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Abstract

Full Text
MATHEMATICS
P. I. SHVEIKIN

INVARIANT CONSTRUCTIONS ON AN m-
DIMENSIONAL SURFACE IN AN n-DIMENSIONAL
AFFINE SPACE

(Presented by Academician I. G. Petrovskii on 14 IV 1958)

With the current point A of the surface there is associated an arbitrary frame
MNE, (o, =1,2,...,n). The surface is given by the equation dA = w*ASE,,
(a,b,c,dye, f = 1,2,...,m), where w® are Pfaff forms determining the group
of analytic transformations of the parametrization. Prolongations of this equa-
tion lead to a sequence of fields of fundamental objects of the surface. For
every w the fundamental object {A},, of order w consists of the components
AG AT o s AGL 4w, symmetric in the lower indices. It is known (1) that by
a field of a fundamental object of sufficiently high order one may cover a field
with any generating object. The aim of the paper is the construction and study
of such coverings. The work is carried out by the invariant-group method of G.
F. Laptev (1).

In the constructions the following geometric objects with constant components

. RbL.BT — sbl b" blbt — L ogbtlbtetiertite

are used: B0, = 5(a1 5(”), B =0, 17>21, s#m :Tal...a’“,b =
bl..b% pel.crtize, : : . ; 3 .
By 0Bt arpi €ayay..a, 18 the unit n-vector; €142 om is the unit m-vector;
€atoar, aboag,..., ab, is a relative tensor, symmetric in the indices belonging

..uZnT
to one series and skew-symmetric with respect to the series, where
(m+r—1)!

T =T m )
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1. Relative tensors are constructed
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and p is the number such that

my+-+my_; <n<my A+ my,
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The vanishing of the first (second) of these tensors is equivalent to a de-
crease in the dimension of the osculating plane of order p — 1 (p).

. A nonzero relative invariant cannot be covered by the object {A}, ;, and
therefore the problem of covering it by the object {Ap} is of interest. In

the case when ¢ is either equal to 2, or is a divisor of m,

is nonzero, the relative invariant

1 p+p
a (% DN N 7

where
1 4p.1 .p 1 p.1 P 1 .p 1 .p
I . . %bl .biey..cf %bq ...chq.“cchl €T s weey CqeeCq
1 ptp 1 ,ptp = s o+ 1 ap p
aj..al™, .. al..af al..a®™® al..al™? bi..bY, ..., bl..b¢

In the case when z(x = m,, — q) is a divisor of m, the relative invariant
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K* = Lah...a‘ff”, wyal..abi? La%m...a‘f;”, wnal aBiP X gah...a%m gai?’...aﬁfrf’
where
1 qptp 1 gptp 1..aP*P 1. .qbtP 1 4p 1 P 1 .p 1
a'..a s G _ ap-...ay LSRGy Az by b, by b Ty ey
1t.1r+p, gl gptr T %b%.“bfc;..cf %b;...bgc}c..cQXK ’ K T
1 1
Kb b bLbE é’bl .A.blf,.“,bimbg,c}...cf,.A.,c;...ch’Kcl o s
Lol cbich
In the case when ¢ = m,,, the relative invariant
sk a;t..al, ... al...ab
K *Ka%...af,.“,a}]...agg ! prm e,
The relative invariant K (similarly K*, K**) can be represented in the following
forms:
1 1 a;a aqa 1 ay...a, 1 aAq...
K= —ASVR = — ARV == A% VAT = AV

Here Vg'"“" are certain polynomials in the components of the object {A}p.
Their aggregate forms a geometric object. A sequence of geometric objects is

also formed by the quantities
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by...bg by...b
Mphe :?Aa Ve,

by.b, .
For example, Ma;__a’; is a tensor.
3. The basis of the subsequent constructions is a sequence of normal ob-
jects, which correspond to the objects of connections of higher degrees of

V. Hlavaty (). The normal object {n}, consists of components ng , ,

a a
a4 azass - Ma,..aws Symmetric in the lower indices. For {n}, the formula

has been obtained

no _ @ bibs bey...cPt
ajag 109,07 " bybycy...cPL)?

in which W ’b b"’ are quantities uniquely determined by the linear system

s ...cP b1b2

T M T WL, = Bhh By,
(The nondegeneracy of this system has been verified in the case when ¢ is either
equal to m,, or is a divisor of m.) To cover the following normal objects, a group
of formulas recurrent with respect to the index r (for arbitrary s) is given:

a,bt. b bs abl. b bs ol ertl
ﬁai...a& = % b’ ﬁai...a“’ % Lastrh Goigrets
bl..bs
mbb = b
7‘+1 r+1 ) L L
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M1 gsir = N1 cu LLLOS s 3’@1...63;’“*1@ ﬁdli_dv)d s
u a,bt. b2 P xbcl..cpr1 ds dl d° et e?
Mot ar+z = :D(p r—1)al...a™2b § : dlmds (M 177”r2 1.cpr-1 + Me My, .4.br+2c1“.cP*T*1> +
s=p—r—1
r+1 42

dprt2-u
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+©(p r—1)al..a™2b E 7”+1 fl Y E %’bl br+2 1 cpfr—17e><

xbel..cp 1 FE e flo Y
X m R+
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a . Y *a
N1 gre2 = g Tre2 M, r>p—1

bl..bv

Here g%, m*, and D5 are the unique solutions of the nondegenerate linear
systems

xe,bl..b* bl be
E — a
ﬁ ol ﬁv b T TatlatTb
..ev,
}:m R N
al..at 61 oo al..at’

e’ C,bl b@ bs a
Sdl d*el ercg(r)c % %

4. The following lemma has been proved, which makes it possible to construct
envelopes of some geometric objects by normal objects:

If the system

1 s 1 1 2 1
dXPb = XUV W e XD e — XY

2 .a” Lam1ecar ar c

w
bl b5 le be bl..b%,cl...ct bs . .
— X or ‘wl + g Xal,,.a7‘,c w® o T X o w°, w® =0,

cl.. ic

in which w¢, _, are invariant forms of the group of analytic transformations of

the parametrization, s # 7, and the coefficients X blb%elet are known functions
of the components of the normal object {n},,, is completely integrable, then the

set of functions

w w xe,cl..ct
1.ps bl..b%el..e? ’
X007 = E (t—1)n . E X R
al..a —s ..Cc al..a”e L
=2 ot el...ev,c

is its unique solution depending only on the components of the normal objects.

5. An invariant furnishing of the surface is given in the form of the linear
C1--
=T . E

ey h
space {eal%, s €q aya€e Cp}, where e ' a,

apy g ay...a,. e

r
C1.-Cs A v
= g m A .
a, Ap-Qp=2ey.cy
s=

It is shown that every tensor embraced by the fundamental object of the surface

is embraced by the tensors T3, .
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6. The following property (see (3)) of the tensors is indicated:

Qy...Qpiq

p
byb, _ 1 Z* byob, 1 rCy o,
T == ?T;‘l"'a;PFl mcl...crva ) s = 17 27 Ry 2
=S8

r—1 r+1
a _ ¥ @ €16t *p0n G €1--€¢-1 — .
ay..a.,b E melu.etmal...ar;b + E : mel...et,lbmal,,,cl ) r=23,..,p:
t=1 t=2

the surface on which these tensors are equal to zero, and only such a surface,
has the form

N
A:C+ —c Sa‘l...sar.
pl @10
r=1""

Here ¢, ¢, . ,, are constant vectors, and the vectors ¢, , are symmetric; the
ety ety

vectors ¢, ..., Cq o With different combinations of indices are linearly inde-
ey

pendent; the rank of the collection of vectors CqyswesC is equal to n, while

a;...a,

otherwise the vectors ¢,c,  , are arbitrary.

Q.

7. Invariants

[e%

H al..a™

are constructed which possess the following property: every invariant embraced
by the fundamental object of the surface is a function of them. This is done
with the aid of the tensor

— rcte?dt..dPm? mele?bl. bP72 |
Qap = Ta€1€2d1“‘dp72TbCIC2blA“bpiz7

of the tensor a®, whose components are the reduced minors of the elements of
the matrix [|a,,l|; of the tensors

— 1c2el.eP 2 plp2 b — bebl.. .bP2 Te2
a® = @ et p20” 7 Ao, Gq = Taglczbl,..bpﬂafac “ ey
of the tensors t{,t5,...,t% , which are obtained as the result of the action of

b

powers of the affinor a,

on the tensor a, and of the tensors

@y T

— 7B bl br
Hgl = Tbl.“brtal ety

in the following way:
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[e%

H, ,=I° T2

al..am" "B

r=1,2 ..

Here 15 are the reduced minors of the elements of the matrix of components of
the tensors

oo, H0g e U e
and ¢ tensors Hg from among the tensors
T Mcl...cptbl tbp
cl..cP7 bl bP "ay a,"
(The nondegeneracy of this matrix, and also of the matrix ||a,,|, is verified in

the case when ¢ is either equal to m,, or is a divisor of m.)

8. The vectors

.
Cal. ar = 11 E

al..am

r=1,2,..,p—1,  es=ILE,

are invariant. Their totality can be used as a canonical frame of the surface.
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