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Abstract
Full Text

MATHEMATICS
A. I. PEROV

ON A TWO-POINT BOUNDARY-VALUE
PROBLEM
(Presented by Academician P. S. Aleksandrov on 9 VI 1958)

The problem of solutions of the differential equation

𝑦″ = 𝑓(𝑥, 𝑦, 𝑦′), (1)

satisfying the boundary conditions

𝑦(𝑎) = 𝑦(𝑏) = 0 (𝑎 < 𝑏). (2)

is investigated.

The question of solutions of equation (1) passing through two prescribed points
is, in an obvious way, reduced to the indicated problem.

The boundary-value problem (1)—(2) was studied already by S. N. Bernstein
(1), who indicated the first conditions for existence and uniqueness of a solution
of this problem. Among subsequent investigations we note the works (2–8). In
these works other existence and uniqueness theorems were given. Hammerstein
(9) and M. A. Krasnosel’skii (5) indicated some conditions under which problem
(1)—(2) has a nonunique solution.

Below new existence theorems, uniqueness theorems, and nonuniqueness the-
orems are proposed. For some cases, when the solution is nonunique, lower
estimates of the number of solutions are found and some properties of these
solutions are studied.

1. In what follows, 𝐷 denotes the domain 𝑎 ≤ 𝑥 ≤ 𝑏, −∞ < 𝑦, 𝑦′ < +∞.
Throughout the article it is assumed that 𝑓(𝑥, 𝑦, 𝑦′) is continuous in 𝐷.

By 𝛼𝑖(𝑥, 𝑦, 𝑦′) (𝑖 = 1, 2) we denote functions continuous in 𝐷, satisfying the
Lipschitz condition

|𝛼𝑖(𝑥, 𝑦1, 𝑦′
1) − 𝛼𝑖(𝑥, 𝑦2, 𝑦′

2)| ≤ 𝐿(|𝑦1 − 𝑦2| + |𝑦′
1 − 𝑦′

2|)

and possessing the property of positive homogeneity:
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𝛼𝑖(𝑥, 𝑡𝑦, 𝑡𝑦′) ≡ 𝑡𝛼𝑖(𝑥, 𝑦, 𝑦′) (𝑡 ≥ 0).

Theorem 1. Suppose 𝑓(𝑥, 𝑦, 𝑦′) satisfies the inequalities

𝑓(𝑥, 𝑦, 𝑦′) ≥ 𝛼1(𝑥, 𝑦, 𝑦′) + 𝛽1(𝑥) for 𝑦 ≥ 0,

𝑓(𝑥, 𝑦, 𝑦′) ≤ 𝛼2(𝑥, 𝑦, 𝑦′) + 𝛽2(𝑥) for 𝑦 ≤ 0,

where 𝛼𝑖(𝑥, 𝑦, 𝑦′) are defined above, and 𝛽𝑖(𝑥) are summable on [𝑎, 𝑏]. Suppose
the equation

𝑢″ = 𝛼𝑖(𝑥, 𝑢, 𝑢′)

for 𝑖 = 1 has a positive solution on [𝑎, 𝑏], and for 𝑖 = 2 has a negative solution
on [𝑎, 𝑏]. Then the boundary-value problem (1)—(2) has at least one solution.

It can be shown that, for a special choice of the functions 𝛼𝑖(𝑥, 𝑦, 𝑦′), assertions
close to those obtained in (3, 5, 7, 8) follow from this theorem.

2. A function 𝑎(𝑥) continuous on [𝑎, 𝑏] will be called regular if the equation

𝑦″ = 𝑎(𝑥)𝑦 (3)

has no nonzero solutions satisfying the boundary conditions (2). We shall say
that a regular function 𝑎(𝑥) has index 𝑘 if the solution of equation (3) satisfying
the initial condition

𝑦(𝑎) = 0, 𝑦′(𝑎) = 1, (4)

has 𝑘 zeros on the interval (𝑎, 𝑏).
The regular functions form, in the space of functions continuous on [𝑎, 𝑏], an
open set 𝐺, decomposing into a countable number of connected components 𝐺𝑘.
Each component 𝐺𝑘 consists of all regular functions of one and the same index
𝑘 (𝑘 = 0, 1, 2, …); the component 𝐺0 is convex, the others are nonconvex.

From the classical Sturm theorems it follows that the component 𝐺0, together
with each function 𝑎0(𝑥), contains all such functions 𝑎(𝑥) that

𝑎0(𝑥) ⩽ 𝑎(𝑥) (𝑎 ⩽ 𝑥 ⩽ 𝑏). (5)

Hence it follows that 𝑎(𝑥) ∈ 𝐺0 if
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− 𝜋2

(𝑏 − 𝑎)2 < 𝑎(𝑥). (6)

The components 𝐺𝑘 (𝑘 = 1, 2, …) have the property that from the inequalities

𝑎𝑘(𝑥) ⩽ 𝑎(𝑥) ⩽ 𝑎∗
𝑘(𝑥) (𝑎 ⩽ 𝑥 ⩽ 𝑏), (7)

where 𝑎𝑘(𝑥), 𝑎∗
𝑘(𝑥) ∈ 𝐺𝑘, it follows that 𝑎(𝑥) ∈ 𝐺𝑘. Therefore 𝑎(𝑥) ∈ 𝐺𝑘 if

−(𝑘 + 1)2𝜋2

(𝑏 − 𝑎)2 < 𝑎(𝑥) < − 𝑘2𝜋2

(𝑏 − 𝑎)2 . (8)

Let us emphasize that not every function in 𝐺𝑘 satisfies inequality (8).

Theorem 2. Suppose 𝑓(𝑥, 𝑦, 𝑦′) satisfies in 𝐷 the inequality

sign 𝑦 ⋅ 𝑓(𝑥, 𝑦, 𝑦′) ⩾ 𝑎0(𝑥)|𝑦| + 𝛽0(𝑥), (9)

where 𝑎0(𝑥) ∈ 𝐺0, 𝛽0(𝑥) is summable on [𝑎, 𝑏], or the inequalities

𝑎𝑘(𝑥)|𝑦| + 𝛽(𝑥) ⩽ sign 𝑦 ⋅ 𝑓(𝑥, 𝑦, 𝑦′) ⩽ 𝑎∗
𝑘(𝑥)|𝑦| + 𝛽∗(𝑥), (10)

where 𝑎𝑘(𝑥) and 𝑎∗
𝑘(𝑥) belong to one and the same component 𝐺𝑘, and 𝛽(𝑥),

𝛽∗(𝑥) are summable on [𝑎, 𝑏].
Then the boundary-value problem (1)—(2) has at least one solution.

The first assertion of the theorem (when condition (9) is satisfied) follows from
Theorem 1. The case when condition (10) is satisfied requires a special proof.

If 𝑓(𝑥, 𝑦, 𝑦′) ≡ 𝑓(𝑥, 𝑦), then condition (9), in which 𝛽0(𝑥) is bounded, can be
written in the simpler form

𝑎0(𝑥) ⩽ 𝑓(𝑥, 𝑦)
𝑦 (𝑎0(𝑥) ∈ 𝐺0, |𝑦| ⩾ 𝑀0), (11)

and condition (10), in which 𝛽(𝑥), 𝛽∗(𝑥) are bounded, in the form

𝑎𝑘(𝑥) ⩽ 𝑓(𝑥, 𝑦)
𝑦 ⩽ 𝑎∗

𝑘(𝑥) (𝑎𝑘(𝑥), 𝑎∗
𝑘(𝑥) ∈ 𝐺𝑘; |𝑦| ⩾ 𝑀0), (12)

where 𝑀0 is some constant.

In particular, for the existence of a solution of the boundary-value problem
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𝑦″ = 𝑓(𝑥, 𝑦), 𝑦(𝑎) = 𝑦(𝑏) = 0 (13)

it is sufficient that 𝑓(𝑥, 𝑦) satisfy one of the inequalities

− 𝜋2

(𝑏 − 𝑎)2 + 𝜀 ⩽ 𝑓(𝑥, 𝑦)
𝑦 (|𝑦| ⩾ 𝑀0), (14)

−(𝑘 + 1)2𝜋2

(𝑏 − 𝑎)2 + 𝜀 ⩽ 𝑓(𝑥, 𝑦)
𝑦 ⩽ − 𝑘2𝜋2

(𝑏 − 𝑎)2 − 𝜀 (|𝑦| ⩾ 𝑀0), (15)

where 𝜀 is some positive number.

3. The conditions stated above for the existence of a solution of the boundary-
value problem (1)—(2) are, in essence, restrictions on the behavior of 𝑓(𝑥, 𝑦, 𝑦′)
only “at infinity.”This is especially clear when considering the boundary-value
problem (13) under conditions (11) or (12). Therefore, in Theorems 1 and 2
the solution is, as a rule, not unique. We give a uniqueness condition for the
boundary-value problem

𝑦″ = 𝑝(𝑥)𝑦′ + 𝑓(𝑥, 𝑦), 𝑦(𝑎) = 𝑦(𝑏) = 0. (16)

Theorem 3. Let 𝑝(𝑥) and 𝑓(𝑥, 𝑦) be continuously differentiable in 𝐷 and satisfy
one of the inequalities

𝑎0(𝑥) ⩽ 𝑓 ′
𝑦(𝑥, 𝑦) − 1

2𝑝′(𝑥) + 1
4𝑝2(𝑥), (17)

where 𝑎0(𝑥) ∈ 𝐺0, or

𝑎𝑘(𝑥) ⩽ 𝑓 ′
𝑦(𝑥, 𝑦) − 1

2𝑝′(𝑥) + 1
4𝑝2(𝑥) ⩽ 𝑎∗

𝑘(𝑥), (18)

where 𝑎𝑘(𝑥), 𝑎∗
𝑘(𝑥) ∈ 𝐺𝑘.

Then the boundary-value problem (16) has at most one solution.

Let 𝑝(𝑥) ≡ 0. Then the existence of a solution of the boundary-value problem
(13) under the conditions of Theorem 3 follows from Theorem 2. Thus, for the
existence and uniqueness of a solution of the boundary-value problem (13) it is
sufficient that one of the inequalities

𝑎0(𝑥) ⩽ 𝑓 ′
𝑦(𝑥, 𝑦) (𝑎0(𝑥) ∈ 𝐺0), (19)

𝑎𝑘(𝑥) ⩽ 𝑓 ′
𝑦(𝑥, 𝑦) ⩽ 𝑎∗

𝑘(𝑥) (𝑎𝑘(𝑥), 𝑎∗
𝑘(𝑥) ∈ 𝐺𝑘) (20)
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be fulfilled.

For the case of continuous 𝑓 ′
𝑦(𝑥, 𝑦), condition (19) contains Picard’s condition

(10) (see (4)) for the existence and uniqueness of a solution of problem (13)
(Picard assumed that 𝑓 ′

𝑦(𝑥, 𝑦) is bounded and positive).

4. Suppose now that one solution of problem (1)—(2) is known. Without
loss of generality one may assume that the known solution is the zero solu-
tion, i.e. 𝑓(𝑥, 0, 0) ≡ 0. Here we shall indicate conditions for the existence of
nonzero solutions of problem (1)—(2).

We shall say that 𝑓(𝑥, 𝑦, 𝑦′) satisfies the 0-condition at infinity if it satisfies
the conditions of Theorem 1 (in particular, satisfies condition (9) of Theorem 2).
We shall say that 𝑓(𝑥, 𝑦, 𝑦′) satisfies the 𝑘-condition at infinity (𝑘 = 1, 2, …)
if condition (10) is fulfilled.

We shall say that 𝑓(𝑥, 𝑦, 𝑦′) satisfies the 𝑙-condition at zero if 𝑓(𝑥, 0, 0) ≡ 0,
if 𝑓(𝑥, 𝑦, 𝑦′) is continuously differentiable with respect to 𝑦, 𝑦′ in the domain
𝑎 ⩽ 𝑥 ⩽ 𝑏, |𝑦| + |𝑦′| < 𝜀, and, finally, if the solution of the equation

𝑢″ = 𝑓 ′
𝑦(𝑥, 0, 0)𝑢 + 𝑓 ′

𝑦′(𝑥, 0, 0)𝑢′, (21)

satisfying the initial condition 𝑢(𝑎) = 0, 𝑢′(𝑎) = 1, has exactly 𝑙 zeros in the
interval (𝑎, 𝑏), and 𝑢(𝑏) ≠ 0.

Theorem 4. Suppose the function 𝑓(𝑥, 𝑦, 𝑦′) satisfies the 𝑘-condition at infinity,
and at zero satisfies the 𝑙-condition. Suppose 𝑘 ≠ 𝑙.
Then problem (1)—(2) has solutions different from the zero solution; the number
of nonzero solutions is not less than 2|𝑘 − 𝑙|; for each 𝑗 = 1, … , |𝑘 − 𝑙| there
correspond at least two solutions having exactly 𝑚 − 𝑗 zeros in the interval
(𝑎, 𝑏), where 𝑚 = max{𝑘, 𝑙}.

Suppose, for example, that condition (9) is fulfilled. Let

𝑓(𝑥, 0, 0) ≡ 𝑓 ′
𝑦′(𝑥, 0, 0) = 0, 𝑓 ′

𝑦(𝑥, 0, 0) ≡ 𝛼

(𝛼 is constant). Then it follows from Theorem 4 that, when

−(𝑙 + 1)2𝜋2

(𝑏 − 𝑎)2 < 𝛼 < − 𝑙2𝜋2

(𝑏 − 𝑎)2 , (22)

the boundary-value problem (1)—(2) has at least 2𝑙 distinct nonzero solutions.
Under similar conditions this problem was considered by M. A. Krasnosel’skii
5, from whose results it follows only that nonzero solutions exist if condition
(22) is satisfied, in which 𝑙 is odd; moreover, the method applied in 5 does not
give an estimate of the number of nonzero solutions.

The author takes this opportunity to express sincere gratitude to M. A. Kras-
nosel’skii for the advice and help given in writing this note.
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