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Abstract
Full Text

HYDROMECHANICS
A. A. KOVALEV

ON THE SPECTRAL REPRESENTATION OF
CHANDRASEKHAR’S AXIALLY SYMMET-
RIC TURBULENCE
(Presented by Academician A. N. Kolmogorov, 15 II 1958)

The occurrence of axially symmetric turbulence is connected with the presence
of a physically distinguished direction in the problem (for example, the gradient
of the temperature field, etc.). Let us consider the case of an incompressible
viscous fluid in the presence of a temperature field. Incompressibility, as usual in
problems connected with heat conduction, is understood in the sense that only
density changes associated with thermal expansion in the temperature field are
significant; density changes caused by motion and by changes of pressure are
assumed to be insignificant and to play no role.

The equations of the problem, under the stated assumptions and in the presence
of a constant vertical temperature gradient, have, as is known, the form

𝜕V
𝜕𝑡 + (V∇)V = −∇Ω + 𝜈ΔV + 𝛾𝜆𝑇 ′,

𝜕𝑇 ′

𝜕𝑡 + 𝛽(𝜆V) + (V∇)𝑇 ′ = 𝜒Δ𝑇 ′, (1)

ΔΩ = 𝛾(𝜆∇)𝑇 ′ − 𝜕2

𝜕𝑥𝑖𝜕𝑥𝑘
(𝑉𝑖𝑉 𝑘),

where 𝜆 = g/𝑔; 𝛽 = (𝜆∇)𝑇 ; 𝛾 = 𝑔𝛼; 𝛼 is the coefficient of thermal expansion of
the fluid; 𝑇 ′ is the temperature fluctuation,

Ω = 𝑝
𝜌 + g(𝜆r) − 1

2𝛽𝛾(𝜆r)2.

In the approximation in which the influence of third-order correlation moments
is neglected, anisotropic turbulence in our case is described by means of the
system of correlation moments:
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𝑏𝑖𝑗 = 𝑣𝑖𝑣′
𝑗;

Λ𝑖 = 1
2 (𝑇 𝑉 ′

𝑖 − 𝑉𝑖𝑇 ′) ;

𝐿𝑖 = 1
2 (𝑇 𝑉 ′

𝑖 + 𝑉𝑖𝑇 ′) ;

Ψ = 1
2 (Ω𝑇 ′ + 𝑇 Ω′) ;

Θ = 𝑇 𝑇 ′;

𝑃𝑖 = 1
2 (Ω𝑉 ′

𝑖 + 𝑉𝑖Ω′) ; (2)

Π𝑖 = 1
2 (Ω𝑉 ′

𝑖 − 𝑉𝑖Ω′) ;

Φ = 1
2 (Ω𝑇 ′ − 𝑇 Ω′) .

For homogeneous turbulence the system of equations for the moments (2) has
the form (1)

𝜕𝑏𝑖𝑗
𝜕𝑡 = 𝛾(𝜆𝑖Δ𝑗 + 𝜆𝑗Δ𝑖) + 𝜕Π𝑖

𝜕𝜌𝑗
+ 𝜕Π𝑗

𝜕𝜌𝑖
+ 2𝜈Δ𝑏𝑖𝑗;

𝜕Λ𝑖
𝜕𝑡 = 𝜕Φ

𝜕𝜌𝑖
+ 2𝛾𝜆𝑖Θ − 𝛽𝜆𝑖𝑏𝑖𝑗 + (𝜒 + 𝜈)ΔΛ𝑖;

𝜕𝐿𝑖
𝜕𝑡 = 𝜕Ψ

𝜕𝜌𝑖
+ (𝜒 + 𝜈)Δ𝐿𝑖; ΔΦ = 𝛾𝜆𝑗

𝜕Θ
𝜕𝜌𝑗

;

Δ𝑃𝑖 = −𝛾𝜆𝑗
𝜕𝐿𝑖
𝜕𝜌𝑗

; ΔΠ𝑖 = −𝛾𝜆𝑗
𝜕Λ𝑖
𝜕𝜌𝑗

; ⃗𝜌 = ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗𝑀𝑀 ′.

(3)

The spectral density corresponding to 𝑏𝑖𝑗 is defined by the formulas (2)

𝑏𝑖𝑗( ⃗𝜌, 𝑡) = ∫ 𝑒𝑖(p𝜌)𝑓𝑖𝑗(p, 𝑡) 𝑑𝜏𝑝; 𝑓𝑖𝑗(p, 𝑡) = 1
8𝜋3 ∫ 𝑒−𝑖(p𝜌)𝑏𝑖𝑗( ⃗𝜌, 𝑡) 𝑑𝜏 ⃗𝜌. (4)
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Analogous formulas are written for the scalar and vector functions of the
problem. Let us denote the spectral densities corresponding to the vectors
Λ𝑖, 𝐿𝑖, Π𝑖, 𝑃𝑖 by 𝑅(1)

𝑖 , 𝑅(2)
𝑖 , 𝐶(2)

𝑖 , 𝐶(1)
𝑖 ; and those corresponding to the scalars

Φ, Ψ, Θ by 𝑆1, 𝑆2, 𝑇 .

By virtue of the incompressibility condition for the fluid, 𝜕𝑉𝑖/𝜕𝑥𝑖 = 0, the vector
and tensor correlation moments will be solenoidal. An axisymmetric tensor 𝑏𝑖𝑗
solenoidal in both indices, and a solenoidal axisymmetric vector 𝐿𝑖, have the
form (1)

𝑏𝑖𝑗 = 𝜀𝑗𝑙𝑚
𝜕

𝜕𝜌𝑖
(𝑏1𝜀𝑖𝑚𝑠𝜌𝑠 + 𝑏2𝜆𝑚𝜀𝑖𝑟𝑠𝜆𝑟𝜌𝑠 + 1

𝜌
𝜕𝑏1
𝜕𝜇 𝜌𝑚𝜀𝑖𝑟𝑠𝜆𝑟𝜌𝑠) ,

𝐿𝑖 = 𝜀𝑖𝑗𝑘
𝜕

𝜕𝜌𝑗
(𝐿𝜀𝑘𝑟𝑠𝜆𝑟𝜌𝑠) ,

(5)

where 𝑏1, 𝑏2, 𝐿 are scalar functions defining 𝑏𝑖𝑗 and 𝐿𝑖, depending on 𝜌 = | ⃗𝜌| and
𝜇 = cos(̂𝜆⃗ ⃗𝜌); 𝜆⃗ is the unit vector defining the axis of symmetry of the anisotropy;
𝜀𝑖𝑗𝑘 is the unit pseudotensor of rank three.

The spectral densities corresponding to (5)—the tensor 𝑓𝑖𝑗 and the vector 𝑅(2)
1 —

have the form:

𝑓𝑖𝑗 = − [𝑝2𝛿𝑖𝑗 − 𝑝𝑖𝑝𝑗] 𝑓1−
− [𝑝𝑖𝑝𝑗 + 𝑝2𝜆𝑖𝜆𝑗 + (( ⃗𝑝𝜆⃗)2 − 𝑝2) 𝛿𝑖𝑗 − 𝜆𝑗𝑝𝑖( ⃗𝑝𝜆⃗) − 𝜆𝑖𝑝𝑗( ⃗𝑝𝜆⃗)] 𝑓2;

𝑅(2)
1 = [𝜆𝑖𝑝2 − 𝑝𝑖( ⃗𝑝𝜆⃗)] 𝑅2,

(6)

where 𝑓1, 𝑓2, 𝑅2 are scalar functions depending on 𝑝 = |p| and 𝜇1 = cos(p̂𝜆⃗).
From (4), (5), and (6) there follow formulas relating 𝑓𝑖 (𝑖 = 1, 2), 𝑅2 to 𝑏𝑖 and
𝐿:

𝑏2(𝜌, 𝜇, 𝑡)+𝜇 𝜕
𝜕𝜇𝑏1(𝜌, 𝜇, 𝑡) = 𝑖

𝜌2 ∫
∞

0
∫

𝜋

0
∫

2𝜋

0
𝑝𝜌 cos 𝜑 𝑒𝑖𝑝𝜌 cos 𝜑𝑓2(𝑝, 𝜇1, 𝑡) 𝑝2 sin 𝜑 𝑑𝑝 𝑑𝜑 𝑑𝜓;

𝑏1(𝜌, 𝜇, 𝑡) = 𝑖
𝜌2 ∫

∞

0
∫

𝜋

0
∫

2𝜋

0
𝑝𝜌 cos 𝜑 𝑒𝑖𝑝𝜌 cos 𝜑𝑓1(𝑝, 𝜇1, 𝑡) 𝑝2 sin 𝜑 𝑑𝑝 𝑑𝜑 𝑑𝜓; (7)

𝐿(𝜌, 𝜇, 𝑡) = 𝑖
𝜌2 ∫

∞

0
∫

𝜋

0
∫

2𝜋

0
𝑝𝜌 cos 𝜑 𝑒𝑖𝑝𝜌 cos 𝜑𝑅2(𝑝, 𝜇1, 𝑡) 𝑝2 sin 𝜑 𝑑𝑝 𝑑𝜑 𝑑𝜓,
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where 𝜑 = (̂p𝜌); 𝜇1 = 𝜇 cos 𝜑 + sin(̂ ⃗𝜌𝜆⃗) sin 𝜑 cos 𝜓.

Analogous formulas are written for the remaining vectors. It is also easy to
write down the inversion formulas.

Substituting (4) and the analogous formulas into (3) and using (6), we obtain
the following system of equations for determining 𝑓1, 𝑓2 and the other defining
scalars:

𝜕𝑓1
𝜕𝑡 = 2𝛾𝑝2(𝜇2

1 − 1)𝑅1 − 2𝜈𝑝2𝑓1;
𝜕𝑓2
𝜕𝑡 = −2𝛾𝑅1 − 2𝜈𝑝2𝑓2;

𝜕𝑅1
𝜕𝑡 = −2𝛾𝑇

𝑝2 + 𝛽𝑓1 − (𝜒 + 𝜈)𝑝2𝑅1;
𝜕𝑇
𝜕𝑡 = −2𝛽𝑝2(𝜇2

1 − 1)𝑅1 − 2𝜒𝑝2𝑇 ;

𝑝2𝐶1 = 𝑖𝛾(p𝜆⃗)𝑅2; 𝑝2𝐶2 = 𝑖𝛾(p𝜆⃗)𝑅1;
𝑝2𝑆2 = −𝑖𝛾(p𝜆⃗)𝑇 ; 𝑝2𝑆1 = 0.

(8)

The general solution of the system of equations (8) has the form

𝑓1 =
4

∑
𝑖=1

𝐴𝑖(𝑝, 𝜇1)𝛼1𝑖𝑒Λ𝑖𝑡; 𝑅1 =
4

∑
𝑖=1

𝐴𝑖(𝑝, 𝜇1)𝛼2𝑖𝑒Λ𝑖𝑡;

𝑓2 =
4

∑
𝑖=1

𝐴𝑖(𝑝, 𝜇1)𝛼4𝑖𝑒Λ𝑖𝑡; 𝑇 =
4

∑
𝑖=1

𝐴𝑖(𝑝, 𝜇1)𝛼3𝑖𝑒Λ𝑖𝑡;
(9)

𝑅2(𝑝, 𝜇1, 𝑡) = 𝑅2(𝑝, 𝜇1, 0)𝑒−(𝜒+𝜈)𝑝2𝑡,

where Λ1 = −2𝜈𝑝2, and Λ2, Λ3, Λ4 are the roots of the characteristic equation

(Λ+2𝜈𝑝2){Λ3+3(𝜒+𝜈)𝑝2Λ2+Λ[2𝜒(𝜒+2𝜈)𝑝4+2𝜈(𝜈+2𝜒)𝑝4−6𝛽𝛾(𝜇2
1−1)]+4𝜒𝜈(𝜒+𝜈)𝑝6−4𝛽𝛾(𝜒+𝜈)𝑝2(𝜇2

1−1)} = 0,
(10)

and the numbers 𝛼𝑖1, 𝛼𝑖2, 𝛼𝑖3, 𝛼𝑖4, up to an arbitrary constant, are equal to:

𝛼𝑖1 = (Λ𝑖 + 2𝜈𝑝2)[Λ2
𝑖 + (3𝜒 + 𝜈)𝑝2Λ𝑖 + 2𝜒(𝜒 + 𝜈)𝑝4 − 4𝛽𝛾(𝜇2

1 − 1)];
𝛼𝑖2 = −𝛽(Λ𝑖 + 2𝜒𝑝2)(Λ𝑖 + 2𝜈𝑝2); 𝛼𝑖3 = −2𝛽2𝑝2(𝜇2

1 − 1)(Λ𝑖 + 2𝜈𝑝2);
𝛼𝑖4 = 2(Λ𝑖 + 2𝜒𝑝2); 𝛼11 = 0; 𝛼12 = 0; 𝛼13 = 0.

(11)

The arbitrary functions 𝐴𝑖(𝑝, 𝜇1) (𝑖 = 1, 2, 3, 4) are determined from the initial
values of the moment functions. In the same way as in the theory of isotropic
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turbulence (2), under certain particular assumptions concerning the dependence
of the spectral function 𝑓𝑛𝑛 on 𝑝, one obtains well-known solutions for 𝑏𝑑𝑑 “of
source type,”found by M. D. Millionshchikov (3), L. G. Loitsyanskii (4), and
L. I. Sedov (5). For the case of axially symmetric turbulence one can obtain
analogous particular solutions. Thus, for 𝑓𝑖 = 𝐶𝑖 (𝑖 = 1, 2), at the last stages of
the degeneration of turbulence,

𝑏2 = 𝐶2
(4𝜈𝑡)5/2 𝑒−𝜌2/8𝜈𝑡. (12)

For 𝑓𝑖 = 𝐶𝑖𝐶1/2
𝑛 (𝜇1), where 𝐶𝑝

𝑛 is a Gegenbauer polynomial, we have

𝑏2 = 𝐶1𝐶1/2
𝑛 (𝜇) + 𝐶2𝐶3/2

𝑛−1(𝜇) 𝜇
(4𝜈𝑡)5/2 𝑒−𝜌2/8𝜈𝑡. (13)

Relation (6) is used to calculate the intensity of sound scattering in an axially
symmetric turbulent flow. In accordance with A. M. Obukhov’s formula (9),
for our case we have:

𝐼 = 2𝜋𝐴2
0𝜔2𝑉

𝑟2𝑐4 𝑘𝑖𝑘𝑗𝑓𝑖𝑗 = 2𝜋𝐴2
0𝜔2𝑉

𝑟2𝑐4 {− [𝑝2𝑘2 − (pk)2] 𝑓1−

− [(kp)2 + 𝑝2(k𝜆)2 + (p𝜆)2𝑘2 − 2(k𝜆)(kp)(p𝜆) − 𝑝2𝑘2] 𝑓2} , (14)

where p = 𝑘n − k; 𝐴0 and 𝜔 are the amplitude and frequency of the incident
wave; n = r/𝑟; |k| = 𝜔/𝑐; 𝑐 is the speed of sound.

To calculate 𝑓1 and 𝑓2, specific assumptions (7) are made concerning the form
of the dependences 𝑏1 = 𝑏1(𝜌, 𝜇), 𝑏2 = 𝑏2(𝜌, 𝜇).
In conclusion I consider it my duty to express my deep gratitude to V. L. German
for proposing the subject of this work and for assistance in carrying it out.

Received
15 II 1958
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Note: Figure translations are in progress. See original paper for figures.
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