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Abstract
Full Text
MATHEMATICS

Yu. M. BEREZANSKII

ON BOUNDARY-VALUE PROBLEMS FOR
GENERAL DIFFERENTIAL OPERATORS IN
PARTIAL DERIVATIVES
(Presented by Academician S. L. Sobolev on 7 VI 1958)

Recently there have appeared works in which, to one degree or another,
boundary-value problems and expansions in eigenfunctions for nonelliptic
equations are studied (1−11,16). In this note we shall consider the question of
the solvability of boundary-value problems for the indicated equations in the
class of certain generalized solutions. Let us note at once that the existence
of such a generalized solution does not yet completely solve the problem
in the usually understood sense. Namely, the study of the solvability of a
boundary-value problem, generally speaking, splits into two parts: 1) the
investigation of the density of the range of the corresponding operator in the
space of right-hand sides, and 2) the investigation of one or another continuity
property of the inverse operator. In this note we essentially touch only upon
the first of these two questions. The constructions will be carried out for an
equation of second order and for boundary conditions either homogeneous
or removed; the extension to more general problems (including systems of
equations) presents no essential difficulties.

1∘. Slightly modifying in form the construction of Lax (12), we introduce the
notion of a negative norm. Let 𝐺 be a finite domain of the 𝑛-dimensional
space 𝐸𝑛, bounded by a piecewise-smooth (i.e. piecewise twice continuously
differentiable) boundary Γ; 𝑊 𝑙

2 is the Sobolev space of complex functions on
𝐺 having square-summable 𝑙-th derivatives; (𝑢, 𝑣)𝑙 is the scalar product in it.
Since ‖𝑢‖0 ⩽ ‖𝑢‖𝑙 (𝑊 0

2 = 𝐿2), the bilinear functional (𝑓, 𝑢)0 (𝑓 ∈ 𝐿2, 𝑢 ∈ 𝑊 𝑙
2)

is continuous with respect to variation of 𝑓 in 𝐿2 and 𝑢 in 𝑊 𝑙
2. Therefore it

admits the representation (𝑓, 𝑢)0 = (𝐼𝑓, 𝑢)𝑙, where 𝐼 is a linear operator acting
continuously from all of 𝐿2 into 𝑊 𝑙

2. Put, for 𝑓, 𝑔 ∈ 𝐿2, (𝑓, 𝑔)−𝑙 = (𝐼𝑓, 𝑔)0 ≡
(𝐼𝑓, 𝐼𝑔)𝑙; the completion of 𝐿2 with respect to this scalar product will be denoted
by 𝑊 −𝑙

2 , the norm in 𝑊 −𝑙
2 is negative; ‖𝑓‖−𝑙 ⩽ ‖𝑓‖0. Obviously the operator 𝐼

acts in the space 𝑊 𝑙
2 continuously with respect to this norm; therefore it can be

extended to an operator 𝐼 , acting continuously from all of 𝑊 −𝑙
2 into 𝑊 𝑙

2. From
the definition of 𝑊 −𝑙

2 it follows that 𝐼−1 is continuous and defined on all of 𝑊 𝑙
2.

Passing to the limit in the relations defining (𝑓, 𝑔)−𝑙, we obtain that for any
𝛼, 𝛽 ∈ 𝑊 −𝑙

2 and 𝑓 ∈ 𝐿2
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(𝛼, 𝑓)−𝑙 = (𝐼𝛼, 𝑓)0, (𝛼, 𝛽)−𝑙 = (𝐼𝛼, 𝐼𝛽)𝑙. (1)

2∘. Consider the differential expression of the 2nd order

ℒ[𝑢] =
𝑛

∑
𝑗,𝑘=1

𝑎𝑗𝑘(𝑥) 𝜕2𝑢
𝜕𝑥𝑗𝜕𝑥𝑘

+
𝑛

∑
𝑗=1

𝑎𝑗(𝑥) 𝜕𝑢
𝜕𝑥𝑗

+ 𝑎(𝑥)𝑢 (𝑥 ∈ 𝐺), (2)

where 𝑎𝑗(𝑥) and 𝑎(𝑥) are complex and bounded in 𝐺; 𝑎𝑗𝑘(𝑥) are real and have
bounded first derivatives in 𝐺. With ℒ, for 𝑢, 𝑣 ∈ 𝑊 2

2 , construct the scalar
product (𝑢, 𝑣)ℒ = (ℒ[𝑢], ℒ[𝑣])−2; after identi-

elements 𝑢 for which (𝑢, 𝑢)ℒ = 0, and by completing it we obtain a Hilbert
space 𝐻ℒ. Let us note that for 𝑢 ∈ 𝑊 2

2 , ‖𝑢‖ℒ ≤ 𝐶‖𝑢‖2. The operator 𝑢 → ℒ[𝑢]
(𝑢 ∈ 𝑊 2

2 ) is continuous from 𝐻ℒ into 𝑊 −2
2 ; extending it by continuity, we obtain

a continuous operator 𝐿 from 𝐻ℒ into 𝑊 −2
2 . On the range ℜ(𝐿) the inverse

operator 𝐿−1 is defined and continuous.

Let 𝐷 be some piece of Γ (i.e. a finite number of domains on Γ having piecewise
smooth boundary). By

∘
𝑊 2

2(Γ∖𝐷) we denote the closure in the 𝑊 2
2 -norm of the

set of all functions on 𝐺, twice continuously differentiable up to the boundary,
which vanish on Γ ∖ 𝐷, and by

∘
𝐻ℒ(Γ ∖ 𝐷) the closure of

∘
𝑊 2

2(Γ ∖ 𝐷) in the
𝐻ℒ-norm.

Let 𝑓 ∈ 𝐿2; we shall say that the boundary-value problem ℒ[𝑢] = 𝑓 , 𝑢|Γ∖𝐷 = 0,
𝑢|𝐷 free, has a generalized solution 𝜑, if there exists an element 𝜑 ∈

∘
𝐻ℒ(Γ ∖ 𝐷)

such that 𝐿𝜑 = 𝑓 . Thus, in essence, solvability of the boundary-value problem
in the generalized sense means the existence of a sequence 𝑢𝑛 ∈

∘
𝑊 2

2(Γ ∖ 𝐷) for
which ℒ[𝑢𝑛] → 𝑓 in the sense of 𝑊 −2

2 . If convergence in
∘

𝐻ℒ(Γ ∖ 𝐷) implies
convergence in some 𝑊 1

2 , then 𝜑 ∈ 𝑊 1
2 and therefore is a “more classical”

solution. In this note we shall not dwell on the question of the nature of the
elements of

∘
𝐻ℒ(Γ ∖ 𝐷) (with the exception of the elliptic case; see below).

3∘. Let 𝐴(𝑥) = ‖𝑎𝑗𝑘(𝑥)‖, and let 𝜈(𝑥) be the unit vector of the exterior normal
to Γ. We shall assume that on Γ there may be situated a piece 𝑋0 on which
(𝐴(𝑥)𝜈(𝑥), 𝜈(𝑥)) = 0 and 𝐴(𝑥)𝜈(𝑥) ≠ 0 (a piece of characteristics of zero order),
and a piece 𝑋1 on which 𝐴(𝑥)𝜈(𝑥) = 0 (a piece of characteristics of first order).
On the part of the boundary Γ ∖ (𝑋0 ∪ 𝑋1) there may also be points at which
(𝐴(𝑥)𝜈(𝑥), 𝜈(𝑥)) = 0, but we assume that the surface measure of the set of such
points is zero. Almost everywhere on Γ ∖ 𝑋1 the unit conormal

𝜇(𝑥) = 𝐴(𝑥)𝜈(𝑥)/|𝐴(𝑥)𝜈(𝑥)|

is defined. For points of 𝑋0 the conormal is tangent; therefore the derivative
𝜕𝑢/𝜕𝜇 is defined for smooth functions given only on 𝑋0. For such functions we
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introduce the first-order differential expression

𝔐[𝑢] = |𝐴(𝑥)𝜈(𝑥)| 𝜕𝑢/𝜕𝜇,

and let 𝔐+ be the expression formally adjoint to 𝔐.

Theorem. In order that the boundary-value problem ℒ[𝑢] = 𝑓 , 𝑢|Γ∖𝐷 = 0, 𝑢|𝐷
free, have a generalized solution for every 𝑓 ∈ 𝐿2, it is necessary and sufficient
that every classical (i.e. belonging to 𝑊 2

2 ) solution 𝑣 of the formally adjoint
homogeneous equation ℒ+[𝑣] = 0, satisfying the adjoint boundary conditions,
be equal to zero.

The adjoint boundary conditions have the form:

𝑣|Γ∖(𝑋0∪𝑋1) = 0;

𝜕𝑣/𝜕𝜇 ∣𝐷∖(𝑋0∪𝑋1) = 0; 𝑣|(𝑋0∪𝑋1)∖𝐷 free, 𝛼𝑣|𝑋1∩𝐷 = 0,

where

𝛼(𝑥) = ∑
𝑗

(𝑎𝑗 − ∑
𝑘

𝜕𝑎𝑗𝑘/𝜕𝑥𝑘) ;

(𝔐+[𝑣] − 𝔐[𝑣] + 𝛼𝑣)∣𝑋0∩𝐷 = 0.

Here we assume that 𝑋0 ∩ 𝐷 is situated on the smooth part of Γ and is at a
positive distance from 𝑋1.

Let us note that solvability of the problem for every 𝑓 ∈ 𝐿2 is equivalent to its
solvability for every 𝑓 ∈ 𝑊 −2

2 .

We obtain the proof of the theorem in the following way. Suppose its conditions
are fulfilled. Since 𝐿 realizes a homeomorphism between 𝐻ℒ and ℜ(𝐿) ⊆ 𝑊 −2

2 ,
the image of

∘
𝐻ℒ(Γ ∖ 𝐷) is closed. Therefore, if

𝐿(
∘

𝐻ℒ(Γ ∖ 𝐷)) ⊂ 𝑊 −2
2 ,

then in 𝑊 −2
2 there exists a vector 𝛼 ⟂ 𝐿(

0
𝐻ℒ(Γ ∖ 𝐷)), i.e., in particular,

(𝛼, 𝐿[𝑢])−2 = 0, 𝑢 ∈
0

𝑊 2
2(Γ ∖ 𝐷).

Applying (1) to this equality, we conclude that the function 𝑣 = 𝐼𝛼 ∈ 𝑊 2
2 is

such that

(𝑣, ℒ[𝑢])0 = (𝐼𝛼, ℒ[𝑢])0 = (𝛼, ℒ[𝑢])−2 = 0
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for all 𝑢 ∈
0

𝑊 2
2(Γ ∖ 𝐷). In particular, taking here 𝑢 that vanish in a strip near Γ

and transposing ℒ by Green’s formula, we find, by the arbitrariness of 𝑢, that

ℒ+[𝑣] = 0. Further, by Green’s formula, for any 𝑢 ∈
0

𝑊 2
2(Γ ∖ 𝐷) we have

∫
Γ∖𝑋1

|𝐴(𝑥)| 𝑣(𝑥) {𝜕𝑢
𝜕𝜇𝑣 − 𝑢 𝜕𝑣

𝜕𝜇} 𝑑𝑥 + ∫
Γ

𝛼(𝑥)𝑢𝑣 𝑑𝑥 =

= (ℒ[𝑢], 𝑣)0 − (𝑢, ℒ+[𝑣])0 = 0.

In view of the arbitrariness of 𝑢, it follows from this that 𝑣 satisfies the adjoint
boundary conditions. But then, by the assumption of the theorem, 𝑣 = 𝐼𝛼 = 0,
i.e. 𝛼 = 0. This proves sufficiency. Necessity is established, in essence, by
reversing the above argument.

4∘. Let us consider some examples.

1) Let 𝐺 be a bounded domain with smooth boundary; let ℒ be an elliptic
expression with real coefficients and with a sufficiently large positive 𝑎(𝑥)
so that

(ℒ[𝑢], 𝑢)0 ≥ 𝜀(𝑢, 𝑢)0 (𝑢 ∈
0

𝑊 2
2(Γ); 𝑢(𝑥) = 𝑢(𝑥); 𝜀 > 0).

Pose the problem with the boundary condition 𝑢|Γ = 0. In this case 𝐷 =
𝑋0 = 𝑋1 = 0, and the adjoint boundary condition has the form 𝑣|Γ = 0. The
existence of a generalized solution 𝜑 follows immediately from the positivity of
ℒ, and hence also of ℒ+, on the functions indicated above. As is known (13),
the problem under consideration has a solution 𝑢 ∈

0
𝑊 2

2(Γ); by uniqueness of
the generalized solution, 𝜑 = 𝑢 in 𝐻ℒ. It is not difficult to show that in our
case

‖𝑢‖ℒ ≥ 𝛿‖𝑢‖0 (𝑢 ∈
0

𝑊 2
2(Γ), 𝛿 > 0),

and therefore
0
𝐻ℒ(Γ) contains no ideal elements at all and coincides with

0
𝑊 2

2(Γ).
2) In general, let ℒ be an arbitrary expression of the form (2), which is

known to be elliptic and to have sufficiently smooth coefficients in some
subdomain 𝑄 ⊂ 𝐺 with piecewise smooth boundary. Then the generalized
solution 𝜑 of the boundary-value problem posed in 2∘ coincides in 𝑄 with

the classical one in the following sense: let 𝑢𝑛 ∈
0

𝑊 2
2(Γ ∖ 𝐷) converge in

𝐻ℒ to 𝜑; then there exists a sequence of functions ℎ𝑛 ∈ 𝐿2, ℎ𝑛 ⟂ 𝑢𝑛 − ℎ𝑛,
which inside 𝑄 belong to 𝑊 2

2 and satisfy the equation ℒ[ℎ𝑛] = 0 (𝑥 ∈ 𝑄),
such that 𝑢𝑛 − ℎ𝑛 converge in 𝐿2 to some function 𝑢 that belongs to
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𝑊 2
2 inside 𝑄 and satisfies the equation ℒ[𝑢] = 𝑓 (𝑥 ∈ 𝑄). If 𝑄 adjoins

some part Γ1 of the boundary of the domain 𝐺 on which zero boundary
conditions were prescribed, then

ℎ𝑛|Γ1
= 𝑢|Γ1

= 0.
3) Let ℒ be an elliptic expression with arbitrary sufficiently smooth coeffi-

cients. Then the boundary-value problem

ℒ[𝑢] = 𝑓, 𝑢|Γ∖𝐷 = 0,

with 𝑢|𝐷 omitted, always has a generalized solution. This follows at once from
the theorem and from the uniqueness of the Cauchy problem for ℒ (14). By 2),
this solution is smooth outside 𝐷.

4) Let ℒ be an arbitrary formally self-adjoint expression for which Im 𝑎(𝑥) in
𝐺 does not change sign and is almost everywhere nonzero; moreover, sup-
pose that 𝑋0 = 0. The boundary-value problem with boundary condition
𝑢|Γ = 0 always has a generalized solution 𝜑. Indeed, by virtue of

of the theorem it is necessary to verify that the solution 𝑣 ∈ 𝑊 2
2 of the problem

ℒ[𝑣] = 0, 𝑣|Γ∖𝑋1
= 0, 𝑣|𝑋1

removed, is zero. This follows from the equality
(ℒ − 𝑎)[𝑣] = −𝑎𝑣, the reality and self-adjointness of the expression ℒ − 𝑎, and
Green’s formula. In view of 2), the solution 𝜑 is classical in the regions of
ellipticity of ℒ.

5) Let
ℜ[𝑢] = ∑

𝑗
𝑏𝑗(𝑥) 𝜕𝑢/𝜕𝑥𝑗 + 𝑏(𝑥)𝑢,

where 𝑏𝑗 and 𝑏 are real and have bounded first derivatives. Put ℒ[𝑢] =
ℜ∗ℜ[𝑢] + 𝑐(𝑥)𝑢, where 𝑐(𝑥) is nonnegative and sufficiently large. Let
𝐺 be an arbitrary domain. The boundary-value problem with boundary
condition 𝑢|Γ = 0 always has a generalized solution. This is easily verified
on the basis of the theorem and the fact that ℒ is sufficiently positive.

6) Consider the Tricomi differential expression

ℒ[𝑢] = 𝑥2𝜕2𝑢/𝜕𝑥2
1 + 𝜕2𝑢/𝜕𝑥2

2

in an arbitrary domain 𝐺 with a piecewise-smooth boundary on which
there are no pieces of characteristics from the hyperbolic half-plane 𝑥2 < 0.
The boundary-value problem

ℒ[𝑢] + 𝑧𝑢 = 𝑓 ∈ 𝐿2, 𝑢|Γ = 0,
where 𝑧(𝑥) is an arbitrary complex addition (i.e., a function of the form
𝑎(𝑥) in 4)), always has a generalized solution 𝜑. This follows from 4),
since ℒ + 𝑧 is formally self-adjoint. From 2) it follows that in any case,
for 𝑥2 > 0, 𝜑 is classical.
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7) Consider the usual formulation of the boundary-value problem for the
Tricomi equation: 𝐺 is bounded by a piecewise-smooth curve Γ1 for 𝑥2 ≥ 0
and by two pieces Γ2 and Γ3 (the left and right ones) of characteristics
of order 0 for 𝑥2 ≤ 0; the equation ℒ[𝑢] = 𝑓 ∈ 𝐿2 is considered with
boundary conditions

𝑢|Γ1∪Γ2
= 0, 𝑢|Γ3

removed.

According to the theorem, for solvability of this problem it is necessary
to show that if 𝑣 ∈ 𝑊 2

2 satisfies the equation ℒ[𝑣] = 0 and the boundary
conditions

𝑣|Γ1
= 0, 𝑣|Γ2

removed, 𝔐∗[𝑣] − 𝔐[𝑣]∣Γ2
= 0,

then 𝑣 = 0. The equation (𝔐∗ −𝔐)[𝑣] = 0 is of first order on Γ3, singular
at the point 𝑥0 where Γ3 and Γ1 meet; 𝑣(𝑥0) = 0, since 𝑣|Γ1

= 0. It is
easy to write it out and to show that, despite the singularity, the Cauchy
condition 𝑣(𝑥0) = 0 entails the equality 𝑣|Γ3

= 0. Thus,

𝑣|Γ1∪Γ2
= 0, 𝑣|Γ3

removed.

From the uniqueness theorem for the Tricomi problem 15 it follows that
𝑣 = 0. Thus our problem has a generalized solution, which in view of 2)
is classical for 𝑥2 > 0. From the classical investigations of the Tricomi
problem, as is known, its sufficient smoothness also follows for 𝑥2 ≤ 0.

8) Let ℒ be a formally self-adjoint expression with real coefficients; suppose
that 𝑋0 = 0. The operator in 𝐿2

Λ𝑔 = ℒ[𝑔], 𝑔 ∈ 𝔇(Λ) = 𝑊̊ 2
2 (Γ),

is obviously Hermitian. In some cases one can show that its closure is
self-adjoint. Then the equation

Λ𝑔 − 𝑧𝑔 = 𝑓 ∈ 𝐿2, (𝑧 ∉ the spectrum)

has a solution 𝑔 ∈ 𝔇(Λ), which is, obviously, also a generalized solution of
the corresponding boundary-value problem. We shall not dwell on these
questions in greater detail here.
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