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Abstract
Full Text
PHYSICS

B. A. TRUBNIKOV

RADIATION OF PLASMA IN A MAGNETIC
FIELD
(Presented by Academician M. A. Leontovich, 10 IX 1957)

1. In this paper we consider plasma radiation caused by the rotation of elec-
trons in a uniform magnetic field. The radiation spectrum of a fast electron
moving in a magnetic field consists, as is well known (1,2), of separate lines
—harmonics. Bearing in mind applications to the radio astronomy of the
Sun and the Galaxy, we shall restrict ourselves to consideration of high
overtones of the spectrum; moreover, we shall assume the real parts of the
refractive indices of the medium to be equal to unity, which is obviously
valid for sufficiently high frequencies. The distribution of electrons over
momenta is assumed isotropic:

𝑑𝑁 = 𝑓(|p|) 𝑑𝑝 = 𝑁(𝐸) 𝑑𝐸 𝑑𝑂𝑝
4𝜋 . (1)

Having determined, from the known general formula, the vector potential A𝜔
of the field produced by an electron, for the case of motion along a helix we find
the distribution of the radiation intensity ( ⃗𝛽 ≡ v/𝑐):

𝑑𝐽(𝜃)
𝑑𝜔 𝑑Ω = 𝑒2𝜔2

2𝜋𝑐
∞

∑
1

[(
cos 𝜃 − 𝛽∥

sin 𝜃 )
2

𝐽2
𝑛 + 𝛽2

⟂𝐽 ′ 2
𝑛 ] 𝛿[𝑛𝜔0 − 𝜔(1 − 𝛽∥ cos 𝜃)] . (2)

Here

𝐽𝑛 = 𝐽𝑛( 𝜔
𝜔0

𝛽⟂ sin 𝜃) ,

𝐽 ′
𝑛 are Bessel functions and their derivatives;

𝜔0 = ∣𝑒𝐻0
𝑚𝑐 ∣ √1 − 𝛽2
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is the frequency of rotation of the electron along the spiral; 𝜃 is the angle between
the direction of radiation and the magnetic field H0. For simplicity, in what
follows we restrict ourselves to the case 𝜃 = 𝜋/2.

Then it is not difficult to establish that the term with 𝐽 ′ 2
𝑛 in formula (2) corre-

sponds to radiation of linearly polarized (only for 𝜃 = 𝜋/2!) waves with E∼ ∥ H0
(“ordinary”wave)

𝜂(∥)
1 ≡ 𝑑𝐽 (∥)(𝜋/2)

𝑑𝜔 𝑑Ω = 𝑒2𝜔2

2𝜋𝑐
∞

∑
1

𝛽2
⟂𝐽 ′ 2

𝑛 (𝑛𝛽⟂) 𝛿(𝑛𝜔0 − 𝜔). (3)

The second term gives radiation of waves for which E∼ ⟂ H0 (“extraordinary”
wave):

𝜂(⟂)
1 ≡ 𝑑𝐽 (⟂)(𝜋/2)

𝑑𝜔 𝑑Ω = 𝑒2𝜔2

2𝜋𝑐
∞

∑
1

𝛽′ 2
⟂ 𝐽2

𝑛(𝑛𝛽⟂) 𝛿(𝑛𝜔0 − 𝜔). (4)

After averaging these formulas over the directions of the electron velocities, we
obtain

̄𝜂(∥,⟂)
1 = 𝑒2𝜔2

2𝜋𝑐
∞

∑
1

𝑆(∥,⟂)
𝑛 (𝛾) 𝛿(𝑛Ω

𝛾 − 𝜔) , (5)

where

Ω = ∣𝑒𝐻0
𝑚𝑐 ∣ , 𝛾 = 1

√1 − 𝛽2
= 𝐸

𝑚𝑐2 ,

𝑆(∥)
𝑛 (𝛾) = 1

4𝜋 ∮ 𝛽2
∥ 𝐽2

𝑛(𝑛𝛽⟂) 𝑑𝑂𝑝, 𝑆(⟂)
𝑛 (𝛾) = 1

4𝜋 ∮ 𝛽2
⟂𝐽 ′ 2

𝑛 (𝑛𝛽⟂) 𝑑𝑂𝑝. (6)

For large 𝑛 ≫ 1, approximate expressions of two types can be obtained for these
integrals:

for 𝑛
𝛾3 ≫ 1

𝑆(∥,⟂)
𝑛 (𝛾) = 𝑒2𝑛/𝛾

4𝑛√𝜋𝑛𝛾 (𝛾 − 1
𝛾 + 1)

𝑛
{𝛾2 − 1

2𝑛/𝛾 , 1} ; (7)

for 𝑛 ≫ 1, 𝛾 ≫ 1

𝑆(∥,⟂)
𝑛 (𝛾) = 1

4𝜋𝛾2√
3 [∫

∞

(2𝑛/3𝛾3)
𝐾5/3(𝑡) 𝑑𝑡 ∓ 𝐾2/3( 2𝑛

3𝛾3 )] . (8)
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Let us consider applications of the formulas obtained.

2. For nonrelativistic and weakly relativistic plasma temperatures, radiation
of high overtones is of interest only for large system sizes, when the initial
harmonics of the spectrum are found to be trapped. Such conditions are
realized, for example, in the solar corona. Let us find the radiation of a
plasma layer of thickness 𝑎; for this purpose we use the usual formula:

𝐼 (𝑖)
𝜔 = 𝜂(𝑖)

𝜔

𝛼(𝑖)
𝜔

(1 − exp [− ∫
𝑎

0
𝛼(𝑖)

𝜔 𝑑𝑠]) (9)

(𝑖—polarization). Here 𝜂(𝑖)
𝜔 is the emissivity per unit volume of plasma; 𝛼(𝑖)

𝜔 is the
absorption coefficient. It can be calculated in the following way. We shall take
the electron distribution function to be Maxwellian, 𝑓 = 𝑐 exp(−𝐸/𝑇 ); then,
using Kirchhoff’s law, one can find

𝛼(𝑖)
𝜔 = 𝜂(𝑖)

𝜔
𝐼0

= 4𝜋
𝐼0

∫
∞

0
𝑓 𝜂(𝑖)

1 𝑝2 𝑑𝑝, (10)

where 𝐼0 = 𝜔2𝑇 /8𝜋3𝑐2 is the equilibrium Rayleigh–Jeans flux. Hence, using
formulas (5) and (7) for 𝜂(𝑖)

1 , we obtain (for 𝜇 ≡ 𝑚𝑐2/𝑇 ≫ 1)

𝛼(∥,⟂)
𝜔 = (𝜔2

𝜆
𝑐Ω) 𝜇5/2𝑒2𝑥

23/2𝑥5/2 ∑
𝑛>𝑥

𝑒−𝜇( 𝑛
𝑥 −1)√(𝑛

𝑥)
2

− 1 (𝑛/𝑥 − 1
𝑛/𝑥 + 1)

𝑛
{(𝑛/𝑥)2 − 1

2𝑥 , 1} ,

(11)

where 𝜔2
𝜆 = 4𝜋𝑁𝑒2/𝑚, 𝑥 = 𝜔/Ω, 𝑁 is the electron density.

In computing the “optical thickness”∫ 𝛼 𝑑𝑠, we shall have to integrate 𝛼 over
different regions of the plasma, in which the magnetic field may have different
magnitude (we regard the direction of H as constant). This is equivalent to
averaging over the values |𝐻|, which, together with Doppler broadening, will
lead to a smearing of the individual absorption lines. Therefore the spectrum
may be regarded as continuous, with 𝐻0 understood as the mean field. Then
the sum in formula (11) may be replaced by an integral, which for 𝜇 ≫ 1, 𝑥 ≫ 1
we evaluate by the saddle-point method. As a result we obtain the formula

𝛼(∥,⟂)
𝜔 ≃ (𝜔2

𝜆
𝑐Ω)

√𝜋𝜇
4 (𝜀2 − 1)3/2 𝜇2

𝑥2 𝑒𝜇− 2𝑥
𝜀2−1 {𝜀2 − 1

2𝑥 , 1} , (12)

where 𝜀 is to be determined from the equation

2𝜀
𝜀2 − 1 − ln 𝜀 + 1

𝜀 − 1 = 𝜇
𝑥 . (13)
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In limiting cases the following approximations hold:

for 𝑥
𝜇 ≪ 1

𝛼(∥,⟂)
𝜔 ≃ (𝜔2

𝜆
𝑐Ω) √𝜋

4 𝜇𝑒 ( 𝑒𝑥
2𝜇)

𝑥−1/2
{ 1

𝜇, 1} ; (14)

for 𝑥 = 9𝑥
2𝜇 ≫ 1

𝛼(∥,⟂)
𝜔 ≃ (𝜔2

𝜆
𝑐Ω) 3

2
√𝜋𝜇

exp {−𝜇 [𝑥1/3 − 1 + 9
20𝑥1/3 ]}

𝑥 { 1
𝜇𝑥1/3 , 1} . (15)

In both cases the “extraordinary”wave (⟂) is absorbed considerably more
strongly than the “ordinary”wave (∥), which should lead to polarization of
the radiation.

The total flux emerging from the plasma can be estimated from the formula:

𝑊 (𝑖) = ∫
∞

0
𝐼0 (1 − 𝑒−𝛼𝑎) 𝑑𝜔 ≃ ∫

𝜔max

0
𝐼0𝑑𝜔 = 𝜔3

max𝑇
8𝜋3𝑐2 ⋅ 3 , (16)

where 𝜔max is determined by the relation 𝛼𝑎 ≃ 1.

Under the conditions of the solar corona one may take, for an estimate, 𝐻 ∼ 10
gauss, 𝑁 ∼ 107 cm−3, 𝑎 ∼ 𝑟⊙ ∼ 7 ⋅ 1010 cm, 𝑇 ∼ 100 eV. Using formula (14),
we find 𝑥max = 𝜔max/Ω ≃ 4, i.e., approximately the first four harmonics are
trapped.

3. Let us consider the case of ultrarelativistic electron energies, when formula
(8) is valid for the integrals 𝑆(𝑖)

𝑛 (𝛾). In this case the radiation spectrum
may be regarded as continuous, and from formulas (5) and (8) we obtain:

𝜂(∥,⟂)
1 ≃ 𝑒2𝜔2

2𝜋𝑐
𝛾
Ω (𝑆(∥,⟂)

𝑛 (𝛾))
𝑛= 𝜔

Ω 𝛾
= 𝐴 ( 𝜔

𝜔𝑐
) [∫

∞

(𝜔/𝜔𝑐)
𝐾5/3(𝑡) 𝑑𝑡 ∓ 𝐾2/3 ( 𝜔

𝜔𝑐
)] ,

(17)

where the frequency 𝜔𝑐 = 3
2Ω ( 𝐸

𝑚𝑐2 )
2
, and the constant 𝐴 = 𝑒2Ω

√
3

16𝜋2𝑐 .

Adding the radiation intensities of both polarizations, we find the total intensity

𝜂1 (𝜋
2 ) = 𝜂(⟂)

1 + 𝜂(∥)
1 = 𝐴 ⋅ 2 ( 𝜔

𝜔𝑐
) ∫

∞

(𝜔/𝜔𝑐)
𝐾5/3(𝑡) 𝑑𝑡. (18)
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Function (18) was considered earlier and was tabulated in (3); it has a maximum
at 𝜔/𝜔𝑐 = 0.3. The degree of polarization of the radiation produced by electrons
of one energy 𝐸 is found from (17):

𝜌𝑒 (𝜋
2 ) = 𝜂(⟂)

1 − 𝜂(∥)
1

𝜂(⟂)
1 + 𝜂(∥)

1
=

𝐾2/3(𝜔/𝜔𝑐)

∫
∞

(𝜔/𝜔𝑐)
𝐾5/3(𝑡) 𝑑𝑡

=
⎧{
⎨{⎩

1
2, for 𝜔 ≪ 𝜔𝑐,

1 − 2𝜔𝑐
3𝜔 , for 𝜔 ≫ 𝜔𝑐.

(19)

If one assumes that the energy spectrum of the electrons has a power-law form
𝑁(𝐸) = 𝐾/𝐸𝜈, then the emissivity of a unit volume of plasma can be found:

𝜂(𝑖)
𝜔 = ∫

∞

0
𝑁(𝐸) 𝜂(𝑖)

1 𝑑𝐸 = const ⋅ 𝜔−(𝜈−1)/2. (20)

For the degree of polarization we then obtain:

𝜌𝜈 (𝜋
2 ) = 𝜂(⟂) − 𝜂(∥)

𝜂(⟂) + 𝜂(∥) =
∫

∞

0
(𝑑𝐸) 𝐸−𝜈 ( 𝜔

𝜔𝑐
) 𝐾2/3 ( 𝜔

𝜔𝑐
)

∫
∞

0
(𝑑𝐸) 𝐸−𝜈 ( 𝜔

𝜔𝑐
) ∫

∞

(𝜔/𝜔𝑐)
𝐾5/3(𝑡) 𝑑𝑡

= 𝜈 + 1
𝜈 + 7/3 .

(21)

Thus, the degree of polarization turns out to be connected with the form of the
spectrum.

As is known, an almost 100% polarization of the optical radiation of the Crab
Nebula has recently been discovered, which confirms I. S. Shklovsky’s suppo-
sition (4) concerning the magneto-bremsstrahlung mechanism of its luminosity,
due to relativistic electrons moving in turbulent magnetic fields. For the spec-
trum averaged over the whole nebula one usually assumes 𝜂 ∼ 𝜔−1, which
corresponds to 𝜈 = 3. Then from (21) we find the maximum possible degree
of polarization 𝜌 = 75%. Since higher degrees of polarization are observed in
individual regions of the nebula, the spectrum emitted by these regions must
fall more steeply. On the other hand, the discovery of a degree of polarization
very close to 100% (which is possible by formula (19) only for 𝜔𝑐 ≪ 𝜔) forces
one somewhat to reduce the electron energies needed to explain the observed
frequencies, in comparison with the energies that are usually determined from
the relation 𝜔𝑐 ∼ 𝜔 (by two orders of magnitude at 99%).

Let us note that these considerations are valid only under the condition that
the distribution of the electrons in momenta is isotropic.

We shall now take absorption into account. Using the principle of detailed
balance, we find for the absorption coefficient the formula
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𝛼(𝑖)
𝜔 = 8𝜋3𝑐2

𝜔2 ∫ 𝑓(𝐸) − 𝑓(𝐸 + ℏ𝜔)
ℏ𝜔 𝜂(𝑖)

1 𝑑p. (22)

In the case of small quantum energies,

lim
ℏ→0

𝑓(𝐸) − 𝑓(𝐸 + ℏ𝜔)
ℏ𝜔 = − 𝜕𝑓

𝜕𝐸 , 𝛼(𝑖)
𝜔 = 8𝜋3𝑐2

𝜔2 ∫ (− 𝜕𝑓
𝜕𝐸 ) 𝜂(𝑖)

1 𝑑p. (23)

For a power-law spectrum 𝑁(𝐸) = 𝐾/𝐸𝜈 of ultrarelativistic electrons, we obtain

𝛼(𝑖)
𝜔 = 8𝜋3𝑐2

𝜔2 ∫
∞

0
𝐸1 [− 𝜕

𝜕𝐸 (𝑁(𝐸)
𝐸2 )] 𝜂(𝑖)

1 𝑑𝐸 = const ⋅ 𝜔−(𝜈/2+2). (24)

Using formula (20) for 𝜂(𝑖)
𝜔 , we find 𝜂/𝛼 = 𝐶𝜔5/2. Thus, for the radiation of a

layer there must be the spectral distribution

𝐼𝜔 = 𝜂
𝛼 (1 − 𝑒−𝛼𝑎) = 𝐶𝜔5/2 [1 − exp (− const

𝜔2+𝜈/2 )] . (25)

As the frequency is decreased, when the “optical thickness”of the layer 𝛼𝑎
becomes of the order of unity or larger, this spectrum begins to fall steeply. This,
apparently, can explain the behavior of the spectrum of the powerful source of
cosmic radio emission Cassiopeia A in the frequency region of 20 Mc/s.

In conclusion we note that a kinetic treatment with the introduction of the
electric permittivity 𝜀 leads to formulas analogous to those obtained in the
present work, if one assumes that the polarizability of the medium is small,
i.e. |𝜀 − 1| ≪ 1. The latter condition turns out to be satisfied for the high
harmonics considered.

The present work was carried out under the supervision of Academician M. A.
Leontovich, to whom the author expresses sincere gratitude.
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