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(Presented by Academician M. V. Keldysh, 7 X 1957)

In the theory of contact circuits, the problem is solved of synthesizing contact
circuits that realize functions of the algebra of logic. To characterize the set
of circuits for all functions of the algebra of logic of n arguments, C. Shannon
introduced (!) the function L(n)—the minimal number of contacts sufficient to
realize any function of n arguments. He also showed that, for any ¢ > 0 and
n > n(e),

n 2n+2

(1—5)%<L(n)<(1+5) —

whereas the proportion of functions requiring for their realization no more than

1-92

contacts tends to 0 as n grows.

Each concrete method of synthesis A is naturally characterized by the function
L 4 (n)—the minimal number of contacts sufficient for realizing any function of
n arguments by method A. To obtain the upper estimate, C. Shannon used the
method of universal multipoles developed by him. Subsequently G. N. Povarov
proposed another synthesis method—the method of cascades (?), which is an
improvement of Shannon’ s method. For the method of universal multipoles
A and the method of cascades B, the relation L ,(n) > Lg(n) holds. It can
n

be shown (3) that Lg(n) ~ a(n);, where 2 3 a(n) 3 4%, and the function

a(n) assumes values close to 4 for arbitrarily large n. The author obtained still
another synthesis method C' with a function Ls(n) satisfying the condition

2n+1

Lo(n) < (1+¢)

(for any € > 0 and n > n(e) (3)).
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Here we describe a certain method of synthesizing contact circuits with a func-
tion L (n), asymptotically equal to

n

2
(and thereby show that L(n) ~ Z)

1°. Every function of the algebra of logic f(xq,...,x,) can be specified by a

table with two inputs (see Table 1): in the row corresponding to o4, ..., o}, and
the column corresponding to oy 1, ..., 0, the value of the function f on the set
(01,...,0,) is placed.

We divide the rows of the matrix M(f), which determines the values of the
function, into groups A, ..., A, (see Table 1). Let f;(xy,...,z,) be the function
that coincides with f(x,...,z,) on the rows of the group A; in M(f) and is
equal to 0 in all other cases. The columns of the matrix M(f;) are divided into
groups

a
* Here a < b means that lim 3 < 1.

identical columns (let their number be #(j)). The function f; can be represented
in the form f; = \/Z(:i [ji» where f;; coincides with f; on the i-th group of
columns and is equal to 0 in the remaining cases. Obviously,

Table 1

LTy Ty 1T 0 Okt L oy
0..00 0 o, 1 =z,
0..01 A,
Ay
01 ...04_10p flog,.cy0,)
A,
1.1 1 »
1 2
fji(wlw-vxn):fg(i)(xl»--ka)’f;i)@kﬂwwxn)a
where

1 o O %
fj(--)(xl, ey Ty) = \/xll cxy”
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(the disjunction is taken over the set of tuples (o4, ...,0}) corresponding to the
nonzero rows of the matrix M(f;));

2 : n
f](--)(xkﬂ, ey X)) = \/xZﬁl Ty
(the disjunction is taken over the set of tuples (o4 ,...,0,) corresponding to

the nonzero columns of the matrix M(f;;)). Note that f;; - f; = 0fori; #i,
(1<j<p). Thus,

p td)

Flay ) =\ \ £ @ m) - £ (0 my). (1)

j=li=1

We shall call the representation (1) a proper representation of the function
[ if the groups Ay, ..., A, have the same number s of rows (except, possibly, one
containing a smaller number of rows). The numbers k and s will be called the
parameters of this representation.

2°. We shall call a (unit r-dimensional) sphere the set of tuples (aq,...,a,) of
zeros and ones, each of which differs from some tuple 5 = (B4, ..., 3,) in exactly
one coordinate; the tuple 5 is called the center of the sphere, and the union of
the sphere and its center is called a ball. Note that if the function ¢(z4,...,z,)
is equal to the disjunction of the conjunctions corresponding to the tuples of the

sphere with center (8, ..., ,) (i.e. is the characteristic function of this sphere),
then
o(Tq, ..., ;) xf = xfl xf_’llewfff xfr (1<i<r).
Lemma. The set of all tuples (o4, ...,0,) for r = 2P can be decomposed into
27’
r

disjoint spheres.
Proof. It is known (%) that the set of all tuples of length r; = 2° — 1 can be

1
decomposed into N = disjoint balls. Let

r+1

* 2% (0 =0,1) denotes z if c =1, and z if 0 = 0.

{(Bi1s -, Bi)}, 1 <i < N, is the set of their centers. As the centers of the par-
tition spheres of all tuples of length r it suffices to take the set {(8;1, .-, B, )},
1<i<N,§=0,1.

Let K(n) denote the minimal number of contacts sufficient to realize, by means
of a contact (1,2")-pole, the system of 2" distinct conjunctions z7* - x5,".
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Fig. 1

Figure 1: Fig. 1

Theorem 1. K(n) ~ 2™,
Proof. The lower estimate is obvious.

Upper estimate. A circuit for realizing all conjunctions of the arguments

is constructed as follows. To each output of the circuit A (Fig. 1),
T

which has one input and — outputs and realizes all disjunctions of conjunctions
r

Tiyeenr Ty

(of the arguments z, ..., x,) corresponding to nonintersecting spheres, there is
attached a contact tree [5] in the remaining arguments (all trees contain no more
than

9r 2n+1
Z(2.2mm—2)<
r r

contacts). Then to each output of the tree corresponding to the sphere with
center (fq,...,3,) there is connected a bundle of contacts mfl, ,xfr (Fig. 1)
T

(in all, r- — - 2™" = 2" contacts). The circuit A is obtained from a contact
r

tree in the arguments x,...,z, by identifying the corresponding outputs (this
circuit contains no more than 2" contacts). The total number of contacts in
the resulting circuit does not exceed

n+1

2
K=2% 4= 42m
r
If r = 20&2(n—1g; 7] then

2n+1 2n+2
K< + 427 = 27(1+ O(1/n)).

n n—lg,n

It is clear that the constructed circuit realizes all the required conjunctions. The
theorem is proved.

Fig. 1

Theorem 1 shows that the contact tree is not a minimal circuit and that the
number of contacts can be reduced asymptotically by a factor of two. Figure 2
shows a circuit realizing all conjunctions of 5 arguments (and their negations),
containing a smaller number of contacts (60) than the corresponding tree (62).

Fig. 2
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Fig. 2

Figure 2: Fig. 2

Remark. Outputs corresponding to the conjunctions §; = x* - x5, are called
close if &, - o(zq,...,x,.) # 0, where p(z,...,x,) is the characteristic function
of some sphere of the partition considered. If, in the circuit described above,
certain sets of close outputs are identified, then the resulting circuit will realize
the disjunctions of the corresponding conjunctions.

27’L

3°. Theorem 2. L(n) ~ —.
n

Proof. The lower bound was obtained by C. Shannon (!).

Upper bound. Consider a regular representation of the function f(zq,...,z,,)
with parameters k and s. The circuit S; for the function f; is constructed from

the circuit S;-Q) (see Fig. 3), realizing the totality of all nonzero functions

2) _ £(2)
fjih - fji : Soh(kaLl? ,$k+r)7
where ¢, (2, 1,...,%;,,) is the characteristic function of a sphere, and from
s+r

of them), realizing the functions fj(ilgl = f;-il);

circuits Sj(zll)1 (no more than

one of the poles of the circuit S;;,)L is joined to the corresponding output of the

circuit S’j@), while the other poles of the circuits S’;b{ are combined and form
a pole of the circuit 5, (the second pole of the circuit S; is the input of the

circuit SJ@)). The circuit S is formed as a result of the parallel connection of the
2k
circuits S; (no more than — + 1 of them). The circuit Sj@) contains no more
s
than
2n7k+1
2r+1 + ank +

contacts (the proof of Theorem 1 and the remark), and each circuit Sj(ll,i contains
no more than sk contacts (one may proceed, for example, from the perfect
disjunctive normal form). Therefore the number of contacts in S does not

exceed . . X
2 2n— k2s r
L<+1) (2"’“+2T+1+ 42 )
s r r
Put
k:[21g2n}, ,S:[n72\/ﬁ]7 7/.:2[1/21g2n].
Then

L2 (1v0(L)).

The theorem is proved.
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4°. We shall give, without proof, two more assertions.

Let k(n) (respectively M(n)) be the minimal number A such that the system
of all conjunctions z{* - z," (respectively any Boolean-algebra function of n
arguments) can be realized by a contact circuit with maximum relay load not
exceeding A.

2n
Theorem 3. k(n) ~ —

Theorem 4. M(n) ~ —.*
n
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* The estimates of these functions known up to now are (1)

on 2n+1
— <kn) <
n n
and
n 2n+2
n? s Mn) = n?
Fig. 3

Note: Figure translations are in progress. See original paper for figures.
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