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RINGS OF LINEAR UNBOUNDED OPERA-
TORS WITH A RESOLUTION OF THE IDEN-
TITY AND THEIR REPRESENTATIONS
(Presented by Academician S. L. Sobolev, 31 III 1958)

In the present paper it is proved that the totality 𝔄(𝑃) of all linear operators
in a Hilbert space ℌ which commute, in a definite sense, with a resolution of
the identity 𝑃 , forms a ring with respect to naturally defined addition and
multiplication of operators. The ring 𝔄(𝑃) is closed with respect to “uniform”
as well as “strong”passage to the limit (see below). If the resolution of the
identity 𝑃 has finite multiplicity, then every operator 𝐴 ∈ 𝔄(𝑃) is isomorphic
to the operator of multiplication by a functional matrix in a certain space ℒ2

𝜎 of
vector functions square-integrable with respect to a matrix distribution function
𝜎. At the same time the concept of “spectrality”of an unbounded operator is
generalized (1−4), and a canonical form of a spectral operator, analogous to the
canonical form of a self-adjoint operator, is also constructed.

By a resolution of the identity of the Hilbert space ℌ we shall here mean
a family 𝑃 = {𝑃(Δ)} of linear bounded operators 𝑃(Δ), Δ ∈ 𝐵 (𝐵 is the
Borel field of subsets of the complex plane 𝑍), satisfying the conditions: (I)
𝑃 (Δ1 ∩Δ2) = 𝑃(Δ1)𝑃 (Δ2); (II) 𝑃(Δ1 ∪Δ2) = 𝑃(Δ1)+𝑃(Δ2), if Δ1 ∩Δ2 = Λ
(Λ is the empty set); (III) 𝑃(Λ) = 0, 𝑃 (𝑍) = 𝐼 (𝐼 is the identity operator); (IV)
‖𝑃 (Δ)‖ ≤ 𝐾 < ∞; (V) 𝑃(Δ) is a countably additive function of Δ in the sense
of strong convergence of operators. Obviously, 𝑃(Δ), Δ ∈ 𝐵, is a projection
(idempotent) operator. Since the condition [𝑃 (Δ)]∗ = 𝑃(Δ) is not assumed to
be fulfilled, the projections, generally speaking, will not be orthogonal. However,
by virtue of (IV), the “angle of projection”cannot become arbitrarily small.*

A class 𝐶 = {Δ} of bounded sets Δ ∈ 𝐵 will be called 𝑃 -admissible if: (VI)
𝐶 contains the union of any of its elements; (VII) 𝐶 contains every Borel
subset of any of its elements; (VIII) 𝐶 contains some increasing sequence {Δ𝑛},
𝑛 = 1, 2, …, such that
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𝑃 (
∞
⋃
𝑛=1

Δ𝑛) = 𝐼.

It is proved that the intersection of any finite number of 𝑃 -admissible classes is
also a 𝑃 -admissible class.

A closed operator 𝐴 from ℌ into ℌ with dense domain of definition 𝔇(𝐴) will be
called commuting with 𝑃 = {𝑃(Δ)} (more precisely, 𝐶-commuting), if there
exists such a 𝑃 -admissible class 𝐶 that: (IX) 𝑃(Δ)ℌ ⊂ 𝔇(𝐴) for every Δ ∈ 𝐶;
(X) 𝑃(Δ)𝔇(𝐴) ⊂ 𝔇(𝐴) for every Δ ∈ 𝐵; (XI) 𝑃(Δ)𝐴𝑥 = 𝐴𝑃(Δ)𝑥 for every
𝑥 ∈ 𝔇(𝐴) and Δ ∈ 𝐵**. Let

* A more general definition of a resolution of the identity in a Banach space
belongs to Dunford (1).
** The expediency of introducing the notions of a 𝑃 -admissible class and a
𝐶-commuting operator is suggested by the considerations contained in (2).
𝐴 is an operator, 𝐶-permutable with 𝑃(Δ). Put 𝐴(Δ) = 𝐴𝑃(Δ), Δ ∈ 𝐶. We
shall call the operator function 𝐴(Δ) a 𝐶-basis of the operator 𝐴.

Lemma. 1) 𝐴(Δ), Δ ∈ 𝐶, is a linear bounded operator defined on all of ℌ.

2) The 𝐶-basis 𝐴(Δ) satisfies the condition

(𝛼) 𝑃(Δ1)𝐴(Δ2) = 𝐴(Δ2)𝑃 (Δ1) = 𝐴(Δ1 ∩ Δ2), Δ1, Δ2 ∈ 𝐶.
3) If for every Δ ∈ 𝐶 𝐴(Δ) is a linear bounded operator defined on all

of ℌ, and condition (𝛼) is fulfilled, then there exists an operator 𝐴, 𝐶-
permutable with 𝑃 , such that 𝐴𝑃(Δ) = 𝐴(Δ), Δ ∈ 𝐶.

4) If 𝐶1 and 𝐶2 are two 𝑃 -admissible classes and the operator function 𝐴(Δ),
defined on 𝐶1 ∪ 𝐶2, is a 𝐶1-basis of the operator 𝐴1 and a 𝐶2-basis of the
operator 𝐴2, then 𝐴1 = 𝐴2. In particular, 𝔇(𝐴1) = 𝔇(𝐴2).

5) For every operator 𝐴 permutable with 𝑃 there exists a 𝑃 -admissible class
𝐶𝐴, containing any 𝑃 -admissible class 𝐶 satisfying the conditions in the
definition of permutability (condition (IX)).

We shall denote the totality of all operators 𝐴 permutable with 𝑃 by 𝔄(𝑃). Let
𝐴, 𝐵 ∈ 𝔄(𝑃). Then the operator functions 𝐴(Δ) + 𝐵(Δ), and also 𝐴(Δ)𝐵(Δ),
Δ ∈ 𝐶𝐴 ∩𝐶𝐵, satisfy condition (𝛼). Consequently, by virtue of the lemma, they
uniquely determine operators permutable with 𝑃 , for which they themselves
serve as the corresponding bases. These operators are taken, by definition,
as the sum 𝐴 + 𝐵 and the product 𝐴𝐵. It is easy to see that 𝔄(𝑃) forms a
ring (noncommutative) with respect to addition and multiplication of operators,
or, more precisely, a noncommutative algebra of infinite rank over the field of
complex numbers. We note that if 𝐴, 𝐴1 ∈ 𝔄(𝑃), 𝐴𝐴1 = 𝐴1𝐴 = 𝐼 , then 𝐴1 =
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𝐴−1 in the sense of the usual definition of the inverse operator. In particular,
𝔇(𝐴1) = ℜ(𝐴) and ℜ(𝐴1) = 𝔇(𝐴) (𝔇( ) is the domain of definition; ℜ( ) is
the range).

We shall say that a sequence {𝐴𝑛}, 𝑛 = 1, 2, …, of operators from 𝔄(𝑃) converges
uniformly (strongly) to an operator 𝐴 ∈ 𝔄(𝑃), if there exists a 𝑃 -admissible
class 𝐶 such that 𝐶 ⊂ 𝐶𝐴 ∩ 𝐶𝐴1

∩ 𝐶𝐴2
∩ ⋯ and for every Δ ∈ 𝐶 the sequence

of (bounded) operators {𝐴𝑛(Δ)} = {𝐴𝑛𝑃 (Δ)} converges uniformly (strongly)
to the operator 𝐴(Δ) = 𝐴𝑃(Δ). The uniform, and also the strong, complete-
ness of the ring 𝔄(𝑃) is proved. Obviously, strong convergence is weaker than
uniform convergence. However, if 𝐴𝑛 → 𝐴 strongly in the sense of 𝔄(𝑃),
𝑥 ∈ ⋂∞

𝑛=1 𝔇(𝐴𝑛), and the sequence of vectors {𝐴𝑛𝑥} converges in norm, then
𝑥 ∈ 𝔇(𝐴) and 𝐴𝑛𝑥 → 𝐴𝑥.
It is possible to construct analytic functions 𝐹(𝐴) of operators of the ring 𝔄(𝑃).
For this it is enough to verify that the operator function 𝐹(𝐴(Δ)) satisfies
condition (𝛼) and to define 𝐹(𝐴) as the operator having 𝐹(𝐴(Δ)) as its basis:
𝐹(𝐴)𝑃 (Δ) = 𝐹(𝐴(Δ)). The correspondence 𝐹(𝐴) ↔ 𝐹(𝜉) thus obtained (𝐹(𝜉)
is a function analytic in some neighborhood of the spectrum of 𝐴) has the
character of an algebraic and, roughly speaking, topological isomorphism.

We shall call the resolution of the identity 𝑃 = {𝑃(Δ)} of finite multiplicity
if there exists a subspace 𝔊 ⊂ ℌ of finite dimension such that the linear span of
vectors of the form 𝑃(Δ)𝑥, 𝑥 ∈ 𝔊, Δ ∈ 𝐵, is dense in ℌ.

If 𝑃 has finite multiplicity and for some operator 𝐴 ∈ 𝔄(𝑃) there exists an op-
erator 𝐴−1 having dense domain of definition, then also 𝐴−1 ∈ 𝔄(𝑃). Moreover,
in the case of a resolution of the identity of finite multiplicity it is possible to
construct the correspondence 𝐹(𝐴) ↔ 𝐹(𝜉) without assuming that 𝐹(𝜉) is ana-
lytic on the spectrum of 𝐴. In this case it is enough that 𝐹(𝜉) be differentiable
a definite, finite number of times. (In some cases it is enough that 𝐹(𝜉) be
𝑃 -measurable and finite almost everywhere.) Finally, 𝐴∗ ∈ 𝔄(𝑃), if 𝐴 ∈ 𝔄(𝑃).
Let 𝜎(Δ) = [𝜎𝑖𝑗(Δ)], 𝑖, 𝑗 = 1, … , 𝑟, Δ ∈ 𝐵, be a matrix distribution function,
i.e. the matrix 𝜎(Δ) is Hermitian, nonnegative, and is a countably additive
function of Δ. Denote by ℒ2

𝜎 the Hilbert space of all (classes, equivalent to one
another, of) vector functions 𝑓(𝜆) = [𝑓1(𝜆), … , 𝑓𝑟(𝜆)], 𝜆 ∈ 𝑍, square-integrable
with respect to 𝜎. The scalar product in ℒ2

𝜎 is given by the formula∗

⟨𝑓, 𝑓⟩ = ∫
𝑍

𝑓(𝜆) 𝜎(𝑑𝜆) 𝑓(𝜆) = ∫
𝑍

𝑓(𝜆) Σ(𝜆) 𝑓(𝜆) 𝜎0(𝑑𝜆).

Here we use the representation 𝜎(Δ) = ∫Δ Σ(𝜆) 𝜎0(𝑑𝜆), where 𝜎0(Δ) is a numer-
ical distribution function, for example the trace of 𝜎(Δ). The Radon–Nikodym
derivative Σ(𝜆) = 𝜎(𝑑𝜆)/𝜎0(𝑑𝜆) is a nonnegative matrix for almost all 𝜆 (with re-
spect to 𝜎). We shall say that a functional matrix Γ(𝜆) = [Γ𝑖𝑗(𝜆)], 𝑖, 𝑗 = 1, … , 𝑟,
belongs to the class 𝒢𝜎, if the elements Γ𝑖𝑗(𝜆) are 𝜎-measurable, almost every-
where finite functions of the complex variable 𝜆 ∈ 𝑍. For Γ(𝜆) ∈ 𝒢𝜎, by 𝔇(Γ)
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we denote the set of all those 𝑓(𝜆) ∈ ℒ2
𝜎 for which also 𝑓(𝜆)Γ(𝜆) ∈ ℒ2

𝜎. For
𝑓 ∈ 𝔇(Γ) put (Γ𝑓)(𝜆) = 𝑓(𝜆)Γ(𝜆). The operator Γ will be called the operator
of multiplication by the functional matrix Γ(𝜆). The operator Γ may be un-
bounded even when all elements Γ𝑖𝑗(𝜆) of the matrix Γ(𝜆) are bounded. The
formula holds

|Γ| = vraimax |Γ(𝜆)|,
where

|Γ(𝜆)| = sup
𝛼

(𝛼Γ(𝜆)Σ(𝜆)𝛼Γ(𝜆))1/2(𝛼Σ(𝜆)𝛼)−1/2.

For any matrix Γ(𝜆) ∈ 𝒢𝜎, the manifold 𝔇(Γ) is dense in ℒ2
𝜎, and the operator

Γ is a closed operator. The adjoint operator Γ∗ is the operator of multiplication
by any matrix Γ∗(𝜆) ∈ 𝒢𝜎 satisfying the relation

Γ(𝜆)Σ(𝜆) = Σ(𝜆)Γ∗(𝜆)

almost everywhere.

Put Π(Δ; 𝜆) = 𝜒Δ(𝜆)𝐸, where 𝐸 is the identity matrix and 𝜒Δ(𝜆) is the char-
acteristic function of the Borel set Δ ⊂ 𝑍. Let Π(Δ) be the operator of multi-
plication by the functional matrix Π(Δ; 𝜆). The family Π = {Π(Δ)}, Δ ∈ 𝐵, is
a resolution of the identity for the normal operator Λ of multiplication by the
functional matrix 𝜆𝐸.

Theorem 1. For every resolution of the identity 𝑃 of finite multiplicity in a
Hilbert space ℌ, there exists a space ℒ2

𝜎 and a linear one-to-one and bicontinuous
mapping 𝑀 of the space ℌ onto ℒ2

𝜎 such that 𝑀𝑃(Δ)𝑀−1 = Π(Δ) for all Δ ∈ 𝐵.

Theorem 2. In order that an operator 𝑇 from ℒ2
𝜎 into ℒ2

𝜎 belong to the ring
𝔄(Π), it is necessary and sufficient that 𝑇 be the operator of multiplication by
some functional matrix Γ(𝜆) of class 𝒢𝜎.

Finally, let us consider the so-called spectral operators. In the present paper an
operator 𝐴 from ℌ into ℌ is called a spectral operator with resolution of
the identity 𝑃 if: a) 𝐴 ∈ 𝔄(𝑃); b) the spectrum of the operator induced by 𝐴
on the subspace 𝑃(Δ)ℌ is contained in the closure of the set Δ for all Δ ∈ 𝐶𝐴.
This definition is a generalization of the corresponding definition belonging to
Bade (2).
The following analogue of Dunford’s theorem is valid:

Theorem 3. In order that an operator 𝐴 ∈ 𝔄(𝑃) be a spectral operator with
resolution of the identity 𝑃 , it is necessary and sufficient that

∗ For an arbitrary rectangular matrix Γ = [Γ𝑖𝑗], 𝑖 = 1, … , 𝑟; 𝑗 = 1, … , 𝑠, by
Γ is denoted the Hermitian conjugate matrix. For example, if 𝛼 = [𝛼1, … , 𝛼𝑟],
𝛽 = [𝛽1, … , 𝛽𝑟], then

𝛼𝛽 = 𝛼1𝛽1 + ⋯ + 𝛼𝑟𝛽𝑟.
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root part 𝐴, i.e. the operator 𝑁 = 𝐴 − ∫𝑍 𝜆𝑃(𝑑𝜆)*, on every subspace 𝑃(Δ)ℌ,
Δ ∈ 𝐶𝐴, induces a generalized nilpotent operator (in the sense of I. M. Gelfand).

The multiplicity of the spectrum of a spectral operator 𝐴 with a resolution
of the identity 𝑃 will be called the multiplicity of 𝑃 . The root part 𝑁 of
a spectral operator 𝐴 with a spectrum of finite multiplicity may also be an
unbounded operator. However, it is always a nilpotent operator: 𝑁𝑠 = 0, where
the nonnegative integer 𝑠 does not exceed the multiplicity of the spectrum of
𝐴. Indeed, if 𝑀 is the linear homeomorphism described in Theorem 1 and 𝐴 is
a spectral operator with a finite-multiplicity resolution of the identity 𝑃 , then
𝑀𝐴𝑀−1 = Γ, where Γ is the operator of multiplication by a functional matrix
of the form 𝜆𝐸 +𝑁(𝜆); 𝑁(𝜆) is, for almost all 𝜆 (with respect to 𝜎), a nilpotent
matrix.

In Theorem 1 the operator 𝑀 is an isomorphism of the spaces ℌ and ℒ2
𝜎. Let us

note that the metric in the space ℒ2
𝜎 can be changed so that the corresponding

isomorphism, under which the operators 𝑃(Δ) pass into the operators Π(Δ)
and, in general, the operators of the ring 𝔄(𝑃) into the operators of the ring
𝔄(Π), will be a unitary operator.

In addition, let us note that, using the known results of the theory of self-adjoint
operators, it is not difficult to prove the existence of a complete system of
generalized eigenfunctions and associated functions for every spectral operator.
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