 ′

𝑟, … , 𝑓 ′
1).

Thus, for example, if one takes the stationary case and retains in the equations
of the chain only the functions 𝐹0+2(𝑓1, 𝑓2), 𝐹2+0(𝑓 ′

1, 𝑓 ′
2), while neglecting the

others, then we again obtain the equations of our method. Taking the case
when 𝐹0+2, 𝐹2+0 explicitly depend on time, and restricting ourselves to a linear
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approximation in the deviations 𝐹0+2 − 𝐹 st
0+2, 𝐹2+0 − 𝐹 st

2+0, we obtain equations
for determining the spectrum of collective oscillations.
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