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An entire function f(zq, 29, ..., 2,,), Where z;, = ;. +1y;,, will be called a function
of finite degree with respect to the aggregate of variables 2, 2,, ..., 2,,, if
there exist two constants A > 0 and a > 0 such that, for arbitrary z;, 2o, ..., 2,,,

the inequality

[f (215 20)| < Aexpla(lzi] + |25] + -+ [2,])]-

holds. Let f(u,zq,2,,...,2,) be an entire function of finite degree with respect
to the aggregate of variables u, 24, ..., 2,,. Consider this function for fixed values
21y ... 2p; We obtain an entire function of finite degree of the single variable
u. The degree of such a function and its indicator of growth will, obviously,
depend on the fixed values zq, 2, ..., 2,,. Denote the degree of the function by
0¢u(21, 22,5 2,), and the growth indicator by h; (0, 2, ..., z,). According to
the definition of degree and growth indicator for functions of one variable (1),
we shall have

. 1
Uf,u(zl, Zoy ey Zp) = TILH;O - ‘rqr}gr(ln |f(wy 20y ey 2)]s

1 .
hf,u(ovzlv 7Zn) = TILI& ; In |f(7"6197213227 ,Zn)‘

We also denote

0p,(0) = max op, (21,29, ,2,) izﬁu(é)): max  hy (0,21, 29,0, 2,)

21,2955 2 21,2955 2

In the case of functions of two variables, we previously (?) proved the following
theorem™:
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Theorem 1. Let f(u,z) be an entire function of finite degree with respect
to the aggregate of variables w, 2. Then the set M, of points z at which the
inequality

O'f7u(Z) < Uf,u — &
is satisfied, satisfies the condition:

o0

A M, = ZF"’ where F), is closed, F, C F, ., and each F, has absolute
-1

measure zero.

In the case of a larger number of variables, Theorem 1 immediately implies:

*In (%) a somewhat stronger theorem was proved. Theorems 2 and 3 could also have been strengthened, but

Theorem 2. Let f(u,z,...,2,) be an entire function of finite degree in the
aggregate of the variables u, 2z, ..., 2,. Then the set M, of points z, 2,, ..., 2,
at which the inequality

Opul2150,2,) STy —€

is satisfied has the following property:

B. The intersection of M, with any two-dimensional analytic plane of the form
z, = apw+ by, k=1,2,...,n, satisfies condition A, except in those cases when
the plane under consideration lies entirely in M, .

For h; (0,2, ...,2,) the corresponding theorem may be formulated as follows:

Theorem 3. The set M_(6) of points zy, 25, ..., 2, at which, for fixed 6, the
inequality

b (0,21, 2505 2,) < Eﬁu(ﬁ) —€

is satisfied has property B.

Pélya and Plancherel (®) introduced the indicator of growth h F(AL A9 A)
in the aggregate of variables, which is defined by the equality

hf()‘lv)‘Qv"'a)‘n>: sup hf()‘laAZ,'nvAn; 1'1,1'2,..‘,1'71),

T1,%25: Ty

where
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—1
hy(A1s Agy oy A T1, T, e, @y, ) = lim - |f(zq — AT g — iAgT, oy T, — A7)

x, and Ay are real numbers and

[
>~
TN
I
[t

k=1
Theorem 4. Let f(z,2,,...,2,) be an entire function of finite degree in the
aggregate of variables. Then the set M/ of points =, z,, ..., z,, at which

hp(Ar, Agy ooy Ay 15 gy 5 ) S hp(Ag, Mg,y Ay) — €
is satisfied has mes™ M. = 0 (here, as below, mes'®) E denotes the Lebesgue
measure of the set E in k-dimensional space).
The proof of this theorem is based on Theorem 3 and the following lemma.

Lemma 1. Let a set E in the n-dimensional space R, of real variables
Xy, %y, ..., T, satisfy the condition:

C. The intersection of the set F with any line of the form

x; = a;t+b;, i =1,2,...,n, with real a,, b;, either has one-dimensional Lebesgue

measure zero, or this line belongs entirely to F.
Then, if mes™ E > 0, then E = R,.
We omit the proof of the lemma.

Let us outline the proof of Theorem 4. For this purpose introduce the function

g(u, 21, 29, oy 2,) = fl21 — iN Uy 29 — iU, ..., 2, — EA, 1),

which is an entire function of finite degree in the aggregate of the variables
Uy 21, Zg, - 4 2. Clearly,

By (0,21, Tg, oy ,) = hip( A, Mgy oy Ay T, T, e, T ).

We shall show that hy(A, Ay, ..., A,) > by, (0) — €, or, what is the same,

sup  hy (0,21, 29,..c,2,) > sup  hy (0,2, 29,0, 2,) — €.

T1,To,m. Ty, 21,2902y

Indeed, if for real a,; and b,
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sup hy (0,29, 39, ..., 3,) <h
1=1,2,....n

then, by virtue of Theorem 3 and the fact that the intersection of a set of absolute
harmonic measure zero with any line has linear Lebesgue measure zero (*), we
obtain that the analytic plane z; = a,,,+0b;, ¢ = 1,2, ..., n, intersecting R,, along
the line z; = a;, +b;, i = 1,2,...,n, belongs entirely to M_(0). But, as is easy
to show, the totality of analytic planes of the form z;, = a,, +b;, i =1,2,...,n,
where a; and b; are real numbers, exhausts the whole space Z,, of the complex
variables z, 2o, ..., 2,,, i.e. M_(0) = Z,,, which is obviously impossible.

From the assertion proved it follows that h;(A;, g, ..., A,) = hy,(0), and
M_(0) D M/, where M/ is the set appearing in the condition of Theorem 4.
Hence, applying Theorem 3, we obtain that the set M. has property C. From
this, by virtue of Lemma 1, we obtain that if mes™ M/ > 0, then M/ = R,,,
and consequently R, C M_(0), which is impossible by what has been proved*.

Thus Theorem 4 is completely proved.

The theorems proved above make it possible to define in a natural way, for
functions of many variables, a class of functions of completely regular growth.

For the case of functions of one variable this class of functions was first defined
and studied in detail by B. Ya. Levin (). Following B. Ya. Levin, an entire
function F'(z) of finite degree®* is called a function of completely regular
growth if for every 0 € [0, 27] there exists the limit

In|F 6
I |F(re?)

hy(6) = li g

under the condition that r tends to infinity, assuming all positive values except,
perhaps, a set of zero relative measure. The functions of completely regular
growth of one variable include, in particular, functions of finite degree bounded

on the real axis. Among the properties of functions of completely regular growth
one should note, as one of the most important, the following;:

hp(0) + hy(0) = hy, (0),

where f(z) is a function of completely regular growth; g(z) is an entire function
of finite degree.

In the case of functions of several variables, we shall call a function
F(z,29,...,2,) a function of completely regular growth if, for any real

rn

A Ay, o, A, with

sovietrxiv.org/items/ru-195801.39978 Machine Translation


https://sovietrxiv.org/items/ru-195801.39978

[
>
el V)
I

—

k=1

and for almost all, in the sense of Lebesgue measure, real x,,,,...,z,, there
exists the limit

1
hp(A, Ag, .y Ay,) = lim - In|F(xy —iAr, oo —idgTy .o, T, — A,

where 7 tends to infinity, assuming all positive values except, perhaps, a set of
zero relative measure.

With this definition of the class of functions of completely regular growth, this
class will contain, for example, entire functions of finite degree bounded on
R,,. The proof of this fact follows from Theorem 4 and from the properties of
functions of completely regular growth of one variable. Using earlier published
results of the author (°), one can prove the following stronger theorem.

Theorem 5. If a function f(z;,2,,...,7,) of finite degree in the aggregate of
variables satisfies the condition

(@129, s )| < ([ [ag(|2s]) - ey (|2, ),

* By analogous arguments one can prove that mes®" M, = 0 and
mes®>”) M_(f) = 0, where M. and M_() are the sets appearing in the
conditions of Theorems 2 and 3.

** The definition is given for functions of any specified order.

where the functions a;(t) > 0 are such that

/ In a(t) it < o0
0

1+ ¢2

and either a;(ty) > «;(t;) for ty > ¢ > 0, or a;(t; +t5) < () - a;(ty), then
f(z1, 29, .., 2,) is a function of completely regular growth.

Functions of completely regular growth of several variables, defined by the
method indicated above, possess a number of properties analogous to the proper-
ties of functions of completely regular growth of one variable. Thus, for example,
it is not difficult to show that if f(zy, 25, ..., 2,,) is of completely regular growth,

and g(zq, 29, ..., 2,,) is of finite degree, then

’rn

BpgA1s Ags s A) = hp (A1 Agy oo s Ap) + R (g, Mgy s A ).
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In conclusion we note that, with the aid of functions of completely regular
growth, one can prove, for the case of many variables, a generalization of the well-
known Titchmarsh theorem on convolution. In this case the following theorem
is obtained*.

Theorem 6. Let, for finite functions f (i.e. functions equal to zero outside
some domain), K(A;, Ay, ..., A, ) denote the support function of the smallest
convex domain outside which f(zq,s,...,2,) = 0. Then the equality

Kf(>‘1> >‘27 teey )‘n) + Kg()‘lv )‘23 teey /\n) = fog(Ala >‘27 teey )‘n)

holds, where f and g are finite functions belonging to £;, and

o0 o0
fXg:/ / flxy —ty, Tg —ty, ... x, —t,)g(ty,tg, ..., t,) dty dty - dt,,.
—o0 —oo

For the proof of this theorem it is enough to observe that if f(zy, 2y, ...,2,) is
an entire function of finite degree, f(xq,x,,...,x,) € £y, and

F(ty,ty,...,t,) =

oo oo
= / / exp[—i(ty 7y + towy + - + b, )] f(21, 25, ...y 2,,) dTy dTg - d,)
—00 —00

then, as was proved by Pélya and Plancherel (3), F(xy,z,,...,,) is a finite

function and K¢(Aq, Ag, ..., A,) = hy(Aq, Ag, o, A,), after which the theorem is

’ '
proved by a literal repetition of the arguments carried out by B. Ya. Levin in
his proof of the analogous theorem for the case of one variable.
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Note: Figure translations are in progress. See original paper for figures.
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