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Abstract
Full Text

E. E. TAMME
ON IMPLICIT OPERATORS

(Presented by Academician I. G. Petrovskii, 11 I 1958)

In the present note the domain of convergence of the power series of an im-
plicit operator is considered, estimates are given for the remainder term of this
series, and possibilities are indicated for applying the results obtained to the
approximate solution of functional equations.

Let X,Y, and Z be Banach spaces, and let F(x,y) be an operator from the
direct sum X+Y into Z. Considering X+4Y as a new Banach space, one may
use the concept of analyticity of the operator F(x,y) given in (!). It is not
difficult to show that analyticity, in the sense of (1), of the operator F(z,y) at
the point (z,y,) € X+Y is equivalent to the existence at this point of partial
derivatives of all orders (2, 3) and to the representability of the operator F(x,)
in some neighborhood of the point (z,y,) by the convergent series

D=3 e Pl )y - 1) o)
k:

Suppose that:
1% F(xg,y0) = 0.

2°. There exists a continuous operator
F0 = [Fz(xm yO)]71

3°.  F(wx,y) is analytic at the point (zg,yg)-

Then, for an arbitrary fixed 3’ € Y, there exist nonnegative constants 7, a, and
a;;, such that

”FOFy(xO)yO)(y/ - yO)H < an,
IT o Fyiyr (20, Y0) (0 — 40) ¥l < agn® (i,k=0,1,..., i+ k>2) (1)

and the power series

— E k
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converges in some neighborhood of the point (0,0). On the basis of the implicit-
function theorem, the equation o = g(av, 8) determines an analytic function

s 1
- (2)
which satisfies the condition ¢(0) = 0.

Theorem 1. If conditions 1°-3° are satisfied, then in a neighborhood of the
point y, there exists an analytic operator x = ®(y), defined by the equation

F(z,y) =0 3)
and the condition ®(y,) = x,, moreover

H(I)(k)(yo)(y/ - yo)kH <ePOpmt (k=12 ).

The proof of this theorem can be carried out analogously to the proof of Theorem
1 in Note (4).

On the convergence of the power series of the implicit operator

—$O+Z M (o) (y" —o)* (4)

one can prove the following theorem.

Theorem 2. Suppose that conditions 1° and 2° are satisfied, that the power
series (2) converges for § =7, and that F(z,y) is analytic on the set

|z —zol <w(n),  y=yo+ty —yy) (0<t<T). (5)

Then equation (3), for fixed y = y’, has in the sphere (5) a solution 2, to which
the power series (4) converges with the rate

/ S 1
o' =l < el = 3 GO (= 12,0, (6)
k=1

where
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The proof of this theorem is based on Theorem 1 and is analogous to the proof
of Theorem 2 in (4).

Remark 1. If the conditions of Theorem 2 are strengthened by requiring
analyticity of the function ¢(8) at 8 = 7, then it can be proved that equation
(3) for y = ¢’ has in the sphere (5) no other solutions besides z’.

Remark 2. For all operators satisfying conditions 2° and 3°, in the estimates
(1) one may choose

a;, = (i + k) hb"TF=2ck,

In this case

1

o(B) = I [1+4 (a = c)bB — 2hcp — \/[1 = (a + c)bBI? — 4h(a + ¢)B] ,
¢'(0) = a,

1y X1 (=2 (k0 0 B

Mw(’”(o):;Hl( ; )( ) >bk hitl(a+ ek (k=2,3,..),

moreover the series (2) converges for 8 = 7 when

(a+c)bn+2+/h(a+c)n < 1.

If m =2(2h + b)(a + ¢) < 1, then from (6) there follows the simpler estimate

h(a+c)2772 mn—l

=1,2,...).
1—m n (n T )

|2 =2, <

Thus, Theorem 2 takes a form of which, as a special case (for F(x;y) = P(x)—y),
Theorem 2 from (4) is a somewhat improved version.

By the method of expansion into the series of an implicit operator one can also
interpret the perturbation method (see, for example, (5)). Therefore Theorem
2 gives

conditions for the convergence of the perturbation method. We shall show what

results can be obtained in one comparatively simple case.

Let A, B, and y be linear operators from the space X into Z; let D4, Dp, and
D, be their domains of definition, and let A*, B* be the operators adjoint to A
and B.
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Suppose that:

a)

b)

D, isdense in X, Dg D Dy, and D, D D 4;

)\ is an eigenvalue of the equation Az = ABz, and )\, is an eigenvalue of
the equation A*z* = AB*z*, the corresponding eigenelements z, and z
being normalized by the condition z;Bz, = 1;

the operator A — AB, considered on Xp. 2 N D4, has a bounded inverse
R, defined on ZZE;*

the estimates
lzoyll < b, |z5yxol < pos |RYI < g [|Ryzol < qo, [RB[ <7

hold.

Under these conditions, the determination of an eigenvalue X of the equation

with

(A4 y)z = ABzx (7)
an eigenelement z’ normalized by the condition

ZBa’ =1, (8)

is equivalent to solving the equation

F(z,y) = 2 — x, — (s5yz) RBx + Ryx = 0, )

where the operator R is extended, by the equality RBz, = 0, to all of Z. In
this case

N =Xy + 2jyx’.

In the case under consideration

1

EQO

1
o) =50 [1—1907"—61—\/(1—po7"—q)2—4pqor 7

(k) k == 1 2i k—1 k—2i—1 i
O =a0 3 55Ty Jor+ 0" H  paor)t (F=1,2,),
i=0

and theorem 3 follows from theorem 2.

Theorem 3. If conditions a)—d) are satisfied and

then

PoT + q+ 2¢/pger < 1,

equation (7) has an eigenvalue

[N — Aol < pp(n) + po,
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to which there corresponds an eigenelement x’, normalized by condition (8),
lying in the sphere (5). The expansion of the operator x = ®(y) (defined by
equation (9)) in a power series at the point y, = 0 converges to x’ with rate (6),
and the sequence

Ap =X+ 25yx,_, (n=1,2,..)

converges to N with rate

n—1

/ 1
N =Xl <p o) =Y MOt (n=1,2,..).
k=1""

In numerical examples this theorem proved more accurate than the correspond-
ing theorems from the works (°, %).
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* XB*ZB and ZZB

are subspaces of the spaces X and Z, satisfying respectively the conditions
B*zir = 0 and 25z = 0.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-195801.35291 Machine Translation


https://sovietrxiv.org/items/ru-195801.35291

	Abstract
	Full Text
	E. E. TAMME
	ON IMPLICIT OPERATORS
	CITED LITERATURE


