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(Presented by Academician A. A. Dorodnitsyn on July 17, 1957)

Let it be required to find a continuously differentiable solution of the equation

Ugy = f(xayauauamuy)v (1)

the right-hand side of which is defined and continuous in the aggregate of all
arguments and satisfies a Lipschitz condition with constant L; in u, and u, in
the closed bounded domain

G: 0<a<l, g@)<y<il, lul<l, |u|<l,. lul<l,,

where g(z) > 0 for 0 <z <1, and ¢’(x) > 0 and is continuous; let this solution
be required to satisfy the boundary conditions

u(z,g(z)) =p(z), 0<z< Ly u0,y) =9¢(y), 0<y< ly7 (2)

where ¢’(z) and ¢’ (y) are continuous, and M, +2M,, <1, M, + M, M, <
l M, <l,, My< luy*.

Uy ?
The method of lines was previously applied to the solution of an analogous

problem for the case in which f does not depend on u, and u,,.

In §1, under the stated conditions, the existence of at least one solution of
problem (1), (2) is established. In §§2 and 3, under additional conditions, the
uniqueness of the solution of this problem and its continuous dependence on the
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boundary conditions are asserted, and an estimate is given for the error incurred
when the exact solution is replaced by an approximate one.

§1. Extend f by setting f(z,y,u,u,,u,) = f(z,1,,u,u,,u,) for y > [, and
f(@ oy, u,uy,u,) = fz,9(x),u,u,,u,) for y < g(z). On each line z =z, = kh
(k=0,1,2,...; h > 0), replace the sought solution approximately by a function

uy,(y), where u(y) is determined step by step from the system

Au; Auy,
Tk = f (xkaya uk7 Tkvuk> )

Auk = uk+1(y> - uk(y), Au;e = u;c-',-l(y) - u;(y), k= 07 17 27 (3)

with the boundary conditions

* By M,, M, etc., are denoted the upper bounds of the moduli of ¢, ¢’, etc., in the domain in which they

Rewriting equation (3) in the form

a0 = w0 4 1 (e, B ) @)

we note that the right-hand side of this differential equation with the unknown
function w,,  (y) satisfies the Lipschitz condition with constant L; with respect
to u,,, and is continuous in the aggregate of the arguments y, u;_,, for all k and
y for which the inequalities

U1 (y) — up(y)

0<oe<h, )l <l S, o<,

are satisfied; therefore (3”) has a unique solution wu;,, , () with continuous deriva-
tive.

Define the domain

Gry: 0<a <y, gl@)—1[ <y<gl)+1,
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in which solutions of the system (3), (4) exist.

Replacing k by 7 in (3’) and summing over ¢ from 0 to k — 1, we obtain

where

fity)=f <wyu(y) Aufl(y)vu;(yﬂ :

Integrating (5) with respect to y from g(x;) to y, we shall have

y k-1
%@:mnwww+wmwwa/ S f() dn. (6)

(zy) i=0

Replacing k by k + 1 in (6), subtracting (6) from the equality obtained and
dividing the result by h, we find

Aug(z)  Ap(zy)  Av(g(xy)  [* o ko
) h +/gm“)fk(77>d?7 /g(xk) ;ﬂ-(n)dn (7)

From (6), (7), and (5) we obtain restrictions on [}, I}

lug ()| < My, +2M,, + ML <13 (8)

Auk(y) * *
‘h < M + My, My + Ml + MM, <1, )
[y < My + Ml <1, (10)

If I7, and [ satisfy conditions (8), (9), (10), and I3 <1
(3), (4) will be solvable in the domain é;y

o0 by < 1), then the system

Next, form the domain

Gp0<a<ly, glo)<y<l,

choosing [;* so that for 0 <z <[} the inequality g(z) < is satisfied.
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Put

- Au
i) =) + 2 ) <o <
g(py) =1 <y < glzy) +1; if glag,,) > glag); (11)

glay) =1, <y <glxq) +1; i glagq) <glxy).

Then
Uy (w,y) = Lu,’;(y); (12)
iy(9) = (o) + 2D (g, (13)

The functions @(z,y) and @, (z,y) are continuous everywhere in their domain of
definition, while %, (z,y) is continuous with respect to y and undergoes a finite
jump when passing through the lines z =z, k=1,2,....

From (11) it follows that there exists a number h, such that every function
u(z,y), 0 < h < hy, is defined at least in the domain Gy} . Differentiating (12)
with respect to y, we obtain

- Au (y Aug(y)
uzy(xvy) = ;;( = f (xkvyvuk(y)v ;;( )7uk(y)> ) L <z < Lhot1-
(14)
Therefore one may write
gy (2,y) = f (2,9, 0, y), G, (x,y), 0, (2,9)) + O(x,y), (15)
where
~ Auy, T
G):f(mk:a:%umTk?uk) _f(xvyvuauxau ) (16)

By virtue of the continuity of f in the aggregate of its arguments and by virtue
of relations (11), (12), (13), we have © — 0 as h — 0. Integrating (15) with
respect to z from 0 to x and with respect to y from g(z) to y, we obtain

i(z,y) = u(z,g(x)) + ¢¥(y) —P(g(z))+
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T /( Kz / F(E, (€ m). i (€, m). 0y (E0)) + 6] dE; (17)

T

Uy () = (2, g(2))+

+/< )[f(xm,ﬂ(x,ﬁ),ﬂx(zyn)vﬂy(x,n)) +O(x,n)] du; (18)

y(09) = ')+ [ (€060, 560, Ty () + BEw] de. (19

Theorem 1. The families of functions @(z,y), i, (z,y), %,(z,y), depending on

the parameter h, 0 < h < hy, are uniformly bounded and equicontinuous® in
the domain G7 as h — 0.

Theorem 2. Under the conditions formulated earlier, there exists a sequence
h, — 0 as v — 0 such that @) (z, y), g (z,9), ﬂ(yl’)(x, y) converge uniformly, re-
spectively, to the continuous functions u(z,y), v(z,y), w(z,y), with u,(z,y) =
v(z,y), u,(r,y) = w(z,y); u(z,y) satisfies equation (1) and the boundary con-

ditions (2) in the domain é;ﬁ!

2°. Analogously to how this is done in ?) or ), the following theorems can be
proved:

Theorem 3. If the right-hand side of equation (1) is continuous in the aggre-
gate of all its arguments and satisfies a Lipschitz condition in the last three
arguments, then the boundary-value problem (1), (2) in the domain éz*y has a
unique continuously differentiable solution u(z,y), and i(z,y), @, (v, y), @,(z,y)
converge uniformly, respectively, to u(z,y), u,(z,y), u,(z,y) for any manner in
which h tends to zero.

Theorem 4. Under the conditions of Theorem 3, the solution of the boundary-
value problem (1), (2) and its first derivatives depend continuously on the bound-
ary conditions and on their first derivatives.

3°. Theorem 5. If f satisfies a Lipschitz condition with constant L in all its
arguments, and ¢, ¢, ¢’ satisfy Lipschitz conditions with constants L, L,

L, respectively, then in G the estimate

@ — | + [y — ug| + |y —u,| < e(h)e™ M=), (20)

where
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e(h) = h{l, (L+ M) +1, (14 Ly)+ My , +

+M<p/ +Ltp/ +Lf(1 +lum +Mf)(2li +lz+lil;> - (21)

« . L .
+2MZele b 4 2MZ L+ 1, + (14 h)Mf)(elt — 1)711‘} ,
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