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Abstract
Full Text
Mathematics
Yu. F. Korobeinik

On an Equation of Infinite Order with Polynomial
Coefficients
(Presented by Academician A. N. Kolmogorov, 24 IV 1958)

Until recently, the differential equation of infinite order with constant coefficients

𝑎0𝑦 + 𝑎1𝑦′ + 𝑎2𝑦″ + ⋯ = 𝑓(𝑥) (1)

was studied under the assumption that the characteristic function 𝑎0 + 𝑎1𝑥 +
𝑎2𝑥2 + ⋯ is analytic in some disk centered at the origin. In the work (1), the
case of rapidly growing coefficients, when the characteristic function does not
exist, was first considered.

The equation with polynomial coefficients

𝑃0(𝑥)𝑦 + 𝑃1(𝑥)𝑦′ + 𝑃2(𝑥)𝑦″ + ⋯ = 𝑓(𝑥) (2)

has been investigated by various authors. In recent years it has been studied in
works (2−4) under two obligatory assumptions: a) the degrees of the polynomials

𝑃𝑖 =
𝑝𝑖

∑
𝑘=0

𝑎𝑘
𝑖 𝑥𝑘

are bounded by one and the same number 𝑝𝑖 ≤ 𝑝; b) the characteristic functions

𝜔𝑘(𝑥) =
∞

∑
𝑖=0

𝑎𝑘
𝑖 𝑥𝑖, 𝑘 = 0, 1, … , 𝑝,

are analytic in some disk centered at the origin.

In the present note we establish the existence and uniqueness (in a certain class
of analytic functions) of a solution of equation (2) without these assumptions. In
addition, a method is given for the approximate solution of equation (2), and an
error bound is indicated when the exact solution is replaced by an approximate
one. The method of proof is based on the theory of infinite systems of linear
algebraic equations (5).
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§ 1. Definition. We shall call equation (2) regular if:
1) 𝑃0(𝑥) ≡ 𝑎0 ≠ 0; 2) 𝑃𝑖(𝑥) is a polynomial of degree not exceeding 𝑖 − 1,
𝑖 = 1, 2, …; 3) 𝑓(𝑥) is an entire function. We shall regard the entire function
𝑦(𝑥) as a solution of a regular equation in a domain 𝑄 containing the origin if
the series ∑∞

𝑘=0 𝑃𝑘(𝑥)𝑦(𝑘) converges uniformly inside 𝑄 and its sum is equal to
𝑓(𝑥). A regular equation can always be reduced to the following canonical form:

𝑦 +
∞

∑
𝑘=1

𝑃𝑘(𝑥)𝑦(𝑘) = 𝑓(𝑥), 𝑃𝑘(𝑥) =
𝑘−1
∑
𝑠=0

𝑎𝑠
𝑘𝑥𝑠. (3)

Lemma. Let {𝐴𝑠
𝑘}, 𝑠 = 0, 1, … , 𝑘 − 1, 𝑘 = 1, 2, … , be any sequence majorizing

{𝑎𝑠
𝑘}. Then one can specify a sequence of positive numbers 𝐴(𝐴0, 𝐴1, …) that

satisfies the conditions:

lim
𝑘→∞

1
𝐴𝑘

𝑘−1
∑
𝑚=1

𝑚!𝐴𝑚
𝑚

∑
𝑠=0

𝐴𝑠
𝑘−𝑚+𝑠

(𝑚 − 𝑠)! < 1, lim
𝑘→∞

∑𝑘−1
𝑚=0 𝐴𝑚
𝐴𝑘

< ∞, lim
𝑘→∞

𝐴0
𝑘

𝐴𝑘
< ∞.

(4)

It is convenient to consider equation (3) in a special subclass of entire functions.
Namely, let 𝐴(𝐴0, 𝐴1, …) be any sequence of positive numbers. Denote by 𝐾𝐴
the set of entire functions such that

∞
∑
𝑘=0

|𝑓 (𝑘)(0)|𝐴𝑘 < ∞.

Theorem 1. Let 𝐴(𝐴0, 𝐴1, …) be an arbitrary sequence of positive numbers
satisfying conditions (4). Then, for any right-hand side 𝑓(𝑥) from 𝐾𝐴, equation
(3) has a unique solution in the class 𝐾𝐴. This solution satisfies the equation
in any bounded domain. If 𝑦(𝑥) is a solution of equation (3) from 𝐾𝐴, then

∞
∑
𝑘=0

|𝑦(𝑘)(0)|𝐴𝑘 ≤ 𝐷
∞

∑
𝑘=0

|𝑓 (𝑘)(0)|𝐴𝑘,

where 𝐷 is a constant independent of 𝑓(𝑥), 𝑦(𝑥).
For an approximate solution of equation (3), one may use the method of“trun-
cation.”Namely, the ordinary equation

𝑦 + 𝑃1(𝑥)𝑦′ + 𝑃2(𝑥)𝑦″ + ⋯ + 𝑃𝑛(𝑥)𝑦(𝑛) = 𝑓𝑛(𝑥) =
𝑛

∑
𝑘=0

𝑓 (𝑘)(0)
𝑘! 𝑥𝑘 (5)

has one and only one polynomial solution 𝑦𝑛 (the degree of 𝑦𝑛 is equal to the
degree of 𝑓𝑛).
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Theorem 2. If the numbers {𝐴𝑘} satisfy conditions (4), 𝑓(𝑥) ∈ 𝐾𝐴, and 𝑦(𝑥)
is the corresponding solution from 𝐾𝐴, then 𝑦𝑛(𝑥) → 𝑦(𝑥) uniformly in every
bounded domain. Moreover, in any such domain the expression

𝑛
∑
𝑘=0

𝐴𝑘|𝑦(𝑘)(𝑥) − 𝑦(𝑘)
𝑛 (𝑥)|

tends uniformly to zero. The order of approximation is characterized by the
inequality

𝑛
∑
𝑘=0

𝐴𝑘|𝑦(𝑘)(0) − 𝑦(𝑘)
𝑛 (0)| ≤ 𝑑

∞
∑

𝑘=𝑛+1
𝐴𝑘|𝑓 (𝑘)(0)|,

where 𝑑 is a constant of the same nature as 𝐷 (in Theorem 1).

Theorem 3. Under the conditions of Theorem 2, there is the representation

𝑦(𝑥) =
∞

∑
𝑘=0

𝑓 (𝑘)(0)
𝑘! 𝑧𝑘(𝑥), (6)

where 𝑧𝑛(𝑥) is the polynomial solution of the equation

𝑦 +
𝑛

∑
𝑘=1

𝑃𝑘(𝑥)𝑦(𝑘) = 𝑥𝑛, 𝑛 = 0, 1, 2, …

The series (6) converges uniformly in every bounded domain, and

sup
|𝑥|≤𝑅

∣ 𝑦(𝑥) −
𝑛

∑
𝑘=0

𝑓 (𝑘)(0)
𝑘! 𝑧𝑘(𝑥)∣ ≤ 𝐵𝑅

∞
∑

𝑘=𝑛+1
𝐴𝑘|𝑓 (𝑘)(0)|.

§ 2. Let us consider some consequences of Theorems 1–3.

1. Denote by 𝑀𝜀 the subclass of entire functions 𝑔(𝑥) of zero order satisfying
the condition

‖𝑔‖𝜀 =
∞

∑
𝑘=0

|𝑔(𝑘)(0)|(𝑘!)𝑘𝜀 < ∞, 𝜀 > 0.

Theorem 4. Suppose that each polynomial 𝑃𝑚(𝑥) has a majorant of the form
𝐴𝑅𝑚𝑒𝑐𝑥, i.e. |𝑎𝑠

𝑚| ≤ 𝐴𝑅𝑚𝑐𝑠/𝑠! for all 𝑚 and 𝑠. Then, for any right-hand side
𝑓(𝑥) from 𝑀𝜀, there exists a unique solution of equation (3) in 𝑀𝜀. Moreover,

‖𝑦‖𝜀 ≤ 𝐷1‖𝑓‖𝜀,
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𝑛
∑
𝑘=0

(𝑘!)𝑘𝜀 ∣𝑦(𝑘)(0) − 𝑦(𝑘)
𝑛 (0)∣ ≤ 𝐷2

∞
∑

𝑘=𝑛+1
(𝑘!)𝑘𝜀|𝑓 (𝑘)(0)|,

where the constants 𝐷𝑖 do not depend on 𝑓 or 𝑦.
2. Suppose that all polynomials 𝑃𝑖, beginning with the (𝑝 + 1)-st, are of

degree no higher than 𝑝 (𝑝 ≥ 0). Then equation (3) takes the form

𝑦 +
𝑝

∑
𝑘=1

𝑦(𝑘)
𝑘−1
∑
𝑠=0

𝑎𝑠
𝑘𝑥𝑠 +

∞
∑

𝑘=𝑝+1
𝑦(𝑘)

𝑝
∑
𝑠=0

𝑎𝑠
𝑘𝑥𝑠 = 𝑓(𝑥). (7)

Denote by 𝐶𝛽
𝜇 the class of entire functions of growth no greater than

[ 1
1 + 𝜇; (1 + 𝜇)𝛽 1

1+𝜇 ] , 𝜇 > 0, 𝛽 > 0.

Theorem 5. Let the coefficients 𝑎𝑠
𝑛 of equation (7) satisfy the condition

lim𝑛→∞
𝑛√ |𝑎𝑠𝑛|(𝑛!)−𝜇 < 𝛽, 𝑠 = 0, … , 𝑝. (8)

If 𝜇 > 𝑝, then: a) for any right-hand side 𝑓(𝑥) from the class 𝐶𝛽
𝜇 , equation (7)

has a unique solution in the same class; b) whatever 𝑅 < ∞ may be,

lim𝑛→∞
𝑛√max |𝑦(𝑥) − 𝑦𝑛(𝑥)| ≤ 𝑞𝑓 < 1,

and for a function 𝑓 of order less than 1 + 𝜇, 𝑞𝑓 = 0.
In connection with Theorem 5 it is interesting to note the result of Sikkema (*),
who showed that condition (8) is necessary and sufficient for the series

∞
∑
𝑘=0

𝑃𝑘(𝑥)𝑦(𝑘), where 𝑃𝑘(𝑥) =
𝑝

∑
𝑠=0

𝑎𝑠
𝑘𝑥𝑠,

to converge at every finite value of 𝑥 for any entire function in the class 𝐶𝛽
𝜇 .

Thus, in the study of equation (7) in the class 𝐶𝛽
𝜇 , condition (8) turns out to be

completely natural.

Part a) of Theorem 5 in the special case 𝑝 = 0, i.e. for an equation with constant
coefficients, was obtained earlier (1).

§ 3. In the case where the degrees of some of the polynomials 𝑃𝑘 exceed 𝑘 −1, a
number of special features may arise. A solution of equation (2) exists, generally
speaking, not for every right-hand side 𝑓(𝑥); the uniqueness property is also
violated—the solution depends on one or several arbitrary constants.
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We shall confine ourselves here to a summary of results for the equation with
linear coefficients

∞
∑
𝑘=0

(𝑎𝑘 + 𝑥𝑑𝑘)𝑦(𝑘) = 𝑓(𝑥). (9)

Without loss of generality one may assume that at least one of the coefficients
𝑎0, 𝑑0 is nonzero. Then only the following cases are possible:

1. 𝑑0 ≠ 0. In order that a solution of equation (9) exist, it is necessary
that 𝑓(𝑡) satisfy a certain condition (the condition is imposed only on
𝑓(0)). For any function 𝑓(𝑡) from 𝐾𝐴 satisfying this condition, where
𝐴(𝐴0, 𝐴1, …) is an arbitrary sequence for which the properties (4) hold,
there exists a unique solution in 𝐾𝐴. The method of approximate solution
indicated above carries over to this case with minor changes and gives an
error estimate.

2. 𝑑0 = 0; then 𝑎0 ≠ 0, and the character of equation (9) is determined by
the following pair of coefficients. Namely:

2a) If 𝑑1 = 0, then the equation is regular.

2b) 𝑑1 ≠ −𝑎0/𝑛, 𝑛 = 1, 2, …; the solution exists for any 𝑓(𝑥) ∈ 𝐾𝐴 and is unique
in the same class; all results are exactly the same as for a regular equation.

2c) 𝑑0 = −𝑎0/𝑝, 𝑝 a positive integer. In this case, for the existence of a solution
it is necessary that the right-hand side 𝑓(𝑥) satisfy a certain condition (only the
quantity 𝑓 (𝑝)(0) enters into this condition). If this condition is fulfilled for 𝑓(𝑥)
and if 𝑓(𝑥) ∈ 𝐾𝐴, then the solution exists in the same class and depends on one
arbitrary constant.

The cases considered may be combined in the following general result (as before,
it is assumed that |𝑎0|2 + |𝑑0|2 > 0):
Theorem 6. Let 𝐴(𝐴0, 𝐴1, …) be an arbitrary sequence satisfying conditions
(4).

In order that equation (9) have a unique solution in 𝐾𝐴 for any right-hand side
𝑓(𝑥) from 𝐾𝐴, it is necessary and sufficient that the first-order equation

(𝑎0 + 𝑥𝑑0)𝑦 + (𝑎1 + 𝑥𝑑1)𝑦′ = 𝑥𝑛

have, for all 𝑛, 𝑛 = 0, 1, 2, …, a polynomial solution of exactly degree 𝑛. If
this condition is fulfilled, then as an approximate solution one may take the
polynomial solution 𝑦𝑛 of the equation

(𝑎0 + 𝑑0𝑥)𝑦 + (𝑎1 + 𝑑1𝑥)𝑦′ + ⋯ + (𝑎𝑛 + 𝑑𝑛𝑥)𝑦(𝑛) =
𝑛

∑
𝑘=0

𝑓 (𝑘)(0)
𝑘! 𝑥𝑘.
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In this case 𝑦𝑛(𝑥) → 𝑦(𝑥) uniformly in any bounded domain.

Rostov-on-Don
State University

Received
20 I 1958
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