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Abstract

Full Text
MATHEMATICS
I. Ts. GOKHBERG

ON THE NUMBER OF SOLUTIONS OF A
HOMOGENEOUS SINGULAR INTEGRAL
EQUATION WITH CONTINUOUS COEFFI-
CIENTS

(Presented by Academician V. I. Smirnov, 19 V 1958)

1. Let I' be a contour consisting of a finite number of simple smooth closed ori-
ented curves with continuous curvature. Denote by L,(I") the space of complex-
valued functions with summable square, given on I'.  The norm in L,(T) is

defined by the equality
1/2
wn(/ﬁmewt) .
N

S. G. Mikhlin showed (1) that the singular integral equations of the form

Ap=ate) -2 [EDar— i) e, 0
o T—t

considered in the space Ly(T'), under the conditions that: a) the coefficients a(t)
and b(t) are continuous functions; b) a?(t) — b(t) # 0 (t € I'), are subject to
F. Noether’ s theorems. These theorems had previously been proved (12) only
for the case when the functions a(t) and b(t) satisfy the Holder condition and
condition b).

F. Noether’ s theorems for equation (1) consist in the fact that, when condi-
tions a) and b) are satisfied, the equation Ay = f is normally solvable, the
homogeneous equations Ay = 0 and A*Y = 0 have finite numbers of linearly
independent solutions, and the index #(A) of the operator A is computed by
the formula*

n(A) = 217T /th arg c(t), (2)

where ¢(t) = (a(t) + b(t))(a(t) — b(t)) .

sovietrxiv.org/items/ru-195801.36619 Machine Translation


https://sovietrxiv.org/items/ru-195801.36619

Let us note that the index of the operator A is the difference a(A) — a(4*) (=
1n(A)), where the numbers a(A) and «(A*) denote, respectively, the numbers of
linearly independent solutions of the equations Ap = 0 and A*y = 0.

For the case when the functions a(t) and b(t) satisfy the Holder condition and
condition b), the following proposition is known (see (?) and (3), p. 47).

The homogeneous integral equation A = 0 has exactly w(A) linearly independent
solutions for n(A) > 0 and only the trivial solution for u(A) < 0.

The proof of this proposition is essentially based on the fact that, in the case of
Holder coefficients, the equation

a(t)p(t) — 20 /F ) 4r =0 3)

™ T—1

is solved effectively (23).

It turns out that in the case of continuous coefficients a(t) and b(t) (when,
generally speaking, there is no method for effectively solving equation (3)), the
proposition formulated above remains valid. A proof of this fact will be given
below.

For simplicity, suppose that the contour I" bounds on the left a simply connected
bounded domain containing the origin.

Every solution ¢(t) of equation (3), by the formula

0 = o [E i (peLyryreD) 0

generates a piecewise holomorphic function whose boundary values ®_ (t) and
®_(t) satisfy almost everywhere on I" the relation (Hilbert problem)

c()@_(t) = D, (t). ()

Conversely, every piecewise holomorphic function ®(z) of the form (4) that is a
solution of the Hilbert problem (5) has the property that the function ¢(t) is a
solution of equation (3).

From what has been said it follows, in particular, that the number of linearly
independent solutions of the Hilbert problem (5) of the form (4) coincides with
the number of linearly independent solutions of equation (3) in the class Ly(T").

Let us note two simple properties of solutions of the Hilbert problem (5).

1°. If a function ®(z) of the form (4), which is a solution of the Hilbert problem
(5), has order k(> 0) at infinity, then the functions
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zmé(z):i/t S0<t)dt (zel; m=0,1,....,k—1)
T

are also solutions of the Hilbert problem (5).

2°. The order of the zero at infinity of any solution of the Hilbert problem (5)
of the form (4) does not exceed the number « of linearly independent solutions
of equation (3).

Lemma. Let n(< a) be the greatest order at infinity of solutions of the form
(4) of the Hilbert problem (5), and let the solution

1
—/“’ (z€T, € Ly(T))
i Jpo b

of problem (5) have order n at infinity. Then the numbers n and « are equal,
and the functions

@(t), to(t), ..., t"to(t) (e Ly(I))

form a basis of the set of all solutions of equation (3).

Theorem 1. If the coefficients a(t) and b(t) are continuous functions and the
difference a?(t) — b?(t) vanishes nowhere on T', then the homogeneous equation
(3) has exactly

1 a(t) + b(t)
n(A) = 27r/Fdzf argm

linearly independent solutions when %(A) > 0, and only the trivial solution
when »(A) < 0.

Proof. Suppose that the numbers a(A) and a(A*) are simultaneously nonzero.
Then the equation

Ayx = ay (t)x(t) — 2D /F M0 g0 (xe L)), (6)

where

(1) = (a(t)(t + 1)~ b(o) (¢ — 1))

bu(t) = 5(a(t)(t — 1) — (D)t + 1),
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has a(A) + 1 linearly independent solutions. Indeed, a solution of equation (6)
leads to the Hilbert problem

e ()X (1) = X, (1), (7)

where ¢ (t) = te(t). Consequently, if a function ®(z) of the form (4), having
order o(A) at infinity, is a solution of problem (5), then the function

is a solution of problem (7) and has order a(A) + 1 at infinity, i.e. a(4;) >
al(Ad)+1 (= 2).

Conversely, if a function X(z) of the form (4), having order a(A;) (= 2) at
infinity, is a solution of problem (7), then the function

X, (t )

o) - 5 [FOa e

has order a(A;) — 1 at infinity and is a solution of the Hilbert problem (5),
ie. a(A) > a(A4;) — 1. Thus, a(4;) = a(A) + 1.

The equation A5t = 0 (see (3), p. 49) has the same number of linearly indepen-
dent solutions as the equation

ay (D) + bi(t) / ) 4 o, (8)
I

T T—1

Comparing the numbers of linearly independent solutions of equation (8) and
the equation A*t) = 0 in the manner indicated above, and taking into account
here that a(A*) > 1, we obtain

a(A7) = a(A") — 1.

It follows that, on the one hand,

n(Ay) =a(A)) —a(A}) =a(d)+1—a(A*) +1=n(A4) + 2

on the other hand, the relation ¢,(t) = tec(t) and formula (2) for computing
the index entail the equality %(A;) = %(A) + 1. Thus, if the conditions of the
theorem hold, then at least one of the numbers a(A) and «(A*) is equal to zero.

If we now suppose that #(A) > 0, then «(A) is a positive number; consequently,
a(A*) = 0 and a(A) = »n(A). If, however, »n(A) < 0, then a(A4*) > 0 and,
consequently, a(A) = 0. The theorem is proved.

sovietrxiv.org/items/ru-195801.36619 Machine Translation


https://sovietrxiv.org/items/ru-195801.36619

2. Theorem 2. Let the function k(t) € L,(—o00, c0) satisfy the conditions:
a) the Fourier transform K (A) of the function k(¢) is -

continuous function tending to zero as t — oco; b) 1 — K(A) #0 (—o0 < A < 00).

Then the equation

o(t) — /°° k(t—s)p(s)ds =0 (0 <t <o) 9)
0

has in the space L4(0,00) exactly

v= —% [OO dy arg(1 — K()\))

linearly independent solutions for v > 0, and the unique zero solution for v < 0.

Theorem 3. Suppose that the series

at)= Y at*  (t|=1)
k=—0c0

converges uniformly on the unit circle and that the function a(t) does not vanish
anywhere on the unit circle.

Then the system of equations

da &=0 (k=0,1,2,.) (10)
j=0

has in the space [, exactly

1
v=—— d, arga(t)
27 Jiy—1

linearly independent solutions for v > 0, and the unique trivial solution for
v <0.

The validity of Theorems 3 and 4 follows from Theorem 1 and from the relation
established between the numbers of linearly independent solutions of equations
(9), (10) and the numbers of linearly independent solutions of specially chosen
singular integral equations of the form (3) (see (*)).

A proposition differing from Theorem 2 only in that, besides condition b), the
sole condition imposed on the kernel k(¢) is k(t) € L,(—o0,00), was proved by
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M. G. Krein in (°) for an entire class of spaces E(0, c0), among which L, (0, 00)
is included (in (°) a detailed bibliography on equations (9), (10) is given).

An analogous remark can also be made with respect to Theorem 3, which is a
discrete analogue of Theorem 2.
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