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THREE-DIMENSIONAL SPACE WITH A CU-
BIC SEMIMETRIC

(Presented by Academician 1. G. Petrovskii, 13 IX 1957)

Let Fég) be a three-dimensional Finsler space whose metric is given by the cubic
differential form

ds® = Qo By dx®dxPdx (a, B, 7yosw=1, 2 3)

with nonzero discriminant ((3), p. 313). Recently K. Tonooka (?), extending
to the case F§3) the method indicated by A. E. Liber in (!), constructed a
system of algebraic comitants for F3(3) and used them to find a linear affine

connection. In the present note, a connection in Fég) invariant with respect to
a conformal transformation of the metric is constructed, and some questions of
the differential geometry of the space X5 with a given pseudotensor field whose
discriminant is nonzero are also considered. We shall denote such a space by

55",

1. Since the discriminant 2 of the tensor a,g. is nonzero, i.e. 2 #+ 0, the

gl
fundamental components B, A*A7, Logys P,f 7 of the fundamental
tensor a,g., are successively determined (%) from the relations

aaﬂwBo‘ﬁ’Y =0, hOéﬂA/Bo‘ﬁ'y =, (1)

where h, 5., are the coefficients of the Hessian of the cubic ternary form corre-
sponding to the fundamental tensor;

1
ABy — 550‘0‘10428’7’7172B551ﬁ2aa1ﬂ171aa262727 (2)

by %87 is denoted the fundamental contravariant trivector density of weight
+1;

AO‘BVLO(/B7 =0, BWBVLQB)\ = A07; (3)
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AaBy _ s\ paBX YO P 2P afw
P = 0, AP eV graq o a, B (4)

The comitants listed are symmetric in the indices «, 3,7, except for L., which
is symmetric only in the indices «, 8, and they satisfy the relations
1
a) Aaﬂvaaﬂ)\ = 22[6;, b) B’YB'Yh)\IBA = gQMK, (5)
A A
a) Paa,, =A%), b)) Pa*L,, =0. (6)

The linear connection in F§3) is completely determined (?) by the requirement

PV a 0,

afy —

and the connection coeflicients I‘f,‘# have the form

1

Ao
Fl)/\p, = ﬁpﬂ ﬁvayaaﬁw. (7)

Theorem. For the mapping of Fég) into Minkowski space, it is necessary and
sufficient that the torsion tensor of the connection and the vector density x, =
Baﬁ”fvyaam vanish. (In (?), in the formulation of the theorem the requirement
that the torsion tensor of the connection vanish was not taken into account.)

(3)

2. Let us now consider a conformal transformation of the metric in Fj
which is defined by the relation

)

*aaﬁ,y = O'a,aﬁ,y. (8)

Then the basic algebraic concomitants are transformed as follows:
* — 0_12Q[7 *Baﬁ'y — O.9Ba[3'y’ *Aa,B’y — 0_11Aocﬁ'y7 (9)

*Pﬁ\aﬂw — Ullp}i\a»B’Y'

Let us establish a similar connection between the coefficients of the connection
(7). Differentiating (8) with respect to £, we have

; 0,0
0, aapy = 0,003, + 0 0 a,p, (UV = ) .
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Then, by virtue of (6a), (8), and (9), we obtain

* DA * A
P70, 0, = 012 (PR0,0,5, + Ad)o,)

and, consequently,

. 1

F,’/\N = F;}M + gal,éﬁ. (10)

(10) shows that, under a conformal transformation of the metric, the object
(7) is transformed projectively. Further, if S,f‘# is the torsion tensor of the
connection (7), then under the transformation (8) S{,\u is transformed as
follows:

1
* QA _ QA A
Sl/u = Sl/ﬂ + gO’[V(SM].

Contracting the last equality with respect to the indices A, p, then multiplying
the result of the contraction by 6;) and subtracting what is obtained from (10),
we have

(k) (k)

* VA A
ry,=17, where
(k))\ A A w
Fuu :Fupisuép (Su :Suw)' (11)

The constructed connection coefficients (11) are invariant with respect to a
conformal transformation of the metric and have the form

(k) 1

I, == (Pi*"0,a

WAB N
v = 390 vagy = P 10,005,0))

From the results obtained, the following theorem easily follows:

Theorem 1. In order that F§3> be conformally flat, it is necessary and sufficient
that the following conditions be fulfilled: the vanishing of the vector density
X, = BO‘BVVVCLQB,Y, the semisymmetry (*) of the connection (7), and the vector
S, must be a gradient vector.

3. Let a space X3 be given, in each local E5 of which there is given a sym-
metric covariant pseudotensor A4, of third valence, whose discriminant
is distinct from zero. Since the discriminant of the pseudotensor A, 4. is
not equal to zero, we can construct a tensor density, determined up to
sign, of weight —1, with discriminant equal to +1, in the following way:
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A ~
A by (% = Dis(U5,) = +1) . (12)

Now we can consider X5 with a prescribed field of tensor density, determined up
to sign, and whose discriminant satisfies condition (12). We shall denote such a

space by §§3>, and we shall call the prescribed tensor density the fundamental
tensor density.

Substituting into relations (1)—(4), instead of the tensor a the fundamental

afyr
tensor density 2, 5., we construct the tensor densities BBy ArabBy L,s,, P:‘aﬁ

of weights +1,4+1,—1, 41, respectively, which are the fundamental algebraic

)

concomitants of the space Ség . These concomitants satisfy relations analogous

to (5), (6). A linear symmetric connection in 5§3> can now be defined by the
conditions

a) PV, 0, b) 83 =0. (13)

afy =

Expanding the covariant differentiation in (13a) and using a relation analogous

to (6a) for the tensor densities 2,4, fﬁﬁ\aﬁ , we have

DraS A A
BP0, % 5y — BATY, + AT, 0% = 0.

Contracting with respect to the indices A, p, in view of (13b), we obtain

_ 1 pwapy
I = A P( 8w>91

H u afy

and, consequently,

1 ,~ ~
A Aaf wa By e
FW—?@(PH 70,05y + PN A5, ) (14)
Putting
) = LBty o - L oy,
(pz/u, - ﬁ 1% v*tafys wu - ﬁ v*afy

it is not difficult to show that, for the covariant derivative of the fundamental

tensor density 4., the following equality holds:

Vumaﬁ’y = (pg(amﬁ’y)w + ’(/}VL(O(,B’Y)'

The tensor <p,’j\w as is easy to see, is skew-symmetric in the indices v, p.
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Let us apply the Ricci identity to the fundamental tensor density 2,5,. We
have

2v[AvV]maﬁ7 - 73R($\)V(6¥2[5’Y)W + RijuwmaﬁV'
Let now ¢}, = 0, ¥, = 0; then, multiplying the Ricci identity by 7", we
obtain
3R, — R0 = 0. (15)
It is well known ) that in a space of symmetric affine connection the curvature
tensor satisfies the identity R[TAW] = 0; then from (15) we have Rr;\u\w\al] —0,

which gives RY, = 0 and, consequently, R}, = 0.

-
Avp
Theorem 2. A necessary and sufficient condition for there to exist in 3;3) a
coordinate system in which the components of the fundamental tensor density

2,3, do not depend on the coordinates of a point of S:(;’), is the vanishing of the
tensor goi‘# and the vector v,,.

Proof. Let 0,24,
<p{>u =0, ¢, = 0. Conversely, let <p{,\u =0, ¢, = 0; then RKW = 0, consequently,

= 0; then, as is seen from (14), l"f,‘u = 0, and, consequently,

there exists a coordinate system in which I‘f)u = 0, and hence in this coordinate

system 9,25, = 0.

It is also possible to prove the following theorem.

Theorem 3. Every differential concomitant of the fundamental tensor den-
sity 2,3, s an algebraic concomitant of 2,4, <pf;,/, 1, and their covariant
derivatives computed with respect to the object (14).
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