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OPERATOR

(Presented by Academician V. I. Smirnov on 19 V 1958)

§ 1. In the present note the form of the spectrum of the operator*
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(1)

where a; = aq + aj, aj, b;, ¢;; (i,j = 1,2,...,n) are arbitrary positive numbers;
aq is any nonnegative number.

In the case a, = 0, i.e. without taking into account the motion of the nucleus,
the author proved!) the existence of a sequence of eigenvalues of the operator
H** when the conditions

by > ¢y i=1,2,...n (2)
j=1
i

are satisfied (where ¢;; = c;; for j < i), to which atoms with any number of
electrons and positive ions correspond.

In the present note this result is generalized to the case a, > 0. In addition, the
existence of the limiting spectrum™** of the operator H is established. We use

the notation and definitions introduced in (V).

§ 2. Theorem. There exists a number py; < 0 such that the entire limiting
spectrum of the operator H consists of all numbers A, A > p,. Moreover, if
conditions (2) are satisfied, then all points of the spectrum lying to the left of
iy form an increasing sequence of eigenvalues \P), accumulating at pu,, whose
eigenfunctions 1, are differentiable any number of times and satisfy the equation
Hy, = )\@)wp at every point of the space Rs,, that lies on none of the manifolds
r,=0({=12..,n),7r,;=0(,j=12,..,n; i #j).

In what follows it is sufficient to consider only real functions. Let ¢ and ¢ be
arbitrary real functions respectively from
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* The Schrodinger operator for atoms and ions is reduced to the form (1) with
ay > 0 if the motion of their nuclei is taken into account.

% IT is the self-adjoint extension of H, obtained in the same way as in (1.
#4% For the definition of the limiting spectrum see (), p. 391.

W3 (Rs,,) and W3 (Rs, 5,). Introduce the following notation:

Z / | grad, 1[1\2d§2+2a0/ Z grad, ¥, grad; ¢) dS
R Rs, 1

3n ,J

3)
n 2 n 2
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where
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Lol =, [

| grad; |2 dQ + 2a0/ Z (grad, ¢, grad; o) dS

J;l 3n—3,i R334 7 Jj=1
FE *i
< |0 W
S el $ o
. T
Jj=1 Ry 35 7 l,j= 1 R334 T
J#i I#i, 1<j, j#i
A3p_3i = inf L[], n>1, Ao1 = 0.

§9€W21(R2n—2,i)7 lel=1

Lemma. If, for a completely spreading sequence {u,,} from W3 (R, )

”umH = 13 ”umHW%(RM) < M7 m= 1323 ..

*

then
lim L[Um] > lgliiéln{)‘?,n—&i}'

§ 3. Let o, (k =0,1,...,1 — 1) be [ arbitrary distinct natural numbers, 1 <
o, 1 <n;
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Reo-*-1 ig the 3(n — I)-dimensional Euclidean space of the variables z;,v;, 2;,
i#a,, k=0,1,..,1—1; R(@0--@1-1) i the 3l-dimensional Euclidean space of the
variables x,,v;, 2, i = oy, k = 0,1,...,1 — 1. Define the spaces £,(R¥0%-1),
W3 (R~-1) by analogy with £4(Rs,,), W3 (Rs,,).

* Here and below, a prime on a sum means that the terms with ¢,j = o, k=0,1, ...

Let 1 be an arbitrary function from Wy (R% 1),

Leoema ] =) a, / | grad,; ¢ dQ2
i=1 R0 -1
) Y 12
U &
B ’ i1 Jreoera Ty
i<j
[
3 / 0
7 R0 -1 i
z<]

Qe = {4y, ¥ € WH(R*™ 1), |l g, pov-ov) = 1}

)\0‘0‘“0‘171 - ¢EQ£I(}£0471 Lo [w}’ He = min{)\ao‘“azq};

l=1,2,....n—1; My, = 0.

We shall prove that p; is the number whose existence is asserted in the theorem.

Let v be an arbitrary point of the limiting spectrum of H. We shall show that
v > p;. Let E, be the spectral function of the operator ﬁ; let 0, . be the sub-
space onto which the operator F, . —FE,__ projects functions from £,(R3,,). For
an arbitrary sequence {e,}, g, > 0, g, kjo 0, one can indicate an orthonormal
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sequence of functions {1, } such that ¢, € o ((*), pp. 391-392). Obvi-

ously, ¢, € Dy C Wy (R3,) and

V,Ep

lim L[y, )= lim (Hy,, ¢.,) =v. (7)

k—o0
It follows that | grad . | < M, k=1,2,.... By virtue of the lemma and (4),

lim L[, > g (5)

k—o0

From (7) and (8) the required inequality v > yu; follows.

In order to prove that every fixed number v, v > p,, is a point of the limit-
ing spectrum of the operator H, it is enough ((2), pp. 392-393) to indicate a
sequence of functions {F,,} such that

a) Fm S Dﬁ;
b) [ E, =15
weakly (9)

¢) F,——0in £y(Ry,);

d) |HF,, —vF,| — 0.
m—0oQ

We shall construct the sequence {F,,} for the operator H of the form (1) with
ay = 0.

It can be shown that p, > p,_; > - > py. Let p, be the smallest of the
numbers p;, (1 < k <n—1) for which

P, < Mgy (10)
holds, and p, = A; ;. , where iy, 4y,..., i, are some fixed numbers. It follows
from (10) that A, ., =~ < A, ., ;. forany i, (1 < i, <n, iy # i, a =
0,1,...,s —1). Hence, using the lemma of the present note and general—

applying Lemma 2 from (1), we obtain that A; . is the least eigenvalue of

Ts—1

the operator H fo-is1%; let O(z;,y;,2:), 0 =1,2,..,m, 0 +4,, a=0,1,...,8 — 1,
be the corresponding eigenfunction. Consider the operator

Hy = _aiOAiO —b; —

It has limiting spectrum filling the whole ray [0, +00) (5). Therefore (4) implies
that for each number v, v > p,, there exists a completely spreading sequence
of functions f,,, for which:
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D) 1fmlle,(rio) =15

C) ||H3fm - (V_Ml)fmnﬁﬂmio)) m—00 0

Let g(%,,Y,,2,); P = iy,ig,...,%5_1, be an arbitrary finite twice continuously
differentiable function in R(1-%s-1) l9ll ¢, (re1 20y = 1,

—3/2(s—1) 1 1

gnl<xp? yp7 Zp) =m g(m7 xp7m71yp’m7 Zp)7 m = ]" 27 .

Put F,, = 0f,.4,,, m = 1,2,.... Using the properties of 0, {f,,}, and {g,,}, one
can show that the functions F,, satisfy the relations (9). The first part of the
theorem is proved.

The proof of the second part of the theorem is carried out, using the lemma, in
the same way as the proof of the main theorem in (1).
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* Hioisn is a self-adjoint extension of the operator H -1,

#% C,(R)) is the space of twice continuously differentiable functions in R'%)
belonging to £,(R!")) together with all their derivatives up to order 2 inclusive.
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