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L. Let H, (1 <p < 00) be the class of real functions () € LP with period
w, satisfying the condition

ol = { / ’ so(t)ﬁdt}l/p -1,

and let H__ be the class of essentially bounded measurable functions ¢(t)
with period w, for which

esssup |o(t)] < 1.

Suppose that the function f(z) admits a representation in the form of a convo-
lution:

f =% [ K-aede (o) € Hy) (1)
0

where K (t) is a function with period w, and, in the case 1 < p < 0o, K(t) € L?

1 1
(13-
p g

while in the case p = 1, K(t) is continuous. The totality of all functions of the
form (1) will be denoted by C(K, H,,).

Here we consider the problem of the best approximation of the class of functions
f(z), representable in the form (1), by polynomials in a given Chebyshev system
(*) of continuous functions with period w, {f,(z)} (k = 1,2,...,n); general
formulas are established for the quantity

Mflm = su};l) E.(fc, 1<p<oo, (2)
peH,
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where

Ep(f)e = min max

F) =3 apfiu(a)
k=1

(v, are real numbers) is the best approximation of the function f(x) by poly-
nomials in the system {f,(z)}; the properties of extremal functions f,(z), for
which E,(fy))c = Mflp ), are investigated, and the relations between the quantity
Mép ) and the best approximation of the corresponding kernel K (t) in the metric
L9 are studied.

For the case p = oo, this problem was studied earlier by Favard (?), Akhiezer
and Krein (), Nadem (%), Nikol’ skii (°), and others.

2. Let
0<z <2y << g <w.

Put (%)

filzy)  filzg) - fileiy)  filzga) 0 fil@,gq)
M = folwy)  falwy) 0 folwiy)  folwg) 0 fa(@ni)

(@) folze) o folziy) fu(@in) o fu(@aan)

n+1
.M.
M=3"M;, a=(-1)T (i=12..,n+1)

(0)

By a; ’ we shall denote the value of a, for x; = 20 (j=1,2,...,n+1), and by

J
{xio)} a system of points

0<al” <2l < <2 <w.

In what follows, by a Chebyshev alternant of the function f,(z) we shall mean

a system of points {:cgo)} at which the difference between the given function and
its polynomial of best approximation assumes the maximal values E,, (f;),. with
alternating signs.

3. The case 1 < p < oc.

Theorem 1. Let K(t) € L¢ (1 + 1o 1).
P q

Then:

1/q

q
1 w
. MY == max {/ dt} . (3)
W 0<z) <<y, g <w o

2°. There exists a function fy(x) € C(K, H,) for which E,(fy). = MP.

n+1

Z a; K(t—x;)
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3°. The maximum in formula (3) is attained for those and only those systems of points {xEO)} which are Che

Generally speaking, the extremal function f,(x) is not unique. In the case
1 < p < o0, each extremal function fy(z) is determined by a unique function

¢o(t) € H,. In order that, for MP' > 0, the function ¢o(t) € H, determine an
extremal function f(t), it is necessary and sufficient that there exist a system

of points {xﬁo)} such that
a
dt}

MY 1/w
nw

and, almost everywhere,

1 !
@O(t> = {wMép)}

on the interval 0 < ¢ < w.

1
ntl /a

ZamK t—mo))

n+1

a1 n+1
Za t—xo)) mgn{Za t—m()))}

The extremal function f,(z) is unique if and only if all the functions

n+1
sign {Z aEO)K(t — xEO))}
i=1

coincide almost everywhere on [0,w) for all systems of points {:UEO)} for which
the maximum in formula (3) is attained.

n+1

Z ang(t — m§0)>
=1

In the case p = oo, one and the same extremal function f(z) may be determined
by different functions ¢,(t) € H.,. In order that the function ¢,(t) € H_,
determine an extremal function f(z), it is necessary and sufficient that there

exist a system of points {mgo)} such that
n+1
> oKt )

M,S°°>:1/w
Wi =t

n+1
_51gn{2a t—xo))}

almost everywhere on the set

dt,
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n+1
& {t DK (- al”) # o} . mes& > 0.
=1

For there to exist a unique function ¢((t) € H,, determining the extremal
function f,(x), it is necessary and sufficient that all the functions

n+1
sign {i ang (t — x§0>) }
i=1

coincide almost everywhere on [0,w) for all systems of points {x§0>} for which
the maximum in formula (3) is attained.

In the following two theorems we shall assume that K (¢) € L?]0,27) (1 < ¢ <
00); p(t) € H,[0,2m) (% + % = 1); T, (t) is a trigonometric polynomial of degree
not exceeding n, and

where f(z) is an arbitrary continuous function with period 2.

Theorem 2. Let K(¢) € L9]0,27) (1 < g < 00) and

1 2
fe)= 1 [ K@ -metar @

where o(t) € H,[0,27). Then

peH, T T,

sup E,(f), < 1min{

where

If 1 < p < o0, then in order that inequality (5) become an equality, it is necessary
and sufficient that there exist a system of points

(0)

0< x<10> < <@y, <27
such that:
q 1/q
1 27 | 2n ©) ©)
1°. sup E,(f). = — / a;, K (t—ux; dt , 6
s 0= H [T a0 ) ®
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where

2n>p>q>1, D, q F 1, i=1,2,...,2n.

2°. sign{ K, (t — :EEO))} -sign{ K, (t — 955?1)} <0

almost everywhere on the interval 0 <¢ <27, i=1,2,...,2n — 1.

3°. All the functions ‘Kn (t— xio))’ are proportional on the interval 0 < ¢t < 27,
1=1,2,...,2n, where
Kn(t) = K(t) - T’r’:71<t)7

and T_,(t) is the polynomial of best approximation to the function K(t) of
degree n — 1 in L9.

If, however, p = oo, then for (5) to become an equality it is necessary that there
exist a system of points

(0)

0<a? <al) << <2l <o
such that:
1 2w | 2n
1. sup E,(f). = — / S al K (t—a")| dt. (8)
peH T Jo i=1
9 siond K (+ — 2O . g _ .0
. gn{ n(t wi )} Slgn{Kn(t xi-‘rl)} S 0
almost everywhere on the interval 0 < ¢ < 27, ¢ = 1,2,...,2n — 1, where

K, (t)=K(t)—Tr_,(t), and T_,(t) is any polynomial of best approximation
in the mean to the function K(t) of order n — 1.
If these conditions are satisfied for some trigonometric polynomial T)F_,(¢) of

best approximation in the mean to the function K(¢) of order n — 1, then (5)
turns into the equality (5).

Theorem 3. If K(t) € L, K(t + 2m) = K(t), ¢(t) is any continuous function
with period 27,

fla) =+ / K(t— o)p(t) dt, (9)
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then

2n

S @K ()
=1

1 2m
< —
E.(fle < {o<m1<93§2n<2w /0 dt} E,(¢)c,  (10)

where @, is a function of the parameters z; (1 < j < 2n, j # i), defined by (7).
The inequality (10) cannot be improved.

Corollary. Let f(z) be a periodic function with period 27, having a continuous
r-th derivative f")(z); then

B.(fe < “TE,(f"),., n=12,.. (1)

If, moreover, the conjugate function f () has a continuous 7-th derivative f ") (),
then

E,(fe < —FE(f"), n=12.. (12)

Here K, ﬁr are the Favard constants (3,7 ). The constants cannot be improved.

4. We now consider the case p = 1, K(t) € C[0,w]. Let Hy, be the class of
functions ¢(t) of bounded variation on [0, w] with norm | g/, = j(;w |dg| < 1.

Put

1 w
F(:z:):f/ K(t—x)dg(t). (13)

W Jo

Theorem 4. If K(t) € C[0,w], then

1

MY = E (F)o=—E (K)q. 14
wx B, (F) = B, (K)o (14
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