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WITH LOSSES

(Presented by Academician V. S. Kulebakin, January 29, 1958)

1. In the present note it is proved that the limiting distribution of the num-
bers of busy lines in the switches of the second stage of a two-stage tele-
phone system with losses, operating in the free-search regime, is approxi-
mated by the density function of a multidimensional normal distribution,
under the condition that the number of switches of the first stage is suffi-
ciently large. It is assumed here that a stationary Poisson stream of calls
with constant parameter A arrives at each of the switches of the first stage,
that the holding time of each line has an exponential distribution, and also
that the switches of the first stage function independently of one another
and independently of the switches of the second stage. The last condition
is fulfilled if in each of the switches of the second stage the number of
outlets is greater than or equal to the number of inlets.

2. Consider a two-stage scheme consisting of k£ switches of the first stage
and m switches of the second stage. Suppose that each switch of the
first stage has N inlets and m outlets, min(N,m) = n, and each of the
switches of the second stage has k inlets and [ outlets, where | > k. Let
a Poisson stream of calls with parameter A arrive at the inlets of each of
the switches of the first stage, and let the streams arriving at different
switches be mutually independent. Each of the incoming calls may, with
equal probability, occupy any of the free connecting paths leading to the
switches of the second stage. The order in which the free outgoing lines
of the switches of the second stage are seized may be arbitrary—random
and equiprobable, or sequential. A call arriving at some switch of the first
stage receives a loss only in the case when n lines of this switch are busy.
The condition [ > k ensures the absence of losses due to the occupation of
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lines of the switches of the second stage, and consequently also the mutual
independence of the operation of the switches of the first stage.

Suppose that the holding time of each line has an exponential distribution with
mean value 1 and that the duration of occupation of one line does not depend
on the duration of occupation of other lines, nor on the incoming calls.

3. Associate with each line connecting switch ¢ of the first stage with switch
J of the second stage a number s,;, and assume that s,; = 1 if this line is
busy at time ¢, and that s;; = 0 if the line is free. Obviously,

Si. :ZS,LJ (7/: 1,2,...,]{:)

J=1

and

are equal, respectively, to the number of busy lines at time ¢ in switch ¢ of the
first stage and in switch j of the second. Thus, the instantaneous state of the
two-stage system under consideration

is one of the points in the space 2 of rectangular matrices [s;| (i =
1,2,....,k; 7=1,2,...,m), whose elements are equal to 0 or 1, and the sums of
the elements by rows and by columns satisfy, respectively, the conditions:

0<s; <n, 1=1,2,...,k; (1)

0<s,; <, i=12,...,m. (2)

In the case [ > k, condition (2) is satisfied automatically. It is easy to verify that
the corresponding multidimensional random process ||€;;(¢)[ (i = 1,2,....k; j =
1,2,...,m), defined in the space 2, will be a homogeneous Markov process. De-
note by P{|ls;;[; t} the probability that at time ¢ the system is in the state |s,;]|.
In this case, from the transitivity of the Markov process under consideration (all
states of the process communicate), there follows the existence and uniqueness
of the limiting probabilities

P{lsyl) = Jim P{ls ki 1}, syl €2 (3)

To obtain the probabilities P(sy., ..., S )y P(Si15 ooy S )s P(S1.5 0oy Sy Sy eer s Son )

»°2.m
it is sufficient to sum the probabilities of all those matrices |s, .|| for which the

ij|
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sums of the elements are prescribed, respectively, in each row, in each column,
and in the last case—both in the rows and in the columns of the matrix |s,].

4. Since in the case | > k the switches of the first stage operate indepen-
dently of one another, the joint distribution of the numbers of busy lines
in the first-stage switches is equal to the product of the corresponding
probabilities for each of the switches:

k
P{(s1.,..,8); t} = HP{SZ-_; t}.

Since each of the ([") variants of occupancies of prescribed s, out of m connect-
ing paths has the same probability, we have

P{s,; t}

(2R
=1

Pllsyl; t} = ———

&
<m>
i=1 \5i.

k

Passing to the limit as ¢ — oo, we obtain

Plls,l} =2, s leQ, (1)
H m
i=1 <Si-
where P(s;.) is determined by the well-known Erlang formulas ((1), Chap. 6):
\Si-
1
P(s;) = nsz;\,, ., 0<s,<n, i=12 .k (5)
;) vl

5. The principal aim of the present note is the derivation of an approximate
formula for P(s.q,...,s,,), valid for large values of k.

For this purpose, consider a sequence of mutually independent, identically dis-
tributed m-dimensional random vectors £ = (&,;,&., ..., &, ), Whose compo-
nents take the values 0 and 1 and satisfy condition (1), where

P{¢; =55 j=1,2,...,m} = —k=, i=1,2,.k (6)
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Compute the moments of the first and second orders of the random vector E(i).
By the theorem of total probability we have

EﬁmzzP(u)% = %[1—P(n)] =a, a=12,..,m. (7)

The variances and covariances of the vector £%) are, respectively,

D¢, = %[1 —P(n)] {1 — % + %P(n) =02, a=12..,m; (8)
)\2
E{(&. — a)(ﬁiﬁ —a)} = m[l —P(n—1)—-P(n)] - a? = T, (9)

a,B=1,2,....m, «a+p.

Denote the matrix of central second moments of the vector E@ by A. By sym-
metry of the distribution,

o T T
2

T o T

A= i .

roor o?

Since Det A = [0? + (m — 1)7](c? — r)™! # 0, the matrix A~! exists and is
equal to

A_l = HbaB”? a’ﬁ = 172, ey, m,

1 r )L a=4,
baﬁ ) d :| ) 60(5 - {07 o ?é ﬁ (10)

Consider the random vector

k
. k) (k k 26
i® = ) = D€,
=1

K2

Denote

k k
P{’I7<1 ) =Sy 777577.) = SAm} = Pk(5~17 "'75~m)'
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Putting

we obtain

Eu, =0, Du, =02, Eu,ug =7, o,f=12,....m, a#p.

(03

From the multidimensional local limit theorem (see (3); (2), Ch. I) it follows
that, as kK — oo,

1 1 &
m/2
KPP (8.0 e s 8.) ™ (2m)m/2(Det A)1/2 exp {—2 25—1 Uabaﬁuﬁ} - (1)

Thus, for large k, relation (11) can be used to estimate the probability of the
joint distribution of the numbers s, ..., s,,.

6. In a number of cases it may be useful to apply the statistic

m

Z uabaﬁuﬁv

a,f=1

which is a function of the random variables n( ) (¢ = 1,2,...,m) and has a
limiting x? distribution with m degrees of freedom (see 4, Ch 30, ®)). Using
expression (10) for b, 5, we write this statistic in the form

2
_ 2
2 vabasts = a2 T (aZ_lua> ] - (12

a,f=1

In statistical practice it is customary to use the y? criterion if all expected

frequencies are not less than 10 (*). In the case under consideration this re-

kA
quirement reduces to the condition Eng§> =—[1—Pn)]>10 (a=1,2,...,m),
m

or, neglecting the probability of losses P(n), to the condition k > 10m/\.
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