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(Presented by Academician I. M. Vinogradov on 18 II 1958)

The embedding problem assumes as given a normal extension 𝑘/Ω with Ga-
lois group 𝐹 , a group 𝐺, and an epimorphism 𝜑 ∶ 𝐺 → 𝐹 . It is required to
find conditions under which there exists a normal extension 𝐾/Ω with Galois
group 𝐺 such that 𝐾 ⊃ 𝑘 and the epimorphism 𝜑 coincides with the natural
homomorphism of the Galois group of the field onto the Galois group of the
subfield.

The group 𝐺 is called a split extension of its image 𝐹 under the homo-
morphism 𝜑 if it contains a subgroup which is mapped isomorphically onto
𝐹 under 𝜑. There may be several such subgroups. In what follows we shall
consider one of them to be chosen and shall denote it by 𝐹 . If the kernel of 𝜑
is 𝑁 , then 𝐺 = 𝐹 ⋅ 𝑁 . We shall say that 𝐺 is a split extension of the group
𝐹 with kernel 𝑁 .

The purpose of the present note is to announce the following result:

Theorem 1. The embedding problem is solvable for any field of algebraic
numbers 𝑘, if 𝐺 is a split extension with nilpotent kernel.

This theorem contains, as special cases, a number of results obtained earlier
in the embedding problem and in the problem of constructing fields with a
prescribed Galois group.

If 𝐹 = 1, then Theorem 1 proves the existence of an extension with arbitrary
nilpotent Galois group 𝑁 , which had been proved, when the order of 𝑁 is odd,
by Scholz (1) and Reichardt (2), and for an arbitrary group 𝑁 by the author
(3). In the case where the kernel 𝑁 is abelian, Theorem 1 was proved by Scholz
(4) and, by a more direct method, by Delone and Faddeev (5). In the cases
where the group 𝑁 is a 𝑝-group of class ≤ 𝑝 or the orders of the groups 𝐺 and
𝑁 are relatively prime, Theorem 1 was proved by the author (6). Since every
solvable group 𝔊 is a quotient group of a group 𝐺 obtained by a chain of split
extensions with nilpotent kernels (7), Theorem 1 implies the existence of a field
of algebraic numbers with an arbitrary solvable Galois group. This fact was
earlier proved by the author (8) on the basis of the solution of a certain more
artificial embedding problem.

The proof of Theorem 1 is based on considerations close to those used in the
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author’s papers (3,6,8). The main difference is that the notion of a Scholz field
used in those papers is now replaced by the notion of a relatively Scholz field.
It is obvious that one may restrict oneself to the case where 𝑁 is a group of
order 𝑙𝛼, where 𝑙 is a prime number. Let us first consider the case where 𝐺 is
also an 𝑙-group. The subfield of the field 𝐾 belonging to the subgroup 𝐹 will
be denoted by 𝐿.

We shall call the field 𝐾 relatively Scholz (relative to 𝑘) if the following condi-
tions are satisfied for it:

1. From each prime divisor of the discriminant of the field 𝑘/Ω there splits
off in 𝐿 a prime factor of the first order in the first degree.

2. The prime divisors of the discriminant 𝐾/𝑘 decompose in 𝐾 into prime
divisors of degree 1, and in 𝑘/Ω are not critical and have order 1.

3. The absolute norms of the prime divisors of the discriminant 𝐾/𝑘 satisfy
the conditions

𝔑(𝔭) ≡ 1 (mod 𝑙ℎ),

where ℎ is sufficiently large.

4. The prime divisors 𝑙 split completely in 𝐾/𝑘.

5. The real infinitely remote divisors of 𝑘 remain real in 𝐾.

The connection of this notion with the embedding problem is based on the
following theorem. Let 𝑍 be a normal divisor of order 𝑙 in 𝑁 . Denote by 𝑁 ,
𝐺, and 𝐾 the groups 𝑁/𝑍, 𝐺/𝑍, and the field having Galois group 𝐺. The
homomorphism 𝜑 ∶ 𝐺 → 𝐺 maps 𝐹 isomorphically. Identifying 𝜑𝐹 with 𝐹 , we
may write that 𝐺 = 𝑁 ⋅ 𝐹 . The subfield of 𝐾 belonging to 𝑁 will be denoted
by 𝑘.

Theorem 2. The embedding problem determined by the field 𝐾 and the homo-
morphism 𝜑 ∶ 𝐺 → 𝐺 is solvable if the field 𝐾 is relatively-Scholz (relative to
𝑘).

Let now the order of 𝐺 be arbitrary. Denote by 𝐻 the Sylow 𝑙-subgroup of 𝐺.
Let 𝐴 be the minimal Abelian normal divisor of 𝐺 lying in 𝑁 . Put 𝐺/𝐴 = 𝐺,
𝐻/𝐴 = 𝐻, 𝑁/𝐴 = 𝑁 , and denote by 𝜑 the homomorphism of 𝐺 onto 𝐺. The
field with Galois group 𝐺 over the field 𝜘 will be denoted by 𝐾/𝜘, and its
subfields belonging to 𝐻 and 𝑁 by Ω and 𝑘. Applying the reduction theorem
of Faddeev (9) and Kochendörffer (10), one can obtain from Theorem 2 the
following result.

Theorem 3. The embedding problem determined by the field 𝐾/𝜘 and the
homomorphism 𝜑 ∶ 𝐺 → 𝐺 is solvable if the field 𝐾/Ω is relatively-Scholz
(relative to 𝑘).
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The field 𝐾 which is a solution of the embedding problem formulated in Theorem
3 will not, in general, be relatively-Scholz. Conditions for it to be possible to
choose it to be relatively-Scholz can be found analogously to the way this was
done in the works (3,6,8). They consist in the equality to one of certain invariants
𝜒𝑖(𝐾) of the field 𝐾, whose values are roots of 𝑙-th degree of 1.

Suppose that the group 𝑁 has 𝑑 generators 𝑠1, … , 𝑠𝑑, and that the group 𝐹 has
order 𝑚. Consider the reduced free group of class 𝑐, 𝔐𝑐

𝑑, with 𝑚𝑑 generators
𝜎𝑓,𝑖, 𝑖 = 1, … , 𝑑, 𝑓 ∈ 𝐹 , whose factor group is 𝑁 . Defining the permutation 𝑓
with 𝜎𝑓,𝑖 by the rules

𝑓−1
1 𝜎𝑓,𝑖𝑓1 = 𝜎𝑓𝑓1,𝑖,

we obtain the group 𝐹 ⋅ 𝔐𝑐
𝑑, which we shall denote by 𝔊𝑐

𝑑. The mapping

𝑓 → 𝑓, 𝜎𝑓,𝑖 → 𝑠𝑓
𝑖

defines a homomorphism of 𝔊𝑐
𝑑 onto 𝐺, mapping 𝐹 isomorphically onto 𝐹 . It

follows from this that the solvability of the embedding problem determined by
the field 𝑘 and the homomorphism 𝔊𝑐

𝑑 → 𝐹 implies the solvability of the original
embedding problem.

Suppose that for every 𝑑 the existence has been proved of a field 𝐾𝑐−1
𝑑 ⊃ 𝑘

having Galois group 𝔊𝑐−1
𝑑 . For the possibility of embedding this field into the

field 𝐾𝑐
𝑑, it is necessary that the invariants 𝜒𝑖(𝐾𝑐−1

𝑑 ), mentioned above, be equal
to 1. Applying the apparatus developed in the works (3,6,8), one can obtain the
following assertion.

Theorem 4. For every natural number 𝛿 there exists a 𝑑(𝛿) such that in any
field 𝐾 𝑐−1

𝛿 containing 𝑘 and relatively Scholzian, there exists a subfield 𝐾 𝑐−1
𝛿 ,

also containing 𝑘, whose invariants 𝜒𝑖(𝐾 𝑐−1
𝛿 ) are equal to 1.

Such a field 𝐾 𝑐−1
𝛿 can therefore be embedded in a relatively Scholzian (over 𝑘)

field 𝐾𝑐
𝛿 . The successive application of this process gives the proof of Theorem

1.
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