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Abstract
Full Text
MATHEMATICS
P. P. BELINSKII

ON THE AREA MEASURE UNDER A QUA-
SICONFORMAL MAPPING
(Presented by Academician M. A. Lavrent’ev on 6 III 1958)

It is known that under a 𝑞-quasiconformal mapping with small 1 − 1/𝑞 = 𝜀, the
mapping is close to a conformal one, and, under the corresponding normalization,
close to the identity mapping (1,2 ). However, up to now estimates of the change
of area under such a mapping have been unknown. In the present note an
estimate is given for the change of area of the form |Δ𝜎| ≤ √𝜀 + 𝑂(𝜀) for 𝑞-
quasiconformal mappings. Along the way, the fact is once again proved that
under quasiconformal mappings, sets of measure zero go into sets of measure
zero (3).
Let the rectangle 𝐾 ∶ 0 < 𝑥 < 𝜆, 0 < 𝑦 < 1/𝜆 of the plane 𝑧 = 𝑥 + 𝑖𝑦 be
mapped 𝑞-quasiconformally onto the rectangle 0 < 𝑢 < 𝜇, 0 < 𝑣 < 1/𝜇 of
the plane 𝑤 = 𝑢 + 𝑖𝑣, in such a way that the vertices go into the corresponding
vertices. Let us compute Im ∫Γ 𝑤(𝑧) 𝑑𝑧, where Γ is the boundary of the rectangle
𝐾:

Im ∫
Γ

𝑤(𝑧) 𝑑𝑧 = ∫
Γ

𝑢 𝑑𝑦 + 𝑣 𝑑𝑥 = ∫
1/𝜆

0
𝜇 𝑑𝑦 − ∫

𝜆

0

1
𝜇 𝑑𝑥 = 𝜇

𝜆 − 𝜆
𝜇.

On the other hand:

∣∫
Γ

𝑤(𝑧) 𝑑𝑧∣ ≤ ∬
𝐾

|−(𝑢𝑦+𝑣𝑥)+𝑖(𝑢𝑥−𝑣𝑦)| 𝑑𝑥 𝑑𝑦 ≤ (√𝑞 − 1√𝑞 ) ∬
𝐾

√𝐷(𝑢, 𝑣)
𝐷(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦.

Comparing with the preceding, we obtain

∣𝜇𝜆 − 𝜆
𝜇∣ ≤ (√𝑞 − 1√𝑞 ) ∬

𝐾
√𝐷(𝑢, 𝑣)

𝐷(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦. (1)

Now let, for definiteness, 𝜇 ≥ 𝜆. Subject the plane 𝑤 to a compression in the
direction of the 𝑣-axis by 𝑡 ≥ 1 times and to a stretching along the 𝑢-axis by the
same factor (in the case 𝜇 < 𝜆 we interchange 𝑢 and 𝑣). In this case there will
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be obtained a mapping of the rectangle 𝐾 onto a rectangle with sides 𝑡𝜇 and
1/𝑡𝜇. The characteristic 𝑝(𝑧), obviously, will not exceed 𝑡2𝑞, and the Jacobian
will not change. Then, according to (1):

∣ 𝑡𝜇𝜆 − 𝜆
𝑡𝜇∣ ≤ (𝑡√𝑞 − 1

𝑡√𝑞 ) ∬
𝐾

√𝐷(𝑢, 𝑣)
𝐷(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦.

Dividing both sides of the obtained inequality by 𝑡, passing to the limit as
𝑡 → ∞, and taking into account that 𝜇 ≥ 𝜆, we obtain

1√𝑞 ≤ ∬
𝐾

√𝐷(𝑢, 𝑣)
𝐷(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦. (2)

We divide the rectangle 𝐾 into two subsets 𝑆1 and 𝑆2. Applying Bunyakovsky’
s inequality to (2), we obtain

1√𝑞 ≤ [mes 𝑆1 ⋅ ∬
𝑆1

𝐷(𝑢, 𝑣)
𝐷(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦]

1/2

+[mes 𝑆2 ⋅ ∬
𝑆2

𝐷(𝑢, 𝑣)
𝐷(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦]

1/2

. (3)

From the inequality obtained one can derive yet another proof of the fact
that a mapping from the closure of the class of continuously differentiable 𝑞-
quasiconformal mappings carries a set of measure zero into a set of measure
zero.

To prove this, let us first note that inequality (3) remains valid, since it is
known that Green’s formula is legitimately applicable in the case of a mapping
belonging to the closure of the class of 𝑞-quasiconformal mappings.

Denote the images of the sets 𝑆1 and 𝑆2 by 𝑆′
1 and 𝑆′

2. It is clear that

mes 𝑆′
2 ≥ ∬

𝑆2

𝐷(𝑢, 𝑣)
𝐷(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦.

If mes 𝑆1 = 0, then from (3) it follows that

mes 𝑆′
1 = 1 − mes 𝑆′

2 ≤ 1 − ∬
𝑆2

𝐷(𝑢, 𝑣)
𝐷(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦 ≤ 1 − 1

𝑞 . (4)

If we assume that mes 𝑆′
1 > 0, then, considering the mapping in a neighborhood

of some point of density of 𝑆′
1, it is possible, by means of auxiliary conformal

transformations, to obtain a mapping carrying a set of measure zero into a set
whose measure is arbitrarily close to one, which contradicts (4).
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Denote mes 𝑆1 by 𝜎, and mes 𝑆′
1 by 𝜎 + Δ𝜎. Then (3) gives

1√𝑞 ≤ √𝜎(𝜎 + Δ𝜎) + √(1 − 𝜎)(1 − 𝜎 − Δ𝜎). (3’)

Solving the last inequality with respect to Δ𝜎 and denoting 1 − 1/𝑞 = 𝜀, we
obtain

|Δ𝜎| ≤ 𝜀|1 − 2𝜎| + 2√𝜎(1 − 𝜎)√𝜀 + 𝜀2, (5)

or, for small 𝜀,

|Δ𝜎| ≤ √𝜀 + 𝑂(𝜀). (5’)

Inequality (5′) is easily transferred to the case of a mapping of the disk onto
itself with the normalization 𝑤(0) = 0.
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