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Abstract
Full Text

MATHEMATICS
M. A. NAIMARK

ON THE DECOMPOSITION OF IRREDUCIBLE
REPRESENTATIONS OF THE PRINCIPAL

SERIES OF THE COMPLEX UNIMODULAR

GROUP OF ORDER n INTO REPRESENTA-

TIONS OF THE COMPLEX UNIMODULAR

GROUP OF SECOND ORDER

(Presented by Academician S. L. Sobolev, 2 IV 1958)

Let g — T, be a continuous irreducible unitary representation of a topological
group G, and let H be a certain subgroup of the group G. The restriction of
the representation g — T to the group H is a unitary representation h — T}, of
the group H, generally speaking reducible. The problem arises of decomposing
the representation h — T, into irreducible representations of the group H.

The results of the author’ s preceding paper (1) make it possible to solve this
problem for the case when G is the complex unimodular group A, of order n,
g — T, is a representation of the principal series of this group, and H is the
group of all matrices g € 4,, such that g, = d,, for p > 2 or ¢ > 2 (4, is the
Kronecker symbol), so that H is isomorphic to the group A,.

For simplicity of exposition we shall confine ourselves here to the case n = 3.
In this case (see (?), item 2, § 5) the representations of the principal series
are realized in the Hilbert space L?(Z3) of all measurable functions f(z) =
f (291, 231, 232) on the group Zs—the group of all matrices

1 0 O
2= %21 1 0 ’ (1)
Z31 Z3p 1

satisfying the condition™

I£1? = /|f(z)|2 dz:/|f(z21,z31,232)|2dzmdz32d232 < 00,

and the operators T} of the representation are given by the formula
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Tgf(z) = |g% |m1+ip1—2 (g%)_"h ‘g% ‘mQ_m1+i<P2_P1)_2 (gé)_mz‘*ml f(zg), (2)

where gzl) is the minor formed from the last p rows and columns of the matrix
g* = zg; 2g is the matrix 2! € Z3, determined by the relation zg = kz!; k,q =10
for p > q; my, m4 are integers; p;, p, are real numbers determining the given

representation g — T, (the parameters of the representation).

* As in the preceding paper (1), [ (21,29, ..., 2,,) dz; - dz,,, where zq, ..., 2
are complex variables, denotes the 2m-fold integral

m

/ / (P(xl + iyla vy Ty, Zym) dmldyl dxmdym

If, in particular, g € H, i.e.

911 912 O
g=1|{921 922 O,
0 0 1
then, by virtue of (1),
. 911 912 0
g =29 =] 911221 + 921 912721 T 922 0|, (3)

911231 T 921232 912431 T+ G22%32 1

hence g3 = g19221 + gag, g3 = 1. Moreover, applying to (3) formula (5.22) §5 in
(?), we obtain that

911%21 + 9o1
2y = ; 231 = 911731 + 91732, 23y = G12%31 + 922732,
912791 T Yoo
and substitution in (2) shows that the restriction of the given representation to
the group H is given by the formula

Tgf(2217 2315 233) =

mq+ip;—2 m
1TP1 ( Ty

= 912721 + 922 G12%21 + Go2)

(911221 + go1

1911731 T 921232, Y12%21 + 9222'32> . (4)
912721 + gao
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Formula (4) means that the representation g — T, of the group H is the tensor

product of the irreducible representation g — Tél) of the group A,, where

mq+ip;—2 (

! gnz+g
ng )fl(z) = [g12% + gaol 1121> )

—m
z+ !
912 go2) 1 <9122+922

and the quasiregular representation (see (%), p. 421) g — ng) of this group:

2
Tg( )fz(zuzz) = fo(91121 + 92122, G121 + Ga22a)- (5)

Therefore we shall obtain the decomposition of the representation (4) into ir-
reducible representations if we first decompose into irreducible representations
g — T,f the quasiregular representation (5), and then decompose into irreducible

representations the tensor products T;D x Tg.

To obtain the first decomposition, put

C:@

P f(za1, 2315 232) = f(z91, (239, Z32> = ¢(291,¢, Z32)‘Z32‘727 (6)
32

P(21,C, X)) = /@(Zzu§7232)|232|_2X/(Z32)d232> (7)

where x/(z) = |z|™ % z=™ . The correspondence f — 1, established by for-
mulas (6), (7), is an isometric mapping U of the space L!(Z;) onto the Hilbert
space §),, of all measurable functions (2, (, x’) satisfying the condition

ol = [ (a1, G2 oy dC < o
here the integral with respect to dy’ is taken over the whole group of characters
dp’.
(2mp?

This mapping U transforms the operators T, , Into operators in the space £,
which we shall again denote by T}.

X of the multiplicative group of complex numbers, and dx’ denotes

But, under the passage from f to T, f according to formula (4), the function
(291, ¢ 232) passes into

my+ip;—2 (

| 23012 |912221 + 922l 912721 + g22) ™1+

(911221 T 921 911731 + Yo1%32

—2
12731 T gooZ g12%31 t goo2: =
G1o701 + 9oz Gia7a1 + Gagzay 0 ob L TR (912231 + 922752]
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mq+ip;—2 <

= |g12221 + 2o G12%91 + G22) 1|91 C + goa| T2 X

y <911221 + 9o1 911€ + 9o

) ,(912€ + 922)2’32) )
912721 + 922 912 + oo

therefore, ¥ (251, ¢, X’) passes into

my+ip,—2 (

912221 + Gaal Gr2%91 + 922) "1 ]g19C + goo| P X

« /Lp (9117521 + 921 911C+ 9o

’ ; + Z Zao| 2X (239) dzay =
912721 + 922 912 + o2 (9126 + 922) 32) 237X (252) 2

mq+ip;—2 (

= |g12221 + 2o G12%91 + G22) "1 ]g19C + goa| 2 X

y /<p (911321 + 921 911C + 91

—2./ —1 —
19791 227 12< 227 32) | 32| X ((ngC 922> 32) 32

mq+ip;—2 (

= |912221 + 9o G12%91 + 922) "1 912C + Goo|™ TP T2 (g12€ + gog) T X

" (911221 + 921 911C + o1 /)
912721 T Gaa G12C + goo

so that

my+ip;—2 (

Typ(291, G X') = |g12291 + G1a| G12%21 + Ga2) "1g12¢ + 922|m/+ip/72><

ot (911701 921 9110+ Go1
(9126 + 90 , ). ®)
12 22 912721 + 922 912C + a2

Formula (8) means that the representation g — 7, in §,, is the continuous sum

over x’ of tensor products Tgu) X Tgxl, where

, F o/ ¢ [ 9116 T 921
Ty f(C) = [g12€ + gao|™ T (912 + g mf<>~
g ( ) ‘ 12 22‘ ( 12 22) 912c+922
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Therefore it remains to carry out the decomposition into irreducible representa-
tions of each of these tensor products according to the formulas of the article
[1]. For this purpose denote by § the set of all pairs (x, x’) € X x X for which
m, +m’ + m is an even integer, and put, for (x,x’) € §,

m+m1+m/ —i pPtpy +p/
2

F(zxx) = Flzm, pym'pf) = / D(zan, € X )IC — 29|23

’ —mq4+m’ | . p— / m—mq+m
x (¢ —2a1) I |2 — 29 3 Tz —z91)” 3 x
mtmy—m’ YY) —p/ 1 _ mamq+m/
x|¢—z 2 L (C—2) 2 dzy,dC; (9)

the correspondence ¢ — F, established by formula (9), is an isometric mapping
of the space §),, onto the Hilbert space §)  of all measurable functions F'(z, x, x'),
(x,X") € §F, satisfying the conditions:

1)

1 ’ ’
171 = = //(m2+,02) [/IF(va,x )Ide] dx dx’ < oo;
™ s
2) the Fourier transforms

~

F(w,x,x) = (27)2 /F(z, X, X' ) exp(—iRe(2w)) dz

of the functions F(z,x, x’) for almost all w, x, x’, (x,x’) € §, satisty

relation
jal -1 /) — A\ —m2—i
F(’U},X aX)_(_Z) X
I—\(m+m17m/ + 1 Z"7+‘71*0/) F(fmfmler’ + 1 i0'70'1+0/)
2 2 2 2 2 2
x F(m+m1+m’ + 1 + ia+alfa’) F(fmfmﬁm/ + 1 + Z.0'701+o“) X
2 2 2 2 2 2

X |w|’m+i”wmﬁ(w, X5 X )-

Under this mapping the representation g — T, goes over into a representation
in §)p, which we shall again denote by g — T}; from the preceding arguments
and the results of paper ! it follows that the representation g — T, in the space
Hp is given by the formula
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. _ g112 + g
T,r (2, X") = 9122 + Goa| ™ 729127 + gog) mF(H 7X/> )

G127 + Gz

i.e. this representation is a continuous sum of representations 7 é,X). Conse-
quently, combining formulas (6), (7), and (9), we arrive at the following result:

Theorem. For every function f € L?(Z;) the integral

’ ’
mimy+m’ . ptpy+p’
1 PP p2] LY

F(z,x,x') = /f(2'2172317232)|231 — Z39291| 7 2

m-—mj +m/

mtmy+m’ m-my+m’ | p—pr+p’
B CEE Y :X

X (231 — 232%91) 2 Z— 29 2

mtmy—m’

X|291 — 2327] 2

mtmy—m

e 21 — 2322) 2 dzy dag dzgy  (10)
converges in the sense of the norm in )z, and formula (10) realizes an isometric
mapping of the space L?(Z;) onto the space $z. Under this mapping, the
restriction to the group H ~ A, of the representation g — T}, of the principal
series of the group A, defined by formula (2), goes over into a continuous sum
of irreducible representations of the principal series g — T9(X> of the group A,,
so that in passing from f to T the function F(z,x,x) goes over into

. B g112+g
T;X)F(%X»X/) = 19127 + Goo| " 2(g192 + ga) mF<1112 7X/) )

92172+ gao

where y(\) = [A\|™TP "™,

We note that the theorem proved is applicable to other subgroups of the group
Aj that are isomorphic to the group A,. For example, in the case of the subgroup
of matrices

1 0 0
g=|[0 gao o3
0 932 933

the corresponding decomposition is obtained from the decomposition for the
subgroup H and the relation sH’s = H, where
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