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Full Text
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PHYSICS
V. A. MOSKALENKO

THE ENERGY OF AN EXCITON IN IONIC
CRYSTALS
(Presented by Academician N. N. Bogolyubov, 29 XI 1957)

The energy of an exciton in ionic crystals, taking into account the inertial polar-
ization of the crystal lattice, has been calculated by a number of authors (1−5).
Haken (4) and A. Kasyan made the first attempts to obtain a general expression
for the energy of the ground state of an exciton for arbitrary couplings. These
works do not completely solve the indicated problem.

In the present note an expression is derived for the energy and effective mass
of an exciton, free of restrictions on the magnitude of the coupling constant
and on the temperature. This problem for the polaron was solved in (6). The
Hamiltonian of the system has the form

𝐻 = 𝑃 2

2𝑀 + 𝑝2

2𝜇 − 𝑒2

𝜘𝑟+

+ ∑
𝑓

𝐸(𝑓)𝑎+
𝑓 𝑎𝑓 + ∑

𝑓
[𝐴𝑓𝑒𝑖𝑓𝑅 (𝑒𝑖𝜎2𝑓𝑟 − 𝑒−𝑖𝜎1𝑓𝑟) + c.c.] , (1)

where 𝑀 = 𝑚1 + 𝑚2 is the sum of the effective masses of the electron and hole;
𝜇 is their reduced mass; 𝜎𝑖 = 𝑚𝑖/𝑀 ; 𝑅, 𝑃 are the coordinate and momentum
of the center of mass of the exciton; 𝑟, 𝑝 are the coordinate and momentum
describing the internal motion of the exciton; 𝑎+

𝑓 , 𝑎𝑓 are Bose operators for
phonons; 𝐸 = ℏ𝜔; 𝜔 is the limiting frequency of the optical vibrations; 𝐴𝑓 =

− 𝑒
𝑓

√2𝜋ℏ𝜔𝑐
𝑉 ;

𝑐 = 1
𝜘 − 1

𝜀 ;

𝜘 is the square of the refractive index; 𝜀 is the dielectric constant. To calculate
the statistical sum
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𝑍 = Sp 𝑒−𝐻𝛽, 𝛽 = 1
𝑘𝑇 . (2)

we shall use its representation by means of the Feynman continual integral

𝑍 = ∫ ⋯ ∫ 𝛿(𝑅𝛽 − 𝑅0)𝛿(𝑟𝛽 − 𝑟0) ∏
𝑓

𝛿(𝑞𝑓𝛽 − 𝑞𝑓0) 𝑑𝑅𝛽𝑑𝑅0𝑑𝑟𝛽𝑑𝑟0 ∏
𝑓

𝑑𝑞𝑓𝛽𝑑𝑞𝑓0×

× ∫ 𝑒𝑆′ 𝐷𝑟 𝐷𝑅 ∏
𝑓

𝐷𝑞𝑓 . (3)

The functional 𝑆′ can be obtained by making the substitution 𝑡 by −𝑖ℏ𝛽 in
the expression 𝑖𝑆𝐻/ℏ, where 𝑆𝐻 is the classical action corresponding to the
Hamiltonian (1). From (3) one can eliminate the field oscillators (7); as a result
we obtain

𝑍 = ∬ 𝛿(𝑅𝛽 − 𝑅0)𝛿(𝑟𝛽 − 𝑟0) 𝑑𝑅𝛽𝑑𝑅0𝑑𝑟𝛽𝑑𝑟0 ∫ 𝑒𝑆 𝐷𝑟 𝐷𝑅 𝜒, (4)

where

𝑆 = − 𝑀
2ℏ2 ∫

𝛽

0
(𝑑𝑅

𝑑𝜏 )
2

𝑑𝜏 − 𝜇
2ℏ2 ∫

𝛽

0
( 𝑑𝑟

𝑑𝜏 )
2

𝑑𝜏 + 𝑒2

𝜒 ∫
𝛽

0

1
|𝑟𝜏 | 𝑑𝜏+

+ ℏ𝜔𝑐𝑒2

2 [∫
𝛽

0
𝑑𝜏 ∫

𝜏

0
𝑑𝜎 + 𝑛̄ ∫

𝛽

0
∫

𝛽

0
𝑑𝜏 𝑑𝜎] 𝑒−ℏ𝜔(𝜏−𝜎) [ 1

|𝑅𝜏 − 𝑅𝜎 + 𝜎2(𝑟𝜏 − 𝑟𝜎)|+

+ 1
|𝑅𝜏 − 𝑅𝜎 + 𝜎1(𝑟𝜏 − 𝑟𝜎)| − 1

|𝑅𝜏 − 𝑅𝜎 + 𝜎2𝑟𝜏 + 𝜎1𝑟𝜎| − 1
|𝑅𝜏 − 𝑅𝜎 − 𝜎1𝑟𝜏 − 𝜎2𝑟𝜎|] ,

(5)

𝑛̄ = (𝑒ℏ𝜔𝛽 − 1)−1;

𝜒 is the statistical sum for the free lattice.

To calculate (4), the variational method is used. 𝑆 is approximated by the
simpler expression 𝑆1, represented in the form of the sum

𝑆1 = 𝑆2 + 𝑆3 (6)

and containing free parameters.

Using the representation of an auxiliary particle for 𝑆2, we obtain
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𝑆2 = − 𝑀
2ℏ2 ∫

𝛽

0
(𝑑𝑅

𝑑𝜏 )
2

𝑑𝜏 − 𝐶2
2 ∫

𝛽

0
𝑅2

𝜏 𝑑𝜏+

+ ℏ𝜔2𝐶2
2 [∫

𝛽

0
𝑑𝜏 ∫

𝜏

0
𝑑𝜎 + 𝑛̄2 ∫

𝛽

0
∫

𝛽

0
𝑑𝜏 𝑑𝜎] 𝑅𝜏𝑅𝜎𝑒−ℏ𝜔2(𝜏−𝜎) − 3 ln (2 sh ℏ𝜔2

𝛽
2 ) ,

(7)

𝑛̄2 = (𝑒ℏ𝜔2𝛽 − 1)−1.

This expression possesses translational invariance.

To approximate the internal motion of the exciton, we choose 𝑆3 in the form

𝑆3 = − 𝜇
2ℏ2 ∫

𝛽

0
(𝑑𝑟𝜏

𝑑𝜏 )
2

𝑑𝜏 − 𝐶3
2 ∫

𝛽

0
𝑟2

𝜏 𝑑𝜏. (8)

𝐶2, 𝜔2, and 𝐶3 are free parameters, which will be determined from the condition
that the right-hand side of the relation

𝑍 ≥ exp { 1
𝑍1

∫ 𝑑𝑟0 𝑑𝑅0 ∫(𝑆 − 𝑆1)𝑒𝑆1𝐷𝑟 𝐷𝑅} 𝑍1, (9)

be maximal, where

𝑍1 = ∫ 𝑑𝑟0 𝑑𝑅0 ∫ 𝑒𝑆1𝐷𝑟 𝐷𝑅. (10)

The integrals in (9) and (10) are taken over trajectories beginning and ending
at one and the same point 𝑟(𝛽) = 𝑟(0) = 𝑟0, 𝑅(𝛽) = 𝑅(0) = 𝑅0. Owing to the
noted invariance property of 𝑆2, for the trajectory 𝑅(𝜏) one may set 𝑅0 = 0. In
what follows the notation

𝑤 = 𝜔2
𝜔 , 𝑣 = 𝜔2

𝜔 (1 + 𝐶2
𝑀𝜔2

2
)

1/2
, 𝛼 = 1

𝜔 (𝐶3
𝜇 )

1/2
,

𝜆 = ℏ𝜔𝛽
2 , 𝑔 = 𝑐𝑒2

ℏ ( 𝑀
2ℏ𝜔)

1/2
. (11)

will be used. If we introduce the notation

⟨⋯⟩ = 1
𝑍1

∫ 𝑑𝑟0 𝑑𝑅0 ∫ 𝑒𝑆1(⋯) 𝐷𝑟 𝐷𝑅,

sovietrxiv.org/items/ru-195801.27993 Machine Translation

https://sovietrxiv.org/items/ru-195801.27993


then we obtain the results of the calculations:

⟨exp 𝑖(f, 𝜎2r𝜏+𝜎1r𝜎)⟩ == exp {− ℏ2𝑓2

4𝜇𝑎ℏ𝜔 [(𝜎2
1 + 𝜎2

2) cth 𝑎𝜆 + 2𝜎1𝜎2
ch 𝑎(ℏ𝜔|𝜎 − 𝜏| − 𝜆)

sh 𝑎𝜆 ]} ;
(12)

⟨exp 𝑖(f, R𝜏−R𝜎)⟩ = exp {−ℏ2𝑓2

2𝑀 [𝜔2

𝑣2 |𝜎 − 𝜏| − ℏ𝜔
2

𝜔2

𝑣2
(𝜎 − 𝜏)2

𝜆 + 1
ℏ𝜔

1
𝑣 (1 − 𝜔2

𝑣2 ) (cth 𝜆𝑣 − ch 𝑣(ℏ𝜔|𝜎 − 𝜏| − 𝜆)
sh 𝜆𝑣 )]} ,

(13)

which form the basis for calculating the right-hand side of (9).

In the calculations a parallel shift was used in the functional integral 𝑥(𝜏) =
̄𝑥(𝜏) + 𝑦(𝜏), where ̄𝑥(𝜏) is the extremal trajectory satisfying the boundary con-

ditions.

Denote by 𝐴 the last term of expression (5); then one may write

⟨𝐴⟩ = 2𝜆2𝑔√𝜋 sh 𝜆 ∫
1

0
𝑑𝑠 ch(𝜆𝑠)×

× {[ 𝜔2

2𝑣2 𝜆(1 − 𝑠2) + 1
𝑣 (1 − 𝜔2

𝑣2 ) (cth 𝜆𝑣 − ch 𝜆𝑣𝑠
sh 𝜆𝑣 ) + 𝑘

𝑎 (cth 𝑎𝜆 − ch 𝑎𝜆𝑠
sh 𝑎𝜆 )]

−1/2

+ [ 𝜔2

2𝑣2 𝜆(1 − 𝑠2) + 1
𝑣 (1 − 𝜔2

𝑣2 ) (cth 𝜆𝑣 − ch 𝜆𝑣𝑠
sh 𝜆𝑣 ) + 1

𝑘𝑎 (cth 𝑎𝜆 − ch 𝑎𝜆𝑠
sh 𝑎𝜆 )]

−1/2

−2 [ 𝜔2

2𝑣2 𝜆(1 − 𝑠2) + 1
𝑣 (1 − 𝜔2

𝑣2 ) (cth 𝜆𝑣 − ch 𝜆𝑣𝑠
sh 𝜆𝑣 ) + 1

𝑎 (1 + 𝑘2

2𝑘 cth 𝑎𝜆 + ch 𝑎𝜆𝑠
sh 𝑎𝜆 )]

−1/2
} ,

(14)

where 𝑘 = 𝑚2/𝑚1.

The final expression for ln 𝑍, valid for arbitrary couplings and temperatures,
has the form

ln 𝑍 ≥ ln 𝑍(0) + 3 ln 𝑣
𝜔 − 3 ln(2 sh 𝜆𝑣) − 3 ln(2 sh 𝛼𝜆)

−3
2 (1 − 𝜔2

𝑣2 ) + 3
2 (1 − 𝜔2

𝑣2 ) 𝜆𝑣 cth 𝜆𝑣 + 3
2𝜆𝛼 cth 𝛼𝜆+
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+3 ln(2 sh 𝜆𝜔) + 4𝜆 𝑒2

𝜒ℏ√ 𝜇𝑎
𝜋ℏ𝜔 th 𝛼𝜆 + ⟨𝐴⟩, (15)

where 𝑍(0) = 2𝑉 𝜒(𝑀/2𝜋𝛽ℏ2)1/2.

We note that for 𝑘 = 0 formula (15) reduces to the analogous expression of
polaron theory (see (6), (56)). It is important to note that for 𝑘 = 1, ⟨𝐴⟩ ≠ 0.
For the region of extremely low temperatures, after simplification we obtain the
expressions:

𝐸0 = 𝐸(0)
0 + {3𝑎

2 − 4𝑒2

𝜒ℏ √ 𝜇𝑎
𝜋ℏ𝜔 + 3𝑣

2 (1 − 𝜔
𝑣 )

2
− ⟨𝐴0⟩

𝜆 } ℏ𝜔
2 , (16)

where 𝐸(0)
0 is the energy of the system in the absence of interaction,

𝑀eff
𝑀 = ( 𝑣

𝜔)
2

exp {−1 + 𝜔2

𝑣2 + 2
3

⟨𝐴1⟩
𝜆 } . (17)

Formula (17) was proposed for the polaron in (6). ⟨𝐴0⟩ and ⟨𝐴1⟩/𝜆 are, respec-
tively, the zeroth and first terms in the expansion of ⟨𝐴⟩ in powers of 𝜆−1, and
for this temperature range ⟨𝐴⟩ has the form

⟨𝐴⟩ = 2𝜆𝑔√𝜋 ∫
∞

0
𝑑𝑡 𝑒−𝑡 {[𝜔2

𝑣2 (1 − 𝑡
2𝜆) 𝑡+

+1
𝑣 (1 − 𝜔2

𝑣2 ) (1 − 𝑒−𝑣𝑡) + 𝑘
𝑎(1 − 𝑒−𝛼𝑡)]

−1/2
+

+ [𝑤2

𝑣2 (1 − 𝑡
2𝜆) 𝑡 + 1

𝑣 (1 − 𝑤2

𝑣2 ) (1 − 𝑒−𝑣𝑡) + 1
𝑘𝛼 (1 − 𝑒−𝛼𝑡)]

−1/2

−2 [𝑤2

𝑣2 (1 − 𝑡
2𝜆) 𝑡 + 1

𝑣 (1 − 𝑤2

𝑣2 ) (1 − 𝑒−𝑣𝑡) + 1
𝛼 (1 + 𝑘2

2𝑘 + 𝑒−𝛼𝑡)]
−1/2

} .

In the case of strong coupling of the exciton with the lattice, when a substantial
deviation of the parameter 𝑘 from unity is assumed, one may omit under the
integral sign the terms 𝑒−𝛼𝑡 and 𝑒−𝑣𝑡 and take 𝑣/𝑤 ≫ 1. We denote

𝑣 = 𝛼𝑦, 𝛼 = 2
𝜋

𝜇𝑒4

ℏ2𝜒2
1

ℏ𝜔 𝑥. (18)

Then for 𝐸0 we obtain the expression
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𝐸0 = 𝐸(0)
0 + 𝐼(𝑥, 𝑦) + 3

4ℏ𝜔 (−1 + 𝜋
4

(𝑐𝑥)2

𝑥𝑦
(1 + 𝑘)2

𝑘
1
𝑔2 ) , (19)

where 𝐼(𝑥, 𝑦) is the expression known from paper (1). The second term of (19)
coincides with the result of (1), where the extremal values of 𝑥 and 𝑦 were also
determined. The parameter 𝑤 turned out to be equal to unity. The last term
of formula (19) represents a correction to the results of (1).

Under the same simplifying assumptions, an expression was obtained for the
effective mass of the exciton

𝑀eff = 𝑣2𝑀 = 4
𝜋2 ( 𝜇𝑒4

ℏ2𝜒2
1

ℏ𝜔)
2

𝑥2𝑦2𝑀. (20)

If one uses the definition of the extremal value of the parameter 𝑥, it is not
difficult to see that (20) coincides with the result of paper (3) for the effective
mass of the exciton (see also (5)). In the case of values of 𝑘 close to unity, the
influence on the exciton of inertial polarization may be considered weak, even
when the constant 𝑔 is not small. In this case 𝑣 = 𝑤(1 + 𝜀), where 𝜀 ≪ 1.
The parameter 𝛼 is close to the corresponding value for a hydrogen-like atom:

𝛼1 = 16
9𝜋

𝜇𝑒4

ℏ2𝜒2
1

ℏ𝜔 . In the calculations it is assumed that 𝛼1 ≫ 1.

Approximate calculations lead to the following results:

𝐸0 = 𝐸(0)
0 + 𝐸1 − 1.03 𝑐𝜒ℏ𝜔, 𝑀eff = (1 + 0.07 𝑐𝜒 ℏ𝜔

|𝐸1|) 𝑀, (21)

where

𝐸1 = − 4
3𝜋

𝜇𝑒4

ℏ2𝜒2 .

We note that the corrections to the energy and mass in (21) are smaller than the
analogous corrections obtained by perturbation theory (3), which is apparently
connected with the inexact treatment of the denominators in the formulas of
perturbation theory (3) and with the special features of the variational method.

The author takes this opportunity to express gratitude to Academician N. N.
Bogolyubov, and also to S. V. Tyablikov and V. V. Tolmachev for their interest
in the work and for discussion of the results.

Moscow State University
named after M. V. Lomonosov
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