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Abstract

Full Text
MATHEMATICS
V. 1. ZUBOV

ON THE PRINCIPLE OF REDUCTION

(Presented by Academician V. I. Smirnov, 1 VII 1957)

In the present article a method is given for investigating the problem of stability
of the zero solution of a system of n + k ordinary differential equations. This
method consists in studying systems of k-th and n-th orders obtained from the
original equations. The application of this method makes it possible to advance
the solution in a number of doubtful cases.

Consider the system of ordinary differential equations

2 = f(t Ty, e Ty Yry e s Yk (s=1,...,k),
do (1)
—= =gt xy, Ty, Ys) (G=1,00,n).

We shall assume that the right-hand sides of system (1) are given in the domain
t >0, |X| < H, |Y| < H, and are continuous there. Here X = (zy,...,2,),

Y = (y1, . u1), |1 X| = (Z?Zl mf)l/Z, H > 0. Suppose further that f, = 0 when
Y =0, and g; =0 when X =Y = 0.

Definition 1. The zero solution of system (1) will be called stable if for every
€ > 0 one can indicate a §(¢) > 0 such that, for | X9| < §, [Y(©] < §, one has

IXtEXO YO0 ) <e,  [Y(HEXO YO ) <e

for 0 < t, < t. If in addition, we have X(t, X Y(© ¢)) — 0,
Y(t,X© Y t)) — 0ast — +oo, then the zero solution of system (1) will
be called asymptotically stable. Here X (¢, X© YO ¢}, Y (¢, X YO t.)
denote the solution of system (1) with initial data X = X vV = Y(© at
t=t,.

If in the first group of equations entering into system (1) the quantities z, ..., x,,
are replaced by arbitrary continuously differentiable functions x4 (t), ..., z,, (),
defined for ¢t > 0 and satisfying the condition |X(¢)| < H, then we obtain a
system of k equations

dys _ _

dt *f‘s(tvxl(w?"'7xn(t)7yla"'ayk) (5*17"'7]{)7 (2)
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for which the point Y = 0 will be an equilibrium position.

Definition 2. The zero solution of system (2) will be called strongly stable
if one can indicate a number H; > 0 such that for every £; > 0 there exists
§; > 0 with the following property: if |Y(©] < 4§,

will have |Y (¢, Y ¢,)| < &, for 0 < t, < t for every function X(¢) such that
|X(t)] < Hy. If, in addition, Y (¢,Y? t,) — 0 as t — 400, the zero solution of
system (2) shall be called strongly asymptotically stable.

Consider a function W (t, X,Y’) such that W =0 when X =Y = 0.

Definition 3. The function W (t, X,Y) will be called strictly negative defi-
nite with respect to X if there exists a continuous function f(r) such that: 1)
f=0forr=0and f > 0 for r > 0; 2) for every vector-function Y (X) satisfying
the inequality |Y(X)| < f(|X]), the function W (¢, X,Y (X)) is negative definite
with respect to X.

Theorem 1. If: 1) the zero solution of system (2) is strongly stable (strongly
asymptotically stable); 2) in the domain |X| < Hy, t > 0 there exists a contin-
wously differentiable positive-definite function V(t,X), V(¢,X) = 0 as X — 0
uniformly in t > 0; 3) the function

oV
W(t,X,Y) = +Za 9,(t, X,Y)

is strictly negative definite with respect to X, then the zero solution of system
(1) will also be stable (asymptotically stable).

Theorem 2. If: 1) the functions f,(t,X,Y) can be expanded in convergent
series in integral positive powers of the quantities x,...,T,, Yy, ..., Y, With real,
continuous, bounded coefficients given fort > 0, and the zero solution of system
(2) is stable (asymptotically stable) independently of the choice of terms of order
n (1); 2) the functions g;(t, X, 0) are continuously differentiable in all arguments
fort >0 and | X| < H, and the zero solution of the system

T gt.x.0) Q

is uniformly asymptotically stable and uniformly attracting (>3); 3) the partial
derivatives of the functions g;(t, X,0) are bounded together with the functions
9;(t, X,Y) —g;(t,X,0) fort >0, |X| < H, |Y|< H, then the zero solution of
system (1) is stable (asymptotically stable).

Corollary. If: 1) condition 1 of Theorem 2 is satisfied; 2) the functions
g;(t, X,0) = ¢;(X,0) do not depend explicitly on t, and the zero solution
of system (8) is asymptotically stable; 3) the functions g;(X,0) are continu-
ously differentiable, and the functions g;(t,X,Y) — g;(X,0) are bounded for
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t >0, |X| < H, |Y| < H, then the zero solution of system (1) is stable
(asymptotically stable).

The theorems stated above in some cases make it possible to simplify the solu-
tion of the question of stability of the zero solution of system (1), if even the
expansions of the functions gj(t7X ,0) contain no terms linear with respect to
Ty eeey Ty

As an example, consider the system

dy, = om) _

dt —Z:)/s (taXaY)_fs(thaY>7 (4)
do, &2

CZJ Z: (L, X,Y) = g,(t, X, Y), (5)

where Ys(m>, respectively X;m), are homogeneous forms of degree m with respect

to the quantities y,, ...y, respectively x, ..., z,,.
We shall assume that the coefficients of these forms are convergent power series
with respect to the quantities x4, ..., z,,, respectively yy, ..., ¥4,

whose coefficients are real, continuous, and bounded for ¢ > 0. Let the system
(3)—(4) have the zero solution. Suppose that

i(t,X,0) ZX (t, X)

and the functions Y;m are homogeneous forms of degree p with real constant
coefficients.

Let us now consider the system

—L =X (%) (6)

Theorem 3. If: 1) the zero solution of system (4) is stable (asymptotically
stable) independently of the choice of terms of order higher than n (); 2) the
zero solution of system (6) is asymptotically stable, then the zero solution of
system (4)—(5) is stable (asymptotically stable).

Let us examine condition 2) of Theorem 3 in more detail. In order that the zero
solution of system (6) be asymptotically stable, it is necessary and sufficient (%)
that the system of equations
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I x" —w,
‘= Oz J

"\ OV

j=1 Y

where W is a positive definite function, homogeneous of order m > u — 1, have
a solution in the form of a negative definite function V(X). We note that for
n = 2 the system (7) can easily be solved in finite form, i.e. the function V(X)

is expressed in terms of YYL), Y(QH), and W by means of a finite number of
quadratures. For n > 2 the solution of system (7) can also be found in finite
form, but in this case it has a rather complicated form. For n = 2, condition 2)
of Theorem 3 can also be verified with the aid of Kamenkov’ s theorem (4).

We note that such a method for solving the question of stability was first applied
by A. M. Lyapunov (%) in the investigation of doubtful cases.

In (1) a development of this method was given for solving the question of stability
in the case of analytic right-hand sides of system (1) of a special form. In the
present work the method of proof contained in (!) has been essentially used.
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