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Abstract
Full Text

On the Method of Chords Constructed from
Chebyshev Nodes
I. M. Derendyaev

(Presented by Academician A. N. Kolmogorov, 7 January 1958)

Mathematics
Proofs of convergence for the known approximate methods for solving various
classes of nonlinear equations—the Newton method (tangent method) and the
chord method—are based on similar formulas. For the Newton method such a
formula is the estimate of the remainder term in Taylor’s series; for the chord
method, the estimate of the remainder term in Newton’s interpolation formula:

∣𝑓(𝑥) − 𝑓(𝑥0) − 𝑓(𝑥1) − 𝑓(𝑥0)
𝑥1 − 𝑥0

(𝑥 − 𝑥0)∣ ≤ max |𝑓 ′( ̃𝑥)| ⋅ |(𝑥 − 𝑥0)(𝑥 − 𝑥1)|, (A)

where

𝛼 ≤ ̃𝑥 ≤ 𝛽, 𝛼 = min(𝑥0, 𝑥1, 𝑥), 𝛽 = max(𝑥0, 𝑥1, 𝑥).

The chord method, however, possesses greater flexibility than the New-
ton method, owing to the fact that we still have freedom in choosing the
interpolation nodes.

All that follows is based on one special case of choosing the interpolation nodes,
for which it is possible to improve the general estimates of the Newton method
and of the classical chord method.

Let us explain the basic idea of the method we have investigated. The con-
vergence of the chord method will be faster the smaller the right-hand side of
estimate (A). We achieve this by taking, as the nodes 𝑥0, 𝑥1, the zeros of the
quadratic Chebyshev polynomial. As is known, with such a choice of interpo-
lation nodes the quadratic polynomial |(𝑥 − 𝑥0)(𝑥 − 𝑥1)| deviates least from
zero.

In what follows, the zeros 𝑧0, 𝑧1 of the quadratic Chebyshev polynomial for the
interval [𝑥, ̄𝑥] will simply be called Chebyshev nodes.

Lemma 1. Let 𝐼 denote a domain of 𝑚-dimensional Euclidean space (𝑥𝑖 ≤
𝑥𝑖 ≤ ̄𝑥𝑖, 𝑖 = 1, … , 𝑚), and let 𝑧0𝑖, 𝑧1𝑖 be the Chebyshev nodes for the interval
[𝑥𝑖, ̄𝑥𝑖]:
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𝑧0𝑖 = 1
4 [(2 +

√
2)𝑥𝑖 + (2 −

√
2) ̄𝑥𝑖] ,

𝑧1𝑖 = 1
4 [(2 −

√
2)𝑥𝑖 + (2 +

√
2) ̄𝑥𝑖] (𝑖 = 1, … , 𝑚).

Let 𝑓(𝑥1, … , 𝑥𝑚) be a function continuous, together with 𝑓 ′
𝑥𝑖

, in 𝐼 , whose second
derivatives are bounded in the domain 𝐼 :

∣ 𝜕2𝑓
𝜕𝑥𝑖𝜕𝑥𝑘

∣ < 𝐾 (𝑖, 𝑘 = 1, … , 𝑚)

and suppose the inequalities

̄𝑥𝑖 − 𝑥𝑖 ≤ 2𝑟 (𝑖 = 1, … , 𝑚)

hold.

Then for any 𝑥𝑖 from the domain 𝐼 we shall have the estimate

∣𝑓(𝑥1, … , 𝑥𝑚) − 𝑓(𝑧01, … , 𝑧0𝑚) −
𝑚

∑
𝑖=1

𝑓(𝑧01, … , 𝑧0 𝑖−1, 𝑧1𝑖, 𝑧0 𝑖+1, … , 𝑧0𝑚) − 𝑓(𝑧01, … , 𝑧0𝑚)
𝑧1𝑖 − 𝑧0𝑖

(𝑥𝑖 − 𝑧0𝑖)∣ ≤

≤ (2𝑚 − 7/4) 𝑚𝐾𝑟2.

Consider the solution of a nonlinear integral equation with a Uryson operator:

𝑥(𝑠) − ∫
1

0
𝐾[𝑠, 𝑡, 𝑥(𝑡)] 𝑑𝑡 = 0. (1)

Let the solution 𝑥∗(𝑠) of this integral equation exist in the domain 𝐼0(|𝑥(𝑠) −
𝑥0| ≤ 𝑟0, 0 ≤ 𝑠, 𝑡 ≤ 1), where 𝑥0, 𝑟0 are constants.

We require that the kernel 𝐾(𝑠, 𝑡, 𝑥) satisfy the following conditions:

a) the kernel 𝐾(𝑠, 𝑡, 𝑥) is continuous in the domain 𝐼1(|𝑥(𝑠) − 𝑥0| ≤ (1 +
𝑎/2)𝑟0, 0 ≤ 𝑠, 𝑡 ≤ 1), where the number 𝑎 is defined below;

b) the derivative 𝐾′
𝑥(𝑠, 𝑡, 𝑥) is continuous and has in 𝐼1 a bounded resolvent

|𝑅𝑥| ≤ 𝐵;

c) |𝐾″
𝑥𝑥(𝑠, 𝑡, 𝑥)| ≤ 𝐾 in the domain 𝐼1.
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We shall find successive approximations from the linear integral equations:

𝑥𝑛+1(𝑠) − ∫
1

0
𝐾[𝑠, 𝑡, 𝑥𝑛(𝑡)][𝑥𝑛+1(𝑡) − 𝑧(𝑛)

0 (𝑡)] 𝑑𝑡−

− ∫
1

0
𝐾[𝑠, 𝑡, 𝑧(𝑛)

0 (𝑡)] 𝑑𝑡 = 0 (𝑛 = 0, 1, …), (2)

where

𝐾[𝑠, 𝑡, 𝑥𝑛(𝑡)] = 𝐾[𝑠, 𝑡, 𝑧(𝑛)
1 (𝑡)] − 𝐾[𝑠, 𝑡, 𝑧(𝑛)

0 (𝑡)]
𝑧(𝑛)

1 (𝑡) − 𝑧(𝑛)
0 (𝑡)

.

The curves 𝑥 = 𝑧(𝑛)
0 (𝑡), 𝑥 = 𝑧(𝑛)

1 (𝑡), which are lines of Chebyshev nodes, are
found from the formulas

𝑧(𝑛)
0 (𝑡) = 1

2[2𝑥𝑛(𝑡)−𝑟𝑛
√

2], 𝑧(𝑛)
1 (𝑡) = 1

2[2𝑥𝑛(𝑡)+𝑟𝑛
√

2], 𝑟𝑛 = (𝑎
4)

2𝑛−1
𝑟0.

Theorem 1. If conditions a), b), c) are fulfilled and, moreover, the inequality

𝑎 = (𝐵 + 1)𝐾𝑟0 < 4

holds, then the sequence {𝑥𝑛(𝑠)}, determined from equations (2), converges
to the solution 𝑥∗(𝑠) of equation (1), unique in the domain 𝐼0. The rate of
convergence is characterized by the estimate

|𝑥𝑛(𝑠) − 𝑥∗(𝑠)| ≤ (𝑎
4)

2𝑛−1
𝑟0.

Let us turn to the solution of a system of ordinary differential equations. Using
abbreviated notation with vector functions, instead of the system we shall have
one vector equation

𝑥′ = 𝑓(𝑡, 𝑥), (3)

where 𝑥(𝑡) = [𝑥1(𝑡), … , 𝑥𝑚(𝑡)] is the required 𝑚-dimensional vector function of
𝑡, 𝑓(𝑡, 𝑥) = [𝑓1(𝑡, 𝑥), … , 𝑓𝑚(𝑡, 𝑥)] is a given vector, with the initial condition
𝑥|𝑡0

= 𝑦0.

Let, by definition: a) |𝑥| = max𝑖 𝑥𝑖, b) 𝑦 ≥ 𝑥, if 𝑦𝑖 ≥ 𝑥𝑖, 𝑖 = 1, … , 𝑚.
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The successive approximations 𝑥𝑛+1 = (𝑥𝑛+1,1, … , 𝑥𝑛+1,𝑚) are determined from
the linear equations:

𝑥′
𝑛+1 − Φ𝑛+1(𝑡)(𝑥𝑛+1 − 𝑧(𝑛)

0 ) − 𝑓(𝑡, 𝑧(𝑛)
0 ) = 0 (𝑛 = 0, 1, …), (4)

where Φ𝑛+1(𝑡) is a linear operator having the matrix

∥𝑓𝑘(𝑡, 𝑧(𝑛)
01 , … , 𝑧(𝑛)

0 𝑖−1, 𝑧(𝑛)
1𝑖 , 𝑧(𝑛)

0 𝑖+1, … , 𝑧(𝑛)
0𝑚) − 𝑓𝑘(𝑡, 𝑧(𝑛)

01 , … , 𝑧(𝑛)
0𝑚)

𝑧(𝑛)
1𝑖 − 𝑧(𝑛)

0𝑖
∥ (𝑖, 𝑘 = 1, … , 𝑚).

The Chebyshev-node lines 𝑧(𝑛)
0 (𝑡) = (𝑧(𝑛)

01 , … , 𝑧(𝑛)
0𝑚), 𝑧(𝑛)

1 (𝑡) = (𝑧(𝑛)
11 , … , 𝑧(𝑛)

1𝑚) are
defined below.

Suppose two vector-functions 𝑥0, 𝑥0 are known such that on the half-segment
(𝑡0, 𝑡1]:

𝑥0 < 𝑥∗ < 𝑥0, 𝑥0|𝑡0
= 𝑥0|𝑡0

= 𝑦0.

Denote 𝑥0 = 1
2 (𝑥0 + 𝑥0), 𝑟0 = 1

2 (𝑥0 − 𝑥0).
We require that the right-hand side of equation (3) satisfy the following condi-
tions:

1) the functions 𝑓𝑖(𝑡, 𝑥), together with the first derivatives 𝜕𝑓𝑖/𝜕𝑥𝑘 (𝑖, 𝑘 =
1, … , 𝑚), are continuous in the region 𝑅 defined by the inequalities

|𝑥 − 𝑥0| ≤ [1 + 2 max
𝑛,𝑡

𝜓𝑛(𝑡)] |𝑟0|, 𝑡0 ≤ 𝑡 ≤ 𝑡1,

and, moreover,

0 < 𝜕𝑓𝑖
𝜕𝑥𝑘

≤ 𝐿 (𝑖, 𝑘 = 1, … , 𝑚);

2) the second derivatives are bounded in the region 𝑅

∣ 𝜕2𝑓𝑗
𝜕𝑥𝑖 𝜕𝑥𝑘

∣ ≤ 𝐾 (𝑖, 𝑘, 𝑗 = 1, … , 𝑚);

3) in the region 𝑅 the inequality

exp[𝑚(𝑢 − 𝑡)𝐿] ≤ 𝑀, 𝑡0 ≤ 𝑡 ≤ 𝑢 ≤ 𝑡1.

holds.
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If we set

𝜓𝑛(𝑡) = [(2𝑚 − 7
4) 𝑚𝐾𝑀|𝑟0|(𝑡 − 𝑡0)]

2𝑛−1
[

𝑛−1
∏
𝑘=1

(2𝑘+1 − 1)2𝑛−𝑘−1]
−1

,

then the Chebyshev-node lines are determined by the formulas

𝑧(𝑛)
0𝑖 (𝑡) = 1

2 [2𝑥𝑛𝑖(𝑡) − 𝜓𝑛(𝑡)|𝑟0|
√

2] ,

𝑧(𝑛)
1𝑖 (𝑡) = 1

2 [2𝑥𝑛𝑖(𝑡) + 𝜓𝑛(𝑡)|𝑟0|
√

2]

(𝑖 = 1, … , 𝑚; 𝑛 = 1, 2, …).

The proof of convergence of the successive approximations is based on the fol-
lowing lemma.

Lemma 2. For the numerical sequence

𝑟0, 𝑟1 = 𝑎𝑟0, … , 𝑟𝑛 = 𝑎2𝑛−1𝑟0
𝑛−1
∏
𝑘=1

(2𝑘+1 − 1)2𝑛−𝑘−1

, … ,

where 𝑎, 𝑟0 are positive numbers, to tend to zero it is sufficient that the number
𝑎 satisfy the inequality

𝑎 < 𝜉 ≃
√

6.

The exact value of 𝜉 is equal to the limit of a certain sequence:

𝜉 = lim
𝑛→∞

[(2𝑛+1 − 1)
𝑛−2
∏
𝑘=1

(2𝑘+1 − 1)2𝑛−𝑘−2]
1

2𝑛−1

.

Theorem 2. If conditions 1)–3) and the condition

𝑎(𝑡) = 𝐾𝑀|𝑟0|(𝑡 − 𝑡0) < 𝜉
(2𝑚 − 7/4)𝑚

are satisfied, then the successive approximations determined from equations (4)
converge to the solution of equation (3) at a rate characterized by the estimate
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|𝑥∗ − 𝑥𝑛| < 𝜓𝑛(𝑡)|𝑟0|.

The solution of equation (3) is unique in the domain 𝑅0(𝑥0 < 𝑥 < ̄𝑥0, 𝑡0 ≤ 𝑡 ≤
𝑡1).
The method considered can be applied to the solution of all classes of equations
that are solved by the methods of Newton and Chaplygin, for example, alge-
braic and transcendental equations, integro-differential equations, and partial
differential equations.

In the case of a single first-order differential equation, condition 1) can be weak-
ened: it is sufficient to require 𝑑𝑓/𝑑𝑥 < 𝐿. The method contains the weaker
requirement 𝑎 < 4, as compared with Newton’s method, where 𝑎 < 2. For a
differential equation this condition is replaced by the still weaker one 𝑎 < 4

√
6.

Thanks to this, the choice of initial approximations is facilitated, and the method
can be used in combination with Newton’s method as the first step in compu-
tations.

The rate of convergence of the approximations exceeds the rate of convergence
of Newton’s method under the conditions of I. P. Mysovskikh (1).

For differential equations the estimate of the rate of convergence coincides with
the estimate given by E. V. Voronovskaya (2) for a modification of S. A. Chap-
lygin’s method constructed using linear polynomials of best approximation.

When applied to differential equations, the method does not include the require-
ment that the second derivative have constant sign.

Perm Mining Institute

Received
7 I 1958

REFERENCES
1. I. P. Mysovskikh, Vestn. Leningrad Univ., Ser. Math., Phys. and Chem.,

No. 11, issue 4, 25 (1953).

2. E. V. Voronovskaya, Prikl. Mat. i Mekh., 19, 121 (1955).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-195801.16057 Machine Translation

https://sovietrxiv.org/items/ru-195801.16057

	Abstract
	Full Text
	On the Method of Chords Constructed from Chebyshev Nodes
	Mathematics
	REFERENCES


