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(Presented by Academician N. N. Bogolyubov, 29 XI 1957)

The energy of an exciton in ionic crystals, taking into account the inertial polar-
ization of the crystal lattice, has been calculated by a number of authors (17°).
Haken () and A. Kasyan made the first attempts to obtain a general expression
for the energy of the ground state of an exciton for arbitrary couplings. These
works do not completely solve the indicated problem.

In the present note an expression is derived for the energy and effective mass
of an exciton, free of restrictions on the magnitude of the coupling constant
and on the temperature. This problem for the polaron was solved in (°). The
Hamiltonian of the system has the form

P2 p2 62
H=omi t o
"‘Zf:E(f)a}af + zf: [AfeifR (eiaz.fr _ efwl.fr) + C.C.] 7 (1)

where M = m, + m, is the sum of the effective masses of the electron and hole;
o is their reduced mass; o; = m;/M; R, P are the coordinate and momentum
of the center of mass of the exciton; r,p are the coordinate and momentum
describing the internal motion of the exciton; a}r,a s are Bose operators for
phonons; E = fhw; w is the limiting frequency of the optical vibrations; Ay =
e [2mhwe
v

% is the square of the refractive index; ¢ is the dielectric constant. To calculate
the statistical sum
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Z =Spe HB, ﬁzﬁ- (2)

we shall use its representation by means of the Feynman continual integral

= /m/(;(RB—RO)(S(TB—TO)H(;(qfﬁ—qfO) dR,BdROdrﬁdTOqudeqfox
f f

% /es’ DrDR] ] Dg;. (3)
f

The functional S’ can be obtained by making the substitution ¢ by —ihg in
the expression Sy /h, where Sy is the classical action corresponding to the
Hamiltonian (1). From (3) one can eliminate the field oscillators (7); as a result
we obtain

Z = //6(Rﬂ — Ry)do(rg —rg) dRBdRodrﬁdro/eS Dr DRy, (4)

where

dR 1 62 |
5= - ( Vg [ (&) o5 [ e
2h2 7 on? ) S
B B B s | 1
d drd —hw(T—0
7_/ /0/ reee |:|Fz7-_Ro'—i_0-2(7ﬂ‘r_r0)+

1
|RT - Ro’ + 01 (TT - To')| |RT - Ra + 0ol + 0'17’0.‘ a |RT - R(T - 0'1(7’7_) - 02T0|
)

n= (e —1)71,

X is the statistical sum for the free lattice.

To calculate (4), the variational method is used. S is approximated by the
simpler expression S, represented in the form of the sum

51 =5+ 5; (6)

and containing free parameters.

Using the representation of an auxiliary particle for S,, we obtain
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Ny = (ef2f —1)71,

hw, C.
4 Dot

5 R, R e w2(m=9) _31n (2 sh hw2§> ,

(7)

This expression possesses translational invariance.

To approximate the internal motion of the exciton, we choose S5 in the form

B 2 B
53 = H (d'l",,.) d'r — g T2 dT. (8)

2h2 dr 2 Jy 7

Cy, wy, and Cj are free parameters, which will be determined from the condition
that the right-hand side of the relation

1
zZ > eXp{Z1 /dro dR, /(S— Sl)elerDR} Z, (9)

be maximal, where

Z, = /dro dRO/elerDR. (10)

The integrals in (9) and (10) are taken over trajectories beginning and ending
at one and the same point r(8) = r(0) = r,, R(5) = R(0) = R,. Owing to the
noted invariance property of S,, for the trajectory R(7) one may set R, = 0. In
what follows the notation

1/2 1/2
w= 2 v="22 14 Gy azl(cg>/
w’ w Mw? ’ w\ p ’
hwp ce? [ M\ 2
= =5 ) ()

will be used. If we introduce the notation

() = le/dro dRO/esl(“') Dr DR,
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then we obtain the results of the calculations:

) h2f? cha(hwlo — 7] — \)
(expi(f, oor, +0yr,)) == exp {_4,uahw [(0% +02) ctha\ + 20,0, Y ;
(12)
h2f? [w? hww? (c—71)2 11 w? chv(hwlo — 7| — .
(ER,.—R,) =expd ot | g B0 0TI 2 2 9 (ethoaw —
(expi(f, R,—R,)) exp{ 2M L}Q lo =l 2 v2 A + hw v ( 112) (C v sh \v
(13)

which form the basis for calculating the right-hand side of (9).

In the calculations a parallel shift was used in the functional integral z(7) =
Z(7) + y(7), where z(7) is the extremal trajectory satisfying the boundary con-
ditions.

Denote by A the last term of expression (5); then one may write

2)\%g !
(A) = / ds ch(As)x
Vrsh A fy
w? 1 w? ch \vs k chals e
x{{mﬂ)\( s )+v ( v2> cth Av vl e ctha Hak
~1/2

w? 1 w? ch \vs 1 chals
—AN1l-sH)+-(1-= (th)\ —7> —(th A— >
+[21}2 (1-s )Jrv( v2> AT Sw +k‘a chha sha

-1/2

sh \v 2k sh a\ b
(14)

2 1 2 h A 1 /1+k? ha
—2 fudll A1 —s%)+ = 1—w— (cth)\v—c US)—i—f 1R ctha)\—i—c ans
202 v2 a

where k = my/m;.

The final expression for In Z, valid for arbitrary couplings and temperatures,
has the form

InZ>Z® +3n Y —3In(2sh \v) — 3In(2sha))
w

3 w? 3 w? 3
~3 (1 — 112> + 3 (1 — 1}2> Av cth \v + 5)\04 cth a+
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e? ua
In(2sh Aw) + 4\ —/ ——tha) + (A 1
+3In(2sh \w) + i\ he aX+ (A), (15)
where Z(©) = 2V x(M /2rBh?)'/2.

We note that for k = 0 formula (15) reduces to the analogous expression of
polaron theory (see (¢, (56)). It is important to note that for k = 1, (A) # 0.
For the region of extremely low temperatures, after simplification we obtain the
expressions:

0) 3a  4e* [pa v w\2  (4y) ) Aw
E,=E i (T W N G 74 1
0 0 +{2 xh ﬂ'hw+2( v) A 20 (16)

where Eéo) is the energy of the system in the absence of interaction,

]\]4\2“ - (Z>2exp{ 1++§<1§1>}. (17)

Formula (17) was proposed for the polaron in ). (A,) and (A,)/\ are, respec-

tively, the zeroth and first terms in the expansion of (A) in powers of A™1, and
for this temperature range (A) has the form

03[ e {565

—1/2

+[1:22 (1—%) 1(1—1;’2) (1—e ”f)+kla(1—eat)}

w? ¢ 1 w? 1 (144 e
—2 1—— 1 — e vt — —at )
[v2< 2)\)t+ ( v2>( ¢ )+a< 2k te >}

In the case of strong coupling of the exciton with the lattice, when a substantial
deviation of the parameter k from unity is assumed, one may omit under the
integral sign the terms e~ and e~ and take v/w > 1. We denote

2 pet 1

7 T2 (18)

v = ay, o=

Then for E|, we obtain the expression
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2(1 21
By = B+ 1(a)+ 5o (-1 TELLEEELY )

4 zy k 972

where I(x,y) is the expression known from paper (1). The second term of (19)
coincides with the result of (1), where the extremal values of x and y were also
determined. The parameter w turned out to be equal to unity. The last term
of formula (19) represents a correction to the results of (1).

Under the same simplifying assumptions, an expression was obtained for the
effective mass of the exciton

M

€

4 [ pet 1)
= 0v2M = = (hl;XQ hw) 22y? M. (20)
If one uses the definition of the extremal value of the parameter z, it is not
difficult to see that (20) coincides with the result of paper (3) for the effective
mass of the exciton (see also (°)). In the case of values of k close to unity, the
influence on the exciton of inertial polarization may be considered weak, even
when the constant g is not small. In this case v = w(1 + ¢), where ¢ « 1.
The parameter « is close to the corresponding value for a hydrogen-like atom:
16 pe* 1
T gy h2x? hw

Approximate calculations lead to the following results:

. In the calculations it is assumed that a; > 1.

h
E,=E" + E, — 1.03cxhw, My = (1 +0.07 cX|E“|> M, (21)
1

where

B =L
3w h2x?

We note that the corrections to the energy and mass in (21) are smaller than the

analogous corrections obtained by perturbation theory (), which is apparently

connected with the inexact treatment of the denominators in the formulas of

perturbation theory () and with the special features of the variational method.

The author takes this opportunity to express gratitude to Academician N. N.
Bogolyubov, and also to S. V. Tyablikov and V. V. Tolmachev for their interest
in the work and for discussion of the results.
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