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Abstract
Full Text
MATHEMATICS
A. VINOGRADOV, Corresponding Member of the Academy of Sciences of the
USSR,
B. DELAUNAY and D. FUKS

ON RATIONAL APPROXIMATIONS TO IR-
RATIONAL NUMBERS WITH BOUNDED
PARTIAL QUOTIENTS
In the well-known master’s dissertation of A. A. Markov (the elder) (1), if one
speaks in language more modern for us (see (2)), the problem of two-dimensional
extremal lattices Γ was solved to a considerable extent for the case when the
excluded region 𝛾 is |𝑢 ⋅ 𝑣| < 1 and the additional condition is that only one
point of the lattice 𝑂 should lie in 𝛾, at its center. To such lattices correspond
Markov extremal classes {𝑀} of indefinite binary quadratic forms. It turned
out that the areas 𝜆𝑀 of the fundamental parallelograms of such lattices Γ that
are less than 3 form an increasing sequence

√
5,

√
8, √221

25 , … ,

converging to the number 3. The question of what the further “Markov spec-
trum,”i.e. the whole set of values 𝜆𝑀 , is remained unclear up to the present.

The basic lemma from which Markov proceeded consists in the fact that the
partial quotients of every extremal class {𝑀} form a two-sided infinite sequence

… 𝛼−3𝛼−2𝛼−1𝛼0𝛼1𝛼2𝛼3 … (1)

of bounded natural numbers, and, conversely, every completely arbitrary two-
sided infinite sequence of bounded natural numbers is the sequence of partial
quotients of some extremal class {𝑀}, where the area 𝜆𝑀 of the fundamental
parallelogram of its lattice Γ is the least upper bound of the numerical values
of the sums:

(0, 𝑎𝑛−1𝑎𝑛−2 …) + 𝑎𝑛 + (0, 𝑎𝑛+1𝑎𝑛+2 …) (2)

(where (0, 𝑎𝑛+1𝑎𝑛+2 …) is the symbol of a continued fraction), composed of ele-
ments of the sequence (1), considered for all 𝑛.
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Fig. 1

Figure 1: Fig. 1

On the other hand, since the time of Lagrange it has been known that any
irrational number 𝜃 has infinitely many such irreducible rational approximations
𝑝/𝑞 for which

∣𝜃 − 𝑝
𝑞 ∣ < 1

𝜆𝑞2 , (3)

if 𝜆 = 1. Hurwitz (3) showed that here one may take 𝜆 =
√

5, but that 𝜆
can no longer be replaced by a number greater than

√
5, valid for all 𝜃. Let

{𝜃} = {𝐿} be a Lagrange class of irrationalities, i.e. the set of so-called equivalent
irrationalities, that is, those which, starting from some places, have the same
expansion into a continued fraction, or, in other words, are expressed in terms of
one another unimodularly, integrally, by fractional-linear transformations. All
irrationalities split into such nonintersecting classes, and the least upper bound
𝜆𝜃

those values of 𝜆 for which inequality (3) still has infinitely many solutions, has
a definite finite value if and only if the partial quotients of the expansion of 𝜃
are bounded; and this value is the same for all numbers 𝜃 of one and the same
class {𝐿}, and therefore it may also be denoted by 𝜆𝐿.

In the paper (3) Gurvich notes that“the investigation of the numbers 𝜆𝐿 leads
to considerations analogous to those carried out in Markov’s paper (1)”and
states without proof the following two assertions: 1) for every irrational 𝜃 not
equivalent to

−1 +
√

5
2 ,

inequality (3) has infinitely many solutions already for 𝜆 =
√

8; 2) if
√

5 < 𝜆 < 3,
then only for a finite number of classes {𝐿} does inequality (3) not have infinitely
many solutions. It seems to us that the question of the connection between the
classes {𝐿} and {𝑀} has remained little clarified up to now.

Fig. 1

In the present note we solve two questions: 1) we investigate this connection,
using for this purpose one argument close to one already used by Mahler and
others for another purpose; 2) we note that from the theorem of M. Hall, Jr. (4),
on sums of two continued fractions with partial quotients not exceeding 4, it
follows immediately that the Markov spectrum, at least beginning with

5 +
√

2 = 6.41 … ,
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Fig. 2

Figure 2: Fig. 2

is continuous, i.e. constitutes a ray. One detail of this part of the spectrum was
considered by P. G. Kogoniya (5).
Fig. 2

§ 1. On the connection between {𝐿} and {𝑀}. Construct the Klein
polygons for the expansion of 𝜃 into a continued fraction and then stretch affinely
the resulting lattice Γ𝜃 with coefficient 𝜆𝜃 along the axis 𝑣. Then one obtains
(Fig. 1) a lattice Γ𝜃𝜆𝜃

having the property that the boundary of the domain
|𝑢 ⋅ 𝑣| < 1 will be the first hyperbola lying on the 𝑢-axis; moreover the area of
its fundamental parallelogram is equal to 𝜆𝜃. Let Γ𝑀 be the extremal Markov
lattice (Fig. 2); then one of its points lies in ⋯

at the origin 𝑂, no other lies in the domain |𝑢⋅𝑣| < 1, and either there are points
of it lying on the boundary of this domain, or there is a sequence of its points
hyperbolically approaching this boundary more and more closely. In the first
case we shall call the lattice Γ𝑀 attainable, and in the second unattainable.
Our aim is to find the relation between Fig. 1 and Fig. 2. The search for this
relation is based on the following reasoning, proposed for this purpose by one
of the authors of the present note (A. Vinogradov).

By virtue of the choice of 𝜆𝜃 there is a sequence of points of Γ𝜃,𝜆𝜃
hyperbolically

approaching the boundary 𝛾, and it may be chosen among admissible points. Let
𝐴, 𝐴1, 𝐴2 be such points, and let 𝐸, 𝐸1, 𝐸2, … be those reduced frames whose
first ends are these points. Consider the sequence of those equiaffine transfor-
mations of the plane under which 𝐸1 is transformed into 𝐸, 𝐸2 is transformed
into 𝐸, and so on. Under these transformations: 1) the lattice Γ𝜃,𝜆𝜃

is each
time carried into itself, since all the reduced frames are principal; 2) the points
𝐴1, 𝐴2, … are each time carried into the point 𝐴; 3) the origin 𝑂 remains fixed,
the pair of asymptotes 𝑢𝑣 is transformed into certain pairs 𝑢1𝑣1, 𝑢2𝑣2, …, and
the domain 𝛾 into certain domains 𝛾1, 𝛾2, …, where 𝛾𝑛 is the set of points whose
areas of the coordinate parallelograms with respect to the axes 𝑢𝑛𝑣𝑛 are less
than 1. From the sequence of pairs 𝑢𝑛𝑣𝑛 one can always choose a subsequence
𝑢(1)𝑣(1), 𝑢(2)𝑣(2), … converging to some limiting pair of straight lines 𝑢∗𝑣∗, which,
as is easy to see, by boundedness of the partial quotients will be distinct (this
can perhaps be done in various ways; then choose one of them), and let 𝛾∗ be
the corresponding limiting domain 𝛾 of 𝑢∗𝑣∗. Denote the frames corresponding
to the chosen subsequence by 𝐸(1), 𝐸(2), …, and their first ends by 𝐴(1), 𝐴(2), ….

Theorem 1. The lattice Γ𝜃,𝜆𝜃
, with respect to the domain 𝛾∗, is some attainable

Markov lattice.

Let Γ𝜃,𝜆𝜃
(1 + 𝜀) be the lattice obtained from Γ𝜃,𝜆𝜃

by an affine stretching from
the 𝑣-axis with coefficient 1 + 𝜀, where 𝜀 is a fixed positive number. Γ𝜃,𝜆𝜃

(1 + 𝜀)
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already has in 𝛾 only a finite number of points not lying on the 𝑢-axis, and
on the 𝑣-axis it has no points distinct from the point 𝑂, since 𝜃 is irrational.
Therefore there is a strip |𝑢| < 𝛿 such that in its intersection with 𝛾 there are no
points of Γ𝜃,𝜆𝜃

(1+𝜀), except the point 𝑂. Under the transformations considered,
the second axis is contracted all the time; and since the transformations are
equiaffine, the first is stretched; therefore the strip considered expands without
bound from the second axis. Hence in 𝛾(𝑛), for large 𝑛, all points of Γ𝜃,𝜆𝜃

(1 + 𝜀)
will lie sufficiently far from the origin 𝑂 along the axis 𝑢(𝑛). No point 𝑀 of
Γ𝜃,𝜆𝜃

(1 + 𝜀), except the point 𝑂, lies in 𝛾∗, for otherwise it would lie in all 𝛾(𝑛)

for sufficiently large 𝑛, which is impossible, since for large 𝑛 the image of the
strip |𝑢| < 𝛿 will cover this point 𝑀 . But there are also no points of Γ𝜃,𝜆𝜃
distinct from 𝑂 lying in 𝛾∗, since, if there were such a point, then for sufficiently
small 𝜀 the corresponding point of Γ𝜃,𝜆𝜃

(1+𝜀) would also lie in 𝛾∗. On the other
hand, the point 𝐴, by convergence of the points 𝐴(1), 𝐴(2), … to the boundary
𝛾, lies on the boundary 𝛾∗. And since all the transformations considered are
equiaffine, 𝜆𝐿 = 𝜆𝑀 .

We shall say that the Lagrange class {𝜃} = {𝐿} rests upon the Markov class
{𝑀} thus found.

From this proof the following consequences are obtained:

“insertions,”which may be quite arbitrary. Because of the arbitrariness of these
insertions, on one and the same attainable class {𝑀} there rests, generally
speaking, a continuum of classes {𝐿}. At the same time, in each case 𝜆𝐿 = 𝜆𝑀 .

II. If 𝜆 < 3, then the sequence (1) is periodic (Markov), and from its
properties (derived by Markov) it follows that the insertions are such
that the classes {𝐿} and {𝑀} are connected one-to-one, namely:
𝜃 = 𝑎0, 𝑎1𝑎2 … 𝑎𝑘(−)(−)(−) …, where (−) are the periods of the sequence
(1) corresponding to the class {𝑀}.

§ 2. Theorem 2. The set of numbers 𝜆𝐿 = 𝜆𝑀 , at least starting with 𝜆 = 5+
√

2,
is a ray.

By Hall’s theorem, jr., the sums of two infinite continued fractions (0, 𝑎1𝑎2 …)+
(0, 𝑏1𝑏2 …), where 𝑎𝑖 and 𝑏𝑗 are arbitrary natural numbers ⩽ 4, run through all
numbers of the interval from 2 ⋅ (0, 4141 …) =

√
2−1 to 2 ⋅ (0, 1414 …) = 4

√
2−4.

This interval has length 𝑑 = 3
√

2 − 3 > 1. If the sequence (1) is taken in the
form

… 𝑏3𝑏2𝑏1𝛼0𝑎1𝑎2𝑎3 … ,

where 𝛼0 ⩾ 6, then its sum (2) for 𝑛 = 0 is greater than 𝛼0, and for 𝑛 ≠ 0
is less than 𝛼0, i.e. its upper bound is attained at 𝑛 = 0, and it is equal to
𝛼0 + (0, 𝑎1𝑎2 …) + (0, 𝑏1𝑏2 …). Thus, starting with 6 +

√
2 − 1 = 5 +

√
2, an

interval of length 𝑑 of continuous spectrum is obtained; starting with 6 +
√

2,
the next such interval of length 𝑑, and so on. These intervals cover the ray
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extending to the right and beginning at 5 +
√

2. The determination of the least
𝜆̄ starting from which the Markov spectrum forms a ray, and the investigation
of the piece of the Markov spectrum between 𝜆 = 3 and 𝜆̄, will be given in the
next note.
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Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-195801.21310 Machine Translation

https://sovietrxiv.org/items/ru-195801.21310

	Abstract
	Full Text
	MATHEMATICS
	ON RATIONAL APPROXIMATIONS TO IRRATIONAL NUMBERS WITH BOUNDED PARTIAL QUOTIENTS
	CITED LITERATURE


