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Abstract

Full Text
MATHEMATICS
K. A. BREUS

ON THE REDUCIBILITY OF A CANONICAL
SYSTEM OF DIFFERENTIAL EQUATIONS
WITH PERIODIC COEFFICIENTS

(Presented by Academician N. N. Bogolyubov on 24 VI 1958)

In various questions of mechanics, in particular in the theory of gyroscopes, an
important role is played by the investigation of solutions of the canonical system
of differential equations

dg. OH dp,  OH

dt ~ op,’ at ~ oq, (r

where ¢, and p, are, respectively, generalized coordinates and generalized im-
pulses, and the Hamiltonian J is a quadratic form in them with periodic coef-
ficients of the form

1 m m 1 m
H = 5 Z a;;(wt)g;q; + Z bi;j(wt)g;p; + 5 Z cij(Wl)p;p;. (2)
i1 i1 i1

(w is a large parameter.)

In the present work the following problem is posed: to find a transformation of
the variables g; and p; that reduces the initial differential system with variable
coefficients to a new, likewise canonical, system of differential equations with
constant coefficients.

To solve the indicated problem, we first write the system of equations (1) in the
form

dx

— = JH(wt)z. 3
= JH(wt) 3)
Here © = (q1,4a, - s Qs P15y P2y - » Pyy) 1S @ vector of order 2m; H(wt) is a real
symmetric periodic matrix-function; the matrix J has the form

0 E,
=, )

m
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where FE,, denotes the identity matrix of order m.

If in equation (3) we make the change of independent variable, putting 7 = wt,
then we arrive at the vector differential equation

dx

— =¢cJH(r)z e=wl. 4

= eTH(), (4)
In the last equation we make a transformation of the unknown function, setting
x =U(r,e)y, where U(t,¢) is a matrix-function periodic with respect to

7 of period 27, and we shall require that y satisfy the differential equation

dy ~
Y H
7 eJHy, (5)

in which H is a matrix with constant elements. Let us note that if the matrix I
turns out to be symmetric, then it will thereby be proved that, by means of the
indicated transformation, the Hamilton equations (1) with variable coefficients
are reduced to Hamilton equations with constant coefficients.

In order that the substitution x = U(7, )y reduce equation (4) to the form (5),
the transformation function U(7,e) must satisfy the equation

w_ e(JH(T)U — UJH). (6)
dr

In the paper ! the existence was proved of a matrix-function U(7,¢), satisfying
the condition U(0,¢) = F, periodic in 7, analytic with respect to e (uniformly
with respect to 7), and such that, by means of the change of variable x =
U(r,e)y, the original equation (4) is reduced to an equation of the form (5).
There it was also proved that the matrix H is analytic with respect to the
parameter ¢, and also that the solutions of the original equation (4) are analytic
with respect to the parameter e.

Thus, here it remains for us only to show that, by means of the indicated
transformation of equation (4), we arrive at equation (5), in which the matrix
H will be symmetric.

Proceeding to the proof of the symmetry of the matrix H , let us note that for
7 = 0 we have the obvious equality

U*JU — J =0, (7)

where U* is the matrix transposed with respect to the matrix U. We shall show
that the derivative of the left-hand side of the last equality with respect to 7,
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for any 7, is equal to zero; consequently, it is identically zero, and at the same
time, for 7 = 0, we shall prove the symmetry of the matrix H.

Indeed,

L3

dr

. (4. -3
w JU—J)7<dTU)JU+UJ<dTU>.

Substituting here the expressions for the derivatives of the matrices U and U*
from the identities

E—s(JH(T)U—UJH), e —€(—U H(t)J+ H*JU ),
we obtain

d ~ ~
d—(U*JU—J) =e(H*JU*JU —U*JUJH).
-

After simple transformations the last expression can be written in the form

i(U*JU —J)=¢[(H—H*)+ HJ(U*JU —J) — (U*JU — J)JH].

dr (8)

By virtue of the periodicity of the function U, from the last equality we have

2m
H-H = / (U*JU — J)JH — H*J(U*JU — J)] dr. 9)
TJ

Further differentiating equality (8) with respect to the variable &, we obtain

iT {%(U*JU— J)} +5H3(U*JU—J)} JH—H*J [%(U*JU* J)]}

dr 10 e
0~ ~ OH oH*
g{ ( ) = (U IU = J)J 5=+ = (U*JU J)}
+{(H—H") = (U*JU = J)JH + H* J(U*JU - J)}.
(10)

Before proceeding to estimate the solutions of the differential equation (10), let
us prove the following lemma:

Lemma. Suppose a differential equation is given
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dz
=L+, #(0)=0, (11)

in which the function L(z) on every finite interval a < ¢ < b satisfies the
condition |L(z)| < A|z|, A = const. Then there exists a constant M such that

|2l < M| f], where [ f[| = max, ;< [f(£)]-

Proof. We replace the differential equation (11) by the equivalent integral
equation:

z= z)d d
/OL() t+/0 () dt, (12)

whence

t
12 < A / (2] dt + ¢ 1]. (13)
0
Put

t dy
= dt — = Az
y=[ =

Multiplying inequality (13) by A, we obtain

dy

Ay < A f|¢t.
Yy <S|

Hence

d
lye ™) < N ffte .

Integrating from 0 to ¢, we obtain

1—e M eM—1
ye M | fl | —te M+ ——|;  y<|fl|-t+ :
A A
Noting that |z| <y + || f|¢, we finally have
ekt -1 e)xt —1
< < ) = .
A<I{S ) o <Ml where 37 = e {0
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To estimate the solution of equation (10), let us note that for ¢ = 0 it follows
from equality (6) that U = E; consequently, for e = 0 we have U*JU — J = 0;
on the other hand, for ¢ = 0, U*JU — J = 0. Therefore the proved lemma on
estimates of solutions of a differential system is applicable to equation (10), and
hence

H%(U*JU . J)H <M, %(ﬁf T + s g0 — J) + My F — B,

where M, M,, M; are certain constants.

Substituting into the last inequality the expression for H—H* from (9), and also

0 ~ ~

for a—(H — H*), after differentiating equality (9) with respect to the parameter
3

e, we obtain

H%(U*JU - J)H <elN, 2(U*JU — J)H + No[UJU = |, (14)

Oe

where N; and N, are new constants. (14) can be rewritten in the form

N.

8 * *
H—(U JU — J)H < N,|U*JU —J||,  where N;= ?;Nl

9% eN; < L.

But, since for £ = 0 we have U*JU — J = 0, it follows from the last inequality
that U*JU — J = 0. Then it follows from inequality (9) that H = H*, i.e., the

matrix H is symmetric. Thus the symmetry of the matrix H , and consequently
the reducibility of the differential equations of canonical form, has been proved.

In view of the analyticity, proved above, of the matrices U, (7, ¢) and H (e) with
respect to the parameter ¢, they are represented by expansions of the form

U(r,e)=E+Y "U,(r), H(e)=> e"H,
n=1 n=0

convergent for sufficiently small values of the parameter €.

To determine the coefficients U, (), H,, of these expansions, we substitute the
indicated expansions into the differential equation (6) and compare, in the re-
sulting identity, the coefficients of like powers of . Using, further, at each stage
the periodicity of U,,(7), we shall have

- 1 2 T
H, = o H(r)dr; U, = J/ (H(t)— H,)dr;
T Jo 0

sovietrxiv.org/items/ru-195801.15621 Machine Translation


https://sovietrxiv.org/items/ru-195801.15621

- 1 2 . T - N
7= [ W sav s U= [ (HEOU U H- B dr
0 0

~ O ~
H, = —/ (H(m)Uy + JUyJJHy+
21 o

+JUJH,))dr;  Us= J/ (H(T)Uy + JUyJ Hy+
0

+JU,JH, — H,) dr;

Thus, the solution of the equation

dx

= eJH(T)x
has the form
x= |E+ Za"Un(T) Y,
n=1

d ~
where y is a solution of the equation d—y = eJH (e)y with constant coefficients,
T

in which H (€), in turn, is represented by an expansion convergent for sufficiently
small ¢, i.e., for sufficiently large w:

H(e) = i el
n=0

and ﬁl = ﬁ:

The author expresses deep gratitude to Academician N. N. Bogolyubov for ad-
vice in writing this work.
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