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Abstract
Full Text
PHYSICS
D. IVANENKO and A. BRODSKY

ON A NONLINEAR THEORY OF ELEMEN-
TARY PARTICLES
(Presented by Academician N. N. Bogolyubov, 9 IV 1958)

Let us consider a nonlinear generalization of the Dirac equation (1−2) for a
quantized spinor field. To form invariants one may use our earlier method (2)
of“contraction,”which consists in making all spinor fields dimensionless in the
expression for the interaction of two pairs of fermions, for example in the theory
of 𝛽-decay. This method is based on the idea of a universal Fermi interaction
and of describing matter by a single“world spinor.”Then, restricting ourselves
to the fulfillment of the conditions of the ordinary theory and not introducing
derivatives into the nonlinear terms, the Lagrangian may be written in the form
(2)∗

𝐿 = 𝐿0 + 1
2 ∑

𝑚
{𝑔𝑚[( ̄𝜓𝑂𝑚𝜓)2 + (𝜓𝑂Tr

𝑚 ̄𝜓)2]+

+ 𝑔′
𝑚[( ̄𝜓𝑂𝑚𝜓), (𝜓𝑂Tr

𝑚 ( ̄𝜓)]+ + 𝑔″
𝑚[(𝜓𝑐𝑂𝑚𝜓), ( ̄𝜓𝑂𝑚𝑐 ̄𝜓)]+}, (1)

where 𝑂𝑚 = 1, 𝛾𝜇, 𝛾𝜇𝛾𝜈, 𝛾5𝛾𝜇, 𝛾5. If parity is not conserved, each 𝑂𝑚 may be
multiplied by (1±𝛼𝛾5). As F. Lörst emphasized, in the unquantized theory there
is a number of relations among the various terms of (1). In view of the absence
of derivatives in the nonlinear terms, we consider it expedient to preserve the
usual three-dimensional anticommutation relations for free fields (3). Taking the
anticommutation relations into account makes it possible to reduce part of the
nonlinear summands (1) to others and to show that some of these summands
are identically equal to zero (for example, for 𝑂𝑚 = 𝛾𝜇𝛾𝜈, 𝛾5𝛾𝜈 in the third
square bracket of (1)). The number of independent constants is reduced still
further if one requires that the nonlinear part of the Lagrangian be invariant
under Lorentz transformations that commute with the Pauli transformations
(4), which are realized in 𝛽-decay for the neutrino:

𝜓 → 𝑎𝜓 + 𝑏𝑖𝛾5𝜓𝑐,
𝑖𝛾5𝜓𝑐 → −𝑏∗𝜓 + 𝑎∗𝑖𝛾5𝜓𝑐 } for 𝑎𝑎∗ + 𝑏𝑏∗ = 1, 𝜓𝑐 = 𝑖𝛾5𝛾2𝜓∗. (2)

sovietrxiv.org/items/ru-195801.14335 Machine Translation

https://sovietrxiv.org/items/ru-195801.14335


∗The following notation is used:

𝛾𝑖 = ∣ 0 𝑖𝜎𝑖
𝑖𝜎𝑖 0 ∣ (𝑖 = 1, 2, 3); 𝛾0 = ∣ 0 𝑖𝐸2

−𝑖𝐸2 0 ∣ ; 𝛾5 = ∣−𝑖𝐸2 0
0 +𝑖𝐸2

∣ ;

̄𝜓 = 𝜓∗𝛾0; 𝑐 = 𝛾5𝛾0𝛾2; 𝑎𝜇𝑏𝜇 = −𝑎𝑖𝑏𝑖 + 𝑎0𝑏0;

a spinor standing to the left of a matrix is regarded as transposed. We emphasize
here that the quadratic terms (2) obtained by us earlier in the third square
bracket (1) could have been obtained from the theory of 𝛽-decay, in which
baryon and lepton charges are not conserved. We note that Heisenberg and
Pauli have recently used part of the invariants indicated in (2), namely the
square of the pseudoscalar.

∗∗

Commutation with reflection takes place only for one of the two choices of
coefficients: ±1 or ±𝑖 for the corresponding matrices that define the reflection.

These transformations are isomorphic, as is easy to see, to the spinor represen-
tation of the rotation group. To select invariants, introduce the 8-component
spinor

Ψ = ( 𝜓
𝑖𝛾5𝜓𝑐) ,

whose transformations under Lorentz transformations are specified by the ma-
trices 𝛾𝜇 × 𝐸2, and under the transformations (2) by the matrices 𝐸4 × 𝑖𝜌𝑖,
where 𝜌𝑖 are the Pauli matrices. Supplementing (2) by the reflection of the four
coordinates (𝜓 → 𝛾5𝜓), we extend (2) to a unitary group.4 Introduce seven
anticommuting matrices Γ𝑟 (𝑟 = 1, 2, … , 7):

Γ𝜇+1 = 𝛾𝜇 × 𝐸2 (𝜇 = 0, 1, 2, 3); Γ𝑖+4 = ̂𝜏𝑖 = 𝑖𝛾5 × 𝜌𝑖 (𝑖 = 1, 2, 3). (3)

For comparison of (2) with isotopic rotations, we rewrite the spinor Ψ in a form
in which, according to Feynman 5, each particle is specified by a two-component
semispinor

Ψ ≡ 1
2 ((1 + 𝑖𝛾5)𝜓 + (1 − 𝑖𝛾5)𝜓𝑐

(1 + 𝑖𝛾5)𝜓𝑐 − (1 − 𝑖𝛾5)𝜓) =
⎛⎜⎜⎜
⎝

𝜓𝑝
𝜓 𝑐

𝑛̄
𝜓𝑛

−𝜓 𝑐
𝑝̄

⎞⎟⎟⎟
⎠

. (4)
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The matrices Γ𝑖+4 = ̂𝜏𝑖 = 𝑖𝛾5 × 𝜌𝑖 in this case carry out transformations∗ in
isotopic space, where the isotopic two-component spinor consists of proton—
antineutron (respectively antiproton—neutron). The fastest way of constructing
combinations of Ψ invariant with respect to Lorentz transformations and (2) is to
consider rotations in a 6-dimensional space∗∗ with basis matrices Γ𝜇+1 = 𝛾𝜇×𝐸2
(𝜇 = 0, 1, 2, 3) and Γ𝑖+4 = ̂𝜏𝑖 = 𝑖𝛾5 × 𝜌𝑖 (𝑖 = 1, 2), where the product of the
indicated six matrices is equal to Γ7 = ̂𝜏3 = 𝑖𝛾5 × 𝜌3. First of all, note that
the spinor Ψ is self-conjugate (real). Indeed, forming the product of all the real
matrices 𝐶 = 𝛾2 × 𝑖𝜌2, it is easy to verify that

Ψ𝑐 = + 𝐶Ψ∗ = Ψ. (5)

Thus, invariants of the type Ψ+ℰΩ𝑚Ψ, where ℰ is the product of Hermitian
matrices ℰ = 𝑖𝛾0 × 𝜌3 from among the six basis matrices and Ω𝑚 = 1, Γ𝑟, Γ𝑟Γ𝑝,
etc., 𝑟, 𝑝 = 1, … , 6, reduce∗∗∗ to invariants of the type Ψ𝐶ℰΩ𝑚Ψ. Further, owing
to the anticommutation of the variation 𝛿Ψ𝛼 with Ψ𝛽, in the field equations
only those invariants will give a nonvanishing contribution which satisfy the
condition∗∗∗∗

(𝐶ℰΩ𝑚)Tr = −𝐶ℰΩ𝑚, (6)

since

(𝐶ℰΩ𝑚)𝜋𝜎(𝛿Ψ𝜋Ψ𝜎 + Ψ𝜋𝛿Ψ𝜎) = [𝐶ℰΩ𝑚 − (𝐶ℰΩ𝑚)Tr]𝜋𝜎𝛿Ψ𝜋Ψ𝜎.

The condition (6) is satisfied by Ω𝑚 = 1, Γ𝑟, Γ𝑟Γ𝑝. We restrict ourselves to
consideration of the following nonlinear part of the Lagrangian (𝑔𝑣 has the
dimension of the Fermi constant):

𝐿𝑛 = 𝑔𝑣 [(Ψ+ℰΓ𝑟Ψ)2 + (Ψ+ℰΓ𝑟Γ7Ψ)2] , (7)

∗ Since the simultaneous transformation 𝜓𝑝𝜓 𝑐
𝑁̄ and 𝜓 𝑐

𝑝̄ 𝜓𝑁 is performed, then,
owing to the imaginary character of ̂𝜏𝑖, we have ̂𝜏𝑖 ̂𝜏𝑗 = 𝑖𝛾5 ×𝑒𝑖𝑗𝑘 ̂𝜏𝑘, and ̂𝜏𝑖 cannot
simply be identified with the isotopic matrices.
∗∗ Invariance with respect to mixed rotations of the form 𝛾𝜇 × ̂𝜏𝑖 = 𝑖𝛾5𝛾𝜇 × 𝜌𝑖
(𝑖 = 1, 2) is equivalent to invariance with respect to the product of reflection in
the usual sense and charge conjugation (strong inversion).
∗∗∗ In the general case, in the indicated combined space one may also introduce
non-self-conjugate spinors.
∗∗∗∗ Always (𝐶ℰΩ𝑚)Tr = ±𝐶ℰΩ𝑚.

which turns into zero* for Ψ satisfying the condition (neutrino):
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Ψ∗ = ±Γ7Ψ. (8)

The Lagrangian (7) can be rewritten in a form in which the vanishing for parti-
cles of type (8) is evident:

𝐿𝑛 = 1
2𝑔𝑣 [Ψ+𝛾0𝜌3Γ𝑟(1 + Γ7)Ψ, Ψ+𝛾0𝜌3Γ𝑟(1 − Γ7)Ψ]+, (9)

Taking into account that (1 ± 𝑖𝛾5)𝛾0(1 ± 𝑖𝛾5) = 0, (1 ∓ ̂𝜏3)(1 ± ̂𝜏3) = 0, instead
of (9) one may write

𝐿𝑛 = 1
2𝑔𝑣 [Ψ+𝛾0𝜌3𝛾𝜇(1 + ̂𝜏3)Ψ, Ψ+𝛾0𝜌3𝛾𝜇(1 − ̂𝜏3)Ψ]+

+ 1
4𝑔𝑣 [Ψ+𝛾0𝜌3(1 − ̂𝜏3) ̂𝜏𝑖(1 + ̂𝜏3)Ψ, Ψ+𝛾0𝜌3(1 + ̂𝜏3) ̂𝜏𝑖(1 − ̂𝜏3)Ψ]+,

(9a)

𝜇 = 0, … , 3, 𝑖 = 1, 2, 3.

Varying (9) with respect to (1 ∓ ̂𝜏3)𝛾0𝜌3Ψ∗ = (1 ∓ ̂𝜏3)𝛾0𝜌3𝛾2𝜏2Ψ, we obtain the
field equations:

𝐷0(1 ∓ ̂𝜏3)Ψ(𝑥) + 1
2𝑔𝑣[𝛾𝜇(1 ∓ ̂𝜏3)Ψ(𝑥), Ψ+(𝑥)𝛾0𝜌3𝛾𝜇(1 ∓ ̂𝜏3)Ψ(𝑥)]+

+ 1
2𝑔𝑣[ ̂𝜏𝑖(1 ∓ ̂𝜏3)Ψ(𝑥), Ψ+(𝑥)𝛾0𝜌3(1 + ̂𝜏3) ̂𝜏𝑖(1 ∓ ̂𝜏3)Ψ(𝑥)]+ = 0,

(10)

where 𝐷0 is the usual Dirac operator.

Let us now pose the problem of constructing, for the nonlinear Lagrangian
chosen, equations for the causal propagation functions (Green’s functions). It is
convenient here to define the latter quantity** in the following way, not including
the matrices 𝛿 = 𝛾0 × 𝜌3:

𝐺±
𝛼̂ ̂𝛽(𝑥, 𝑥′) = 𝑖⟨𝑇 ((1 ± ̂𝜏3(Ψ𝛼̂(𝑥), Ψ∗

̂𝛽(𝑥′)))⟩0. (11)

Here ̂𝛼 = 𝛼 × 𝛼′, ̂𝛽 = 𝛽 × 𝛽′; 𝛽 = 1, 2, 3, 4; 𝛼′, 𝛽′ = 1, 2. (In those cases when
𝛼′ = 𝛽′, we shall write simply 𝛼, 𝛽 instead of ̂𝛼, ̂𝛽.) To solve the problem posed
of constructing equations, we introduce in addition into the Lagrangian terms
with fictitious sources 𝐽±(𝑥), commuting with Ψ, in the following way:
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Δ𝐿 = 1
2 ∑

(±)
[𝐽±

𝜇 (𝑥)Ψ+(𝑥)𝛾0𝜌3𝛾𝜇(1 ± ̂𝜏3)Ψ(𝑥) + 𝐽±
𝑖 (𝑥)Ψ+𝛾0𝜌3 ̂𝜏𝑖(1 ± ̂𝜏3)Ψ] ,

(12)

𝜇 = 0, … , 3, 𝑖 = 1, 2, 3.

Multiplying (10) by Ψ∗
𝛽(𝑥′) on the right and on the left, and then proceeding in

the usual manner (7), from (10) we obtain, for 𝐽 = 0, for 𝐺+

−𝑖𝛾0𝛾𝜇
𝜕𝐺+(𝑥, 𝑥′)

𝜕𝑥𝜇 + 𝑔𝑣𝛾0𝛾𝜇
𝛿𝐺+(𝑥, 𝑥′)

𝛿𝐽−𝜇 (𝑥) + 𝑖𝑔𝑣𝛾0𝛾𝜇𝐺+(𝑥, 𝑥′) tr 𝛾𝜇𝛾0𝜌3𝐺−(𝑥, 𝑥)

+𝑔𝑣𝛾0𝛾5𝜌 𝑖 𝛿𝐺+(𝑥, 𝑥′)
𝛿𝐽−

𝑖 (𝑥) + 𝑖𝑔𝑣𝛾0𝛾5𝜌𝑖𝐺+(𝑥, 𝑥′) tr 𝜌𝑖𝛾5𝛾0𝜌3𝐺−(𝑥, 𝑥) = 𝛿(𝑥 − 𝑥′).
(13)

Here we consider the mass in the operator 𝐷0, following Heisenberg, to be equal
to zero (1), and the operation 𝑇 (𝐴(𝑥), 𝐵(𝑥′)) for 𝑥0 = 𝑥′

0 is understood as the
half-sum pre-

* The combination (7) is the only one satisfying, besides the indicated conditions,
the requirement of invariance with respect to Salam–Touchek transformations
(6), which, in the notation adopted, are written in the form Ψ → 𝑒𝑖𝛼Γ7Ψ.

** Obviously, (𝐺+𝛾0)𝛼𝛽 coincides with the standard definition of the proton
causal Green’s function. The cases 𝛼′ = 𝛽′ = 1 and 𝛼′ = 𝛽′ = 2 lead to
equivalent expressions (in the absence of isotopic transitions) owing to the charge
invariance of the vacuum. Let us also note that, in order to preserve invariance
of the Lagrangian, 𝐽±

𝜇 must change sign under charge conjugation.

cases as 𝑥0 − 𝑥′
0 → ±0. The matrices 𝛾0𝛾𝜇 entering into (13), unlike 𝛾0𝛾5,

contain no transitions from 𝜓𝑝 to 𝜓𝑛. An analogous equation is obtained for
𝐺−(𝑥, 𝑥′). Owing to charge symmetry, in (13) one may restrict oneself to the
case 𝛼′ = 1. Let us introduce the mass operator 𝑀 , taking into account the
translational invariance of the Green functions:

∫ 𝑀+(𝑥, 𝑥″)𝛾0𝐺+(𝑥″, 𝑥′) 𝑑𝑥″ = 𝑖𝑔𝑣
2𝜋2 [(tr∫ 𝛾0𝜌3𝛾𝜇𝐺−(𝑘) 𝑑𝑘) 𝛾0𝛾𝜇+

+ (tr∫ 𝛾0𝜌3𝛾5𝜌𝑖𝐺−(𝑘) 𝑑𝑘) 𝛾0𝛾5] 𝐺+(𝑥, 𝑥′)+

+ 𝑔𝑣𝛾0𝛾𝜇
𝛿𝐺+(𝑥, 𝑥′)

𝛿𝐽−𝜇 (𝑥) + 𝑔𝑣𝛾0𝛾5𝜌𝑖
𝛿𝐺+(𝑥, 𝑥′)

𝛿𝐽−
𝑖 (𝑥) .

(14)
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With its aid, (13) is rewritten in the form

−𝑖𝛾0𝛾𝜇
𝜕𝐺+(𝑥, 𝑥′)

𝜕𝑥𝜇 + ∫ 𝑀+(𝑥, 𝑥″)𝛾0𝐺+(𝑥″, 𝑥′) 𝑑𝑥″ = 𝛿(𝑥 − 𝑥′). (15)

Thus, the equation for the causal Green function in the nonlinear case, in the
absence of external fields, turns out to be equivalent to the equation for the
linear case in the presence of interaction with a bosonic vacuum of the“electro-
magnetic”and“mesonic”type, with a field mass and a“bare”mass; moreover,
the latter is specified by the coefficient before 𝐺+ in the first term on the right-
hand side of (14) and is determined, ultimately, by the values of the Green
functions on the light cone. The indicated bosonic fields may be connected
with the sources 𝐽± by the usual relations and introduced into the Lagrangian.
We note that, while preserving invariance only with respect to rotations in or-
dinary and isotopic space separately, one may regard the coefficients 𝑔𝑣 in the
“electromagnetic”and“mesonic”terms as different and set, for example, 𝐽− ≡ 0.
The result obtained leads to the conclusion, proved by us earlier (?) in the
first approximation of perturbation theory, that the addition of nonlinear terms
in the case of a free particle reduces to an effective change (or introduction)
of the mass. Continuing the indicated reasoning, one may obtain that, in the
case of a two-particle Green function, the equations of the nonlinear theory will
be externally indistinguishable from the equations of the linear theory in the
presence of a bosonic vacuum*. In this case the square of the effective coupling
constant and the mass will be proportional to a coefficient containing 𝑔𝑣. It
is also essential that the bosonic fields can be interpreted, according to the
preceding, in the nonlinear theory as the result of unification** of “primary”
spinors in the spirit of “fusion.”

We express our gratitude to Prof. W. Heisenberg for kindly communicating new
interesting results of the nonlinear theory connected with the application of the
Pauli group.

Moscow State University
named after M. V. Lomonosov
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CITED LITERATURE
1. D. Ivanenko, Phys. Zs. Sowjetun., 13, 141 (1938); Suppl. Nuovo Cim., 6,

349 (1957); D. Ivanenko, A. A. Sokolov, Quantum Field Theory, Part II,
§ 3 (1952); W. Heisenberg, Rev. Mod. Phys., 29, 269 (1957).

2. D. Ivanenko, A. Brodsky, ZhETF, 24, 383 (1953); DAN, 84, 683 (1952).

sovietrxiv.org/items/ru-195801.14335 Machine Translation

https://sovietrxiv.org/items/ru-195801.14335


3. N. N. Bogolyubov, V. V. Medvedev, M. K. Polivanov, Scientific Reports
of Higher School, No. 2 (1958).

4. W. Pauli, Nuovo Cim., 6, 204 (1957); S. Kahana, D. L. Pursey, Nuovo
Cim., 6, 1469 (1957); G. Lüders, Nuovo Cim., 7, 171 (1958).

5. R. Feynman, Proc. 7-th Rochester Conference, 1957.

6. A. Salam, Nuovo Cim., 5, 299 (1957).

7. J. Schwinger, Proc. Nat. Acad. Sci. USA, 37, 452 (1951).

8. D. Ivanenko, I. Mirianashvili, DAN, 106, 413 (1956).

* The interaction of the Fermi type begins to manifest itself directly only in the
four-particle Green function (cf. (?)).

** From the indicated peculiar “equivalence theorem”of nonlinearity and the
bosonic vacuum there also follows the possibility of transferring into the nonlin-
ear theory a number of results of the quantum theory of interacting fields and,
in particular, results of the theory of renormalizations.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-195801.14335 Machine Translation

https://sovietrxiv.org/items/ru-195801.14335

	Abstract
	Full Text
	PHYSICS
	D. IVANENKO and A. BRODSKY

	ON A NONLINEAR THEORY OF ELEMENTARY PARTICLES
	CITED LITERATURE


