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(Presented by Academician S. L. Sobolev on 21 XI 1957)

In the literature, the question of solving parabolic equations by the method of
nets has been considered only as applied to equations of the second order. In
the present note some facts known for the case m = 1 are generalized to the
equation

U 92y

Let it be required to find a function U satisfying in the domain
D(0<z<1; 0<t<T) equation (1) and the following boundary conditions:

U(x,0) = f(z) 0<x<1)

o*U(0,t)  9°PU(1,t)
dx2r Qa2

=0  (p=0L...m—-10<t<T). (2

Let us write the net equation

Ui g+1 — Uik m A2771%>m,k+1 m A2mui7m,k
[ AT S (1 a) (1) S <
T
(i:1,2,...,n71;k:O,l,...,{T}fl), (3)

where u;, = u(ih,kl), h = 1/n (h and [ are the steps, respectively, along the
axes z and t),
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A ui—m,k - § (71)]C2mui+m—j,k7
J=0

(2m)!

Aam—jr PE0EE

Ch =
Substituting into equation (3) the expansions of a sufficiently smooth function
U(z,t) in Taylor series in a neighborhood of the point = ih, t = (k+ 1), and
using the relation

m—1 o 0, ify=0,1,....m—1,
> (=105, (m =5 = 3 (2m)! o
Jj=0 , 7y =m,
we can formally write
-nm =1™ o
U1 — Ui +a am AUy i1 +(1—a)h27m AUk
1o (1’18 A(-1)™ = X1
=2 [gaﬁ (3) gigm | Vo + T 21k 3 %
7=0 y=2m
2 Y-
e Nara _a U, js1)2
<13 o (3) e ()
a=1
(o even)
U, ky1)2 P, jiape U(—1)™ P, r o
LTS L ()m b 2% — 1)—— _biTl/2 2(72 2y |
T A = B R T AL

It follows from this that, for any sufficiently smooth function U, the left-hand
side of the difference equation (3), for sufficiently small h and [, approximates
(in the domain of definition of the function U) the left-hand side of the given
differential equation (1) with error O(l+h?) in the case a # 1/2, and O(I% + h?)
in the case a = 1/2.

The “initial” condition for equation (3), obviously, has the form

wo=f@h)  (i=1,2,..,n—1). (4)

Instead of the left boundary condition 9??U(0,t)/0z** =0 (p = 0,1,...,m—1),
it is natural to take, with an error not exceeding O(h?), the expression
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o T
Z<—1)JC§pUp,j7k =0 (p =0,1,....m—1; k=0,1,..., [7}> )

J=0

From this we directly obtain the left “boundary” condition for the difference
equation (3):

T
Uiq,k:—uq,k <q2071,,m—1, k:O,l,, |:7:|) (5)

In a completely analogous way one obtains the right “boundary” condition for
equation (3):

u u

T
ok (q:O,l,...,m—l; k=0,1,.., {TD (6)

ntq,k —

By direct calculation one can verify that the system of equations (3)—(6) can
be written in matrix form as follows:

Auk+D) — Bu®) <k =0,1,..., [ﬂ - 1) ; (7)

where
k) _ .
uh = {ul,kvu2,k7 vunfl,k}a

(—1)m I(—1)m
a=p4a " om, B:E+(1—a)<h27i m

h2m

F is the identity matrix;

1 -2

Here the eigenvalues \;(A4) and \;(B) of the matrices A and B, respectively,
have the form

z .
A(A) = 1+ a2 sin®™

(i=1,2,..,n—1).
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Problem (7), for sufficiently small h and [, is an algebraic approximation to the
given differential problem (1), (2).

T
Theorem. 1) Forany 0 <a <1, k=0,1,..., {7] — 1, the system of linear
algebraic equations (7) is solvable.

2) If 1/2 < a < 1, then the difference equation (7) is absolutely, i.e. for
arbitrary h and [, stable.

3) If 0 < a < 1/2, then a necessary and sufficient condition for the stability
of the difference equation (7) is the inequality

h2m
< —.
= (1 —2a)22m-1 ®)

4) Let the solution U of problem (1), (2) exist and have, in D(0 < z <
1, 0 <t < T), derivatives 922U /9t20x>™, §*™+2U /92*™+2 bounded
in absolute value. Then for all [ in the case 1/2 < a < 1, and for all [
satisfying condition (8) in the case 0 < a < 1/2, asl — 0, h — 0, there is
convergence in the mean

1 n—1
. (k) (k)Y —
(m the sense (u'®,v*?) = — z:zl Uik“ik)

with respect to ¢ and uniformly with respect to k, of the solution of problem
(7) to the solution of the given problem (1), (2). Moreover, the rate of this
convergence is determined by the quantity O(l + h?) in the case a # 1/2, and
O(I? 4+ h?) in the case a = 1/2.

Remark 1. For m = 1, problem (1), (2) becomes the simplest, well-studied
parabolic problem; in this case the stability condition (8) becomes the corre-
sponding known stability condition (for example, for a = 0, m = 1, from (8) we
have [ < h?/2).

Remark 2. For a = 0, problem (7) can be solved explicitly. To this end, setting
u;, = X,rk, we separate variables in equation (3) for a = 0:

l(_1>m+1 o
jjk_"_1 B X’L + h2m A Xifm

T, X, -

K2

Hence we immediately obtain

T
Tk::ugT (k:07173|:7:|>7
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Using the relation (see (1), p. 39)

) 1 r—1
sin?"y = 5o {2 (=1)""*Ck cos2(r — k)y + C’gr} ,
k=0

it is easy to verify that the solution of the eigenvalue problem (9) has the form

2sin(pmh/2) am

XP —sinprih (p=1,2,...,n—1; i=1,2,...,n—1),

and, consequently, the desired solution of problem (7) can be written in the
form

n—1 n—1
2
Uy = E ap/ﬂ; sin pmih (ap = E flgh) sinpwqh) . (10)
n—
p=1 1

Comparing the expression

1

Uy = Z cpe_(p”)kal sin prih (cp = 2/
p=1 0

f(¢) sinpm¢ dC) :

which determines the solution of problem (1), (2), with expression (10), one
can, under the condition I < h?™/22m=1 prove the uniform convergence of u,;,
to U, as h — 0, under quite weak assumptions on the initial function f(x) (f
is continuous except at a finite number of points at which it may have a finite
jump, and has bounded variation on (0, 1)).

Remark 3. For equation (1), by linking in one mesh equation the same number
of nodes as in (3), for & # 0 and « # 1, one can write more accurate mesh
approximations. For example, for o = 1/6 the mesh equation

(1+ al?)

U gy1 — Uy n 1 A4ui—z,k+1 n A4Ui—2,k —0
l 2 h4 h4 ’
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from which, for & = 0, equation (3) is obtained for m = 2, a = 1/2, approxi-
mates equation (1) (m = 2) with error O(I% + h).

Received
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