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Abstract
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HYDROMECHANICS

A. A. KOVALEV

ON THE SPECTRAL REPRESENTATION OF
CHANDRASEKHAR S AXTALLY SYMMET-
RIC TURBULENCE

(Presented by Academician A. N. Kolmogorov, 15 II 1958)

The occurrence of axially symmetric turbulence is connected with the presence
of a physically distinguished direction in the problem (for example, the gradient
of the temperature field, etc.). Let us consider the case of an incompressible
viscous fluid in the presence of a temperature field. Incompressibility, as usual in
problems connected with heat conduction, is understood in the sense that only
density changes associated with thermal expansion in the temperature field are
significant; density changes caused by motion and by changes of pressure are
assumed to be insignificant and to play no role.

The equations of the problem, under the stated assumptions and in the presence
of a constant vertical temperature gradient, have, as is known, the form

%—Y + (VV)V = =VQ +vAV +4\T",

or’
ot

+ B(AV) + (V)T = xAT, (1)

82

AQ =y(AV)T" — m(vﬂ/k%

where A = g/g; f = (A\V)T; v = ga; « is the coefficient of thermal expansion of
the fluid; 77 is the temperature fluctuation,

1
Q= % +g(Ar) — 5B (Ar)?.

In the approximation in which the influence of third-order correlation moments
is neglected, anisotropic turbulence in our case is described by means of the
system of correlation moments:
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L= 5 (TV 4+ VT);
v =L@ 70
=5 (T +TQ);
=TT
P =5 (A7 + V). )
l —— —=
I, = 5 (V) - V&)

L o7 7or
¢ = (0T -T%).

For homogeneous turbulence the system of equations for the moments (2) has
the form (1)

b, oI, OIl,
Y= (AL A+ XA, d L+ 20D, ;
at ,Y( 7 j+ ] ’L)+ ap] + apr +2v 177
A, 0]
' 3)
oL, 0V 00
f=o—+(X+V)AL; AP =)Ao
ot 0p; 7 0p;
oL, O\,
AP, = —y\ —1: AlIl, = —y X, —2; p=MM’
s == p, i W\Japj,

The spectral density corresponding to b;; is defined by the formulas (%)

. i ]- — .
bij(p7t> = /6 (pp)fij(pat) dTp§ fij(p7t) = /e (pp)bij(pvt) dTﬁ' (4)

~ 8
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Analogous formulas are written for the scalar and vector functions of the
problem. Let us denote the spectral densities corresponding to the vectors
A, LI P by RED,R?),C?),CP; and those corresponding to the scalars
o, U, 0 by S,9,,T

By virtue of the incompressibility condition for the fluid, 9V;/dz; = 0, the vector
and tensor correlation moments will be solenoidal. An axisymmetric tensor b,;

solenoidal in both indices, and a solenoidal axisymmetric vector L,, have the
form (1)

0 10b
bi' = Ejim (b €imsPs + b )‘mgirs/\rps + - 1pm€ire)‘rp9> ’
¥ gl apz 1 1S 1 ¢ 2 L& 4TS E p aﬂ L < (5)

0
L - gljk ap (Lgkrs)‘rps> ’

J

where bl, by, L are scalar functions defining b;; and L,, depending on p = || and

w= cos()\p) A is the unit vector defining the axis of symmetry of the anisotropy;
€;;% 18 the unit pseudotensor of rank three.

The spectral densities corresponding to (5)—the tensor f;; and the vector R<12)—
have the form:

fij = [p25ij _pipj] fi—
- [pipj +p2/\i/\j + ((f’j\)2 *P2> i — Ajpi@m - Aipj(i)j\)] o (6)
Rgz) = [)‘ipg —Pz@j\)] Ry,
where f, f,, R, are scalar functions depending on p = |p| and p; = cos(pA).

From (4), (5), and (6) there follow formulas relating f; (i = 1,2), Ry to b, and
L:

a i [e%s) T 27 . ‘ )
bz<p,u7t)+u@b1(p,u,t)=7/ // PP cos  ePPOSP o (p, g, t) p* sinp dp dp dip;
0 0

P 0

[e%e) 27
1 . .
bi(p, pst) = 7/ // ppcosp PP [ (p, g, t) p* sinp dp dp dyp; (7)
0

2

o0
L(p, p,t) = %/ // ppcos @ ePPOSP Ry (p, g, t) p? sin g dp de dip,
0 0 0
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where ¢ = (/pp\); [1, = [1cOs @ + sin(pA) sin @ cos .

Analogous formulas are written for the remaining vectors. It is also easy to
write down the inversion formulas.

Substituting (4) and the analogous formulas into (3) and using (6), we obtain
the following system of equations for determining f;, f, and the other defining

scalars:
0
% = 2yp*(uf — )Ry — 2vp° fy;
af.
87152 =—27R, — 2Vp2f2;
R, 27T .
ot +Bf1 — (x +v)p°Ry; (8)
oT
E = —2,6’p ( - 1)R1 —ZXP T;

p201 = i’Y(F’)\)RQ; P202 = iV(p}>R1§
p2Sy = —iy(PA)T;  p*S; =0.

The general solution of the system of equations (8) has the form

4

fi= Z Ay(p, ey e Z A (py gt
i=1
. . 9)
fo= ZAi(P»M)O%ieAit; T= ZA (ps 1) cvge™s?
=1 i=
Ro(p, i1, t) = Ry(p, 1y, 0)e XHIPE,
where A; = —2vp?, and A,, A3, A, are the roots of the characteristic equation

(A+2vp? ) {AP+3(x+v)p? A2+ A[2x (x+2v)p* +2v (v+2x)p* —6 57 (13 —1)]+4X(V(>§+V)p —4By(x+v)p*(pi-1)} =
10

and the numbers o, a;9, 5, @4, Up to an arbitrary constant, are equal to:

oy = (A 4 2vp?)[AZ 4+ (3x + v)p2A; + 2x(x + v)p* — 487y (13 — 1)];
g = —B(A; +2xp*)(A; +2vp?); a3 = —26%p*(pf — 1)(A; + 2vp?); (11)
iy = 2(A; + 2xp?); ap = 0; a9 = 0; ag3 = 0.

The arbitrary functions A;(p, 1) (i = 1,2, 3,4) are determined from the initial
values of the moment functions. In the same way as in the theory of isotropic
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turbulence (2, under certain particular assumptions concerning the dependence
of the spectral function f,,,, on p, one obtains well-known solutions for b,;,; “of
source type,” found by M. D. Millionshchikov ), L. G. Loitsyanskii ¥, and
L. I. Sedov ®. For the case of axially symmetric turbulence one can obtain
analogous particular solutions. Thus, for f; = C, (i = 1,2), at the last stages of
the degeneration of turbulence,

C, .
—p?/8vt
b, = <4Vt)5/2€ . (12)

For f; = CIC}L/ *(11y), where CP is a Gegenbauer polynomial, we have

_ GG W+ GO W s

b2 TEE

(13)

Relation (6) is used to calculate the intensity of sound scattering in an axially
symmetric turbulent flow. In accordance with A. M. Obukhov’ s formula (9),
for our case we have:

2m ARV
r2ch

2w A2V
kikjfij = {_ [p2k2 - (Pk)Q] fi—

I
r2c4

—[(kp)? +p*(kA)? + (PA)?h? — 2(kA) (kp) (PA) — p?K°] fo},  (14)

where p = kn — k; A, and w are the amplitude and frequency of the incident
wave; n =r/r; |k| = w/c; ¢ is the speed of sound.

To calculate f; and f,, specific assumptions (7) are made concerning the form
of the dependences by = by (p, i), by = by(p, ).

In conclusion I consider it my duty to express my deep gratitude to V. L. German
for proposing the subject of this work and for assistance in carrying it out.
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