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Abstract
Full Text
ELECTRICAL ENGINEERING
M. L. TSETLIN

ON THE COMPOSITION AND PARTITIONS
OF NONPRIMITIVE CIRCUITS
(Presented by Academician M. V. Keldysh on 19 VII 1957)

In the present note we consider circuits formed by the composition of nonprimi-
tive circuits, as well as by the partition of nonprimitive circuits into subcircuits.
The definitions and notation correspond to those adopted in (1).

1. Let 𝑋 = (𝑥1, … , 𝑥𝑝) and 𝑌 = (𝑦1, … , 𝑦𝑞) be sets of quantities 𝑥𝑖 (𝑖 =
1, 2, … , 𝑝), 𝑦𝑗 (𝑗 = 1, 2, … , 𝑞), taking the values either 0 or 1, and let
𝑋 = ( ̃𝑥0, … , ̃𝑥2𝑝−1), 𝑌 = ( ̃𝑦0, … , ̃𝑦2𝑞−1) be the corresponding simple vec-
tors. We shall call the set 𝑍 = (𝑧1, … , 𝑧𝑝+𝑞) such that 𝑧1 = 𝑥1, … , 𝑧𝑝 =
𝑥𝑝, 𝑧𝑝+1 = 𝑦1, … , 𝑧𝑝+𝑞 = 𝑦𝑞 the union of the sets 𝑋, 𝑌 . In this case
the set 𝑍 will correspond to the simple vector 𝑍 = ( ̃𝑧0, … , ̃𝑧2𝑝+𝑞 − 1),
which is the union of the simple vectors 𝑋, 𝑌 . We shall use the notation
𝑍 = 𝑋 × 𝑌 , 𝑍 = 𝑋 × 𝑌 . Between the coordinates of the simple vectors
𝑋, 𝑌 and 𝑍 the following relations hold:

̃𝑧𝛾𝑝+𝑞,…,𝛾𝑝+1,𝛾𝑝,…,𝛾1
= ̃𝑥𝛾𝑝,…,𝛾1

̃𝑦𝛾𝑝+𝑞,…,𝛾𝑝+1
; (1)

̃𝑥𝛾𝑝,…,𝛾1
= ⋁

𝛾𝑝+𝑞,…,𝛾𝑝+1

̃𝑧𝛾𝑝+𝑞,…,𝛾𝑝+1,𝛾𝑝,…,𝛾1
;

̃𝑦𝛾𝑝+𝑞,…,𝛾𝑝+1
= ⋁

𝛾1,…,𝛾𝑝

̃𝑧𝛾𝑝+𝑞,…,𝛾𝑝+1,𝛾𝑝,…,𝛾1
. (2)

Formulas (1), (2) are readily extended to unions of three or more sets and the
corresponding simple vectors.

2. Let a primitive circuit 𝑃 have 𝑠 feedbacks 𝜑1, … , 𝜑𝑠; 𝑛 input buses
𝑥1, … , 𝑥𝑛 and 𝑝 output buses 𝑓1, … , 𝑓𝑝, and let a nonprimitive circuit 𝑄
have 𝑟 feedbacks 𝜓1, … , 𝜓𝑟; 𝑚 input buses 𝑦1, … , 𝑦𝑚 and 𝑞 output buses
𝑔1, … , 𝑔𝑞. Suppose, further, that to the circuit 𝑃 there corresponds the
state matrix

𝐴 = ∥𝑎𝛼𝑠,…,𝛼1;𝛼′𝑠,…,𝛼′
1
(𝑥1, … , 𝑥𝑛)∥
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Fig. 1

Figure 1: Fig. 1

and the reaction matrix

𝐿 = ∥𝑙𝛼𝑛,…,𝛼1;𝛽𝑝,…,𝛽1
(𝜑1, … , 𝜑𝑠)∥ ,

and to the circuit 𝑄 there correspond the state matrix

𝐵 = ∥𝑏𝛼𝑟,…,𝛼1;𝛼′𝑟,…,𝛼′
1
(𝑦1, … , 𝑦𝑟)∥

and the reaction matrix

𝑀 = ∥𝑚𝛼𝑚,…,𝛼𝑖;𝛽𝑞,…,𝛽1
(𝜓1, … , 𝜓𝑟)∥ .

If Φ̃𝑡+1 and Ψ̃𝑡+1 are the simple state vectors, 𝑋𝑡+1 and 𝑌𝑡+1 are the simple
input vectors, and 𝐹𝑡+1 and 𝐺𝑡+1 are the simple output vectors of the circuits
𝑃 and 𝑄, respectively, then the relations ((1), formulas (7) and (12)) hold:

Φ̃𝑡+1 = Φ̃𝑡𝐴(𝑋𝑡+1); Ψ̃𝑡+1 = Ψ̃𝑡𝐵(𝑌𝑡+1); (3)

𝐹𝑡+1 = 𝑋𝑡+1𝐿(Φ𝑡); 𝐺𝑡+1 = 𝑌𝑡+1𝑀(Ψ𝑡). (4)

where 𝑋𝑡+1 = (𝑥1
𝑡+1, … , 𝑥𝑛

𝑡+1); 𝑌𝑡+1 = (𝑦1
𝑡+1, … , 𝑦𝑚

𝑡+1); Φ𝑡 = (𝜑1
𝑡 , … , 𝜑𝑠

𝑡 ), Ψ𝑡 =
(𝜓1

𝑡 , … , 𝜓𝑟
𝑡 ). We construct the composition 𝑅 of the networks 𝑃 and 𝑄, putting

𝑓1
𝑡+1 = 𝑦1

𝑡+1, … , 𝑓𝑣
𝑡+1 = 𝑦𝑣

𝑡+1; 𝑥1
𝑡+1 = 𝜗1

𝑡 , … , 𝑥𝑢
𝑡+1 = 𝜗𝑢

𝑡 ;

𝜗1
𝑡+1 = 𝑔1

𝑡+1, … , 𝜗𝑢
𝑡+1 = 𝑔𝑢

𝑡+1; 𝑣 ⩽ min(𝑝, 𝑚); 𝑢 ⩽ min(𝑛, 𝑞). (5)

The presence of delay lines 𝜗1, … , 𝜗𝑢 is necessary so that contradictory expres-
sions of the type 𝑥 = ̄𝑥 do not arise. If the functions 𝑓1, … , 𝑓𝑣 do not depend
on the variables 𝑥1, … , 𝑥𝑢, or if the functions 𝑔1, … , 𝑔𝑢 do not depend on the
variables 𝑦1, … , 𝑦𝑣, then the use of additional delay lines is not necessary. The
composition 𝑅 of the networks 𝑃 and 𝑄 is shown in Fig. 1, where the connec-
tions corresponding to (5) are indicated by dotted lines*.

Fig. 1
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The network 𝑅 obtained in this way will have 𝑘 = 𝑚 + 𝑛 − 𝑢 − 𝑣 input buses,
𝑙 = 𝑝 + 𝑞 − 𝑢 − 𝑣 output buses, and 𝑤 = 𝑟 + 𝑠 + 𝑢 feedback links. Introduce the
notation:

𝑧1
𝑡+1 = 𝑥𝑢+1

𝑡+1 , … , 𝑧 𝑛−𝑢
𝑡+1 = 𝑥𝑛

𝑡+1; 𝑧 𝑛−𝑢+1
𝑡+1 = 𝑦 𝑣+1

𝑡+1 , … , 𝑧𝑘
𝑡+1 = 𝑦𝑚

𝑡+1, (6)

𝜎1
𝑡 = 𝜑1

𝑡 , … , 𝜎𝑠
𝑡 = 𝜑𝑠

𝑡 , 𝜎𝑠+1
𝑡 = 𝜓1

𝑡 , … , 𝜎𝑠+𝑟
𝑡 = 𝜓𝑟

𝑡 , 𝜎𝑠+𝑟+1
𝑡 = 𝜗1

𝑡 , … , 𝜎𝑤
𝑡 = 𝜗𝑢

𝑡 ;
(7)

ℎ1
𝑡+1 = 𝑓𝑣+1

𝑡+1 , … , ℎ𝑝−𝑣
𝑡+1 = 𝑓𝑝

𝑡+1, ℎ𝑝−𝑣+1
𝑡+1 = 𝑔𝑢+1

𝑡+1 , … , ℎ𝑙
𝑡+1 = 𝑔𝑞

𝑡+1. (8)

The state of the network 𝑅 at the moment 𝑡+2 is described by the simple vector
Σ̃𝑡+1 = (𝜎̃0

𝑡+1, … , 𝜎̃ 2𝑤−1
𝑡+1 ). From relations (7) it follows that

Σ̃𝑡+1 = Φ𝑡+1Ψ̃𝑡+1 ̃𝜃𝑡+1, (9)

where ̃𝜃𝑡+1 = ( ̃𝜗0
𝑡+1, … , ̃𝜗2𝑢−1

𝑡+1 ) is the simple vector describing, at the moment
𝑡 + 2, the state of the feedback links 𝜗1, … , 𝜗𝑢.

By formulas (9), (3), (4), (5), using relations (1) and (2) and the notation (6),
(7), (8), the elements of the state matrix 𝐶 = ‖𝑐𝛼𝑤,…,𝛼1;𝛼′𝑤,…,𝛼′

1
(𝑧1

𝑡+1, … , 𝑧𝑘
𝑡+1)‖

and of the reaction matrix 𝐾 = ‖𝑘𝛼𝑘,…,𝛼1;𝛽𝑙,…,𝛽1
(𝜎1

𝑡 , … , 𝜎𝑤
𝑡 )‖ of the nonprimitive

network 𝑅 are computed:

𝑐𝛼𝑤,…,𝛼1;𝛼′𝑤,…,𝛼′
1
(𝑧1

𝑡+1, … , 𝑧𝑘
𝑡+1) =

= ⋁
𝛽𝑝,…,𝛽1𝛾𝑞−𝑢,…,𝛾1

𝛼𝛼𝑠,…,𝛼1;𝛼′𝑠,…,𝛼′
1
(𝛼𝑠+𝑟+1, … , 𝛼𝑤, 𝑧1

𝑡+1, … , 𝑧 𝑛−𝑢
𝑡+1 )×

× 𝑏𝛼𝑠+𝑟,…,𝛼𝑠+1;𝛼′
𝑠+𝑟,…,𝛼′

𝑠+1
(𝛽1, … , 𝛽𝑣, 𝑧 𝑛−𝑢+1

𝑡+1 , … , 𝑧𝑘
𝑡+1)×

× 𝑙𝑧 𝑛−𝑢
𝑡+1 ,…,𝑧1

𝑡+1,𝛼𝑤,…,𝛼𝑠+𝑟+1;𝛽𝑝,…,𝛽1
(𝛼1, … , 𝛼𝑠)×

× 𝑚𝑧𝑘
𝑡+1,…,𝑧 𝑛−𝑢+1

𝑡+1 ,𝛽𝑤,…,𝛽1;𝛾𝑞−𝑢,…,𝛾1,𝛼′𝑤,…,𝛼′
𝑠+𝑟+1

(𝛼𝑠+1, … , 𝛼𝑠+𝑟); (10)

* Note that as delay lines 𝜗1, … , 𝜗𝑢 one may use part of the lines 𝜓𝑖 (𝑖 = 1, … , 𝑟), and as 𝑓𝑗 (𝑗 = 1, … , 𝑣)—part of the functions 𝜑1, … , 𝜑𝑠.
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𝑘 𝑙
𝛼𝑘,…,𝛼1; 𝛽𝑙,…,𝛽1

(𝜎1
𝑡 , … , 𝜎𝑤

𝑡 ) =

= ⋁
𝛿𝑣,…,𝛿1𝛾𝑢,…,𝛾1

𝑙𝛼𝑛−𝑢,…,𝛼1; 𝜎𝑤
𝑡 ,…,𝜎𝑠+𝑟+1

𝑡 ; 𝛽𝑝−𝑣,…,𝛽1; 𝛿𝑣,…,𝛿1
(𝜎1

𝑡 , … , 𝜎𝑠
𝑡 )×

×𝑚𝛼𝑘,…,𝛼𝑛−𝑢+1; 𝛿𝑣,…,𝛿1; 𝛽𝑙,…,𝛽𝑝−𝑣+1; 𝛾𝑢,…,𝛾1
(𝜎𝑠+1

𝑡 , … , 𝜎𝑠+𝑟
𝑡 ). (11)

We shall call a composition of nonprimitive circuits direct if 𝑢 = 0. We shall
call a direct composition successive if, in addition, 𝑚 = 𝑝 = 𝑣. In the cases of
direct and direct successive compositions, formulas (10) and (11) are simplified.
Thus, for the case of a direct successive composition 𝑅 of circuits 𝑃 and 𝑄, the
number of input buses is 𝑘 = 𝑛, the number of output buses is 𝑙 = 𝑞, the number
of feedbacks is 𝑤 = 𝑠 + 𝑟, and the corresponding formulas have the form

𝑐𝛼𝑤,…,𝛼1; 𝛼′𝑤,…,𝛼′
1
(𝑧1

𝑡+1, … , 𝑧𝑛
𝑡+1) = ⋁

𝛽𝑝,…,𝛽1

𝑎𝛼𝑠,…,𝛼1; 𝛼′𝑠,…,𝛼′
1
(𝑧1

𝑡+1, … , 𝑧𝑛
𝑡+1)×

×𝑏𝛼𝑤,…,𝛼𝑠+1; 𝛼′𝑤,…,𝛼′
𝑠+1

(𝛽1, … , 𝛽𝑝) 𝑙𝑧𝑛
𝑡+1,…,𝑧1

𝑡+1; 𝛽𝑝,…,𝛽1
(𝛼1, … , 𝛼𝑠); (12)

𝑘𝛼𝑛,…,𝛼1; 𝛽𝑞,…,𝛽1
(𝜎1

𝑡 , … , 𝜎𝑤
𝑡 ) =

= ⋁
𝛾𝑝,…,𝛾1

𝑙𝛼𝑛,…,𝛼1; 𝛾𝑝,…,𝛾1
(𝜎1

𝑡 , … , 𝜎𝑠
𝑡 ) 𝑚𝛾𝑝,…,𝛾1; 𝛽𝑞,…,𝛽1

(𝜎𝑠+1
𝑡 , … , 𝜎𝑤

𝑡 ). (13)

Formula (13) corresponds to the product of the matrices 𝐿 and 𝑀 (1).

As an example, let us consider the direct successive composition of 𝑠 trigger
cells, i.e., of identical nonprimitive circuits, each of which has one input bus
𝑥𝑖, one output bus 𝑓 𝑖, one feedback 𝜑𝑖, and is described by the state matrix
𝐴 = ‖𝑎𝛼;𝛼′(𝑥𝑖

𝑡+1)‖ and the reaction matrix 𝐿 = ‖𝑙𝛽,𝛽′(𝜑𝑖
𝑡)‖:

𝐴 = (𝑥𝑖
𝑡+1 𝑥𝑖

𝑡+1
𝑥𝑖

𝑡+1 𝑥𝑖
𝑡+1

) ; 𝐿 = ( 1 0
𝜑𝑖

𝑡 𝜑𝑖
𝑡
) ; 𝑖 = 1, 2, … , 𝑠. (14)

The formulas for the elements of the state matrix and the reaction matrix of
the composition easily follow from (12) and (13) and have the form

𝑐𝛼𝑠,…,𝛼1; 𝛼′𝑠,…,𝛼′
1
(𝑥1

𝑡+1) = ⋁
𝛽𝑠−1,…,𝛽1

𝑎𝛼1;𝛼′
1
(𝑥1

𝑡+1) 𝑎𝛼2;𝛼′
2
(𝛽1) ⋯ 𝑎𝛼𝑠;𝛼′𝑠

(𝛽𝑠−1)×

×𝑙𝑥′
𝑡+1; 𝛽1

(𝛼1) 𝑙𝛽1;𝛽2
(𝛼2), … , 𝑙𝛽𝑠−2;𝛽𝑠−1

(𝛼𝑠−1); (15)
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𝑘𝛼;𝛼′(𝜑1
𝑡 , … , 𝜑𝑠

𝑡 ) =

= ⋁
𝛽𝑠−1,…,𝛽1

𝑙𝛼;𝛽1
(𝜑1

𝑡 ) 𝑙𝛽1;𝛽2
(𝜑2

𝑡 ) ⋯ 𝑙𝛽𝑠−2;𝛽𝑠−1
(𝜑𝑠−1

𝑡 ) 𝑙𝛽𝑠−2;𝛼′(𝜑𝑠
𝑡 ). (16)

Writing out, by these formulas, the state and reaction matrices of the composi-
tion, we obtain:

𝐶 =
⎛⎜⎜⎜⎜⎜⎜⎜
⎝

𝑥1
𝑡+1𝑥1

𝑡+1 0 … 0 0
0 𝑥1

𝑡+1𝑥1
𝑡+1 … 0 0

⋅ ⋅ ⋅ … ⋅ ⋅
0 0 0 … 𝑥1

𝑡+1𝑥1
𝑡+1

𝑥1
𝑡+1 0 0 … 0 𝑥1

𝑡+1

⎞⎟⎟⎟⎟⎟⎟⎟
⎠

; 𝐾 = ( 1 0
𝜑1

𝑡 ⋯ 𝜑𝑠
𝑡 𝜑1

𝑡 ⋯ 𝜑𝑠
𝑡
) .

(17)

The corresponding circuit (a binary-counting circuit) is often used-

is used in experimental physics (see, for example, (2), where numerous concrete
schemes for its implementation on thyratrons, electronic tubes, etc. are given).

3. Let 𝑅 be a nonprimitive circuit having 𝑤 feedbacks 𝜎1, … , 𝜎𝑤; 𝑛 input
buses 𝑥1, … , 𝑥𝑛 and 𝑙 output buses 𝑓1, … , 𝑓 𝑙;

𝐶 = ∥𝑐𝛼𝑤,…,𝛼1;𝛼′𝑤,…,𝛼′
1
(𝑥1

𝑡+1, … , 𝑥𝑛
𝑡+1)∥, 𝐾 = ∥𝑘𝛼𝑛,…,𝛼1;𝛽𝑙,…,𝛽1

(𝜎1
𝑡 , … , 𝜎𝑤

𝑡 )∥

are the matrices of states and reactions of the circuit 𝑅. We indicate circuits
𝑃 and 𝑄 whose composition is the circuit 𝑅. We give one of the possible
decompositions of the circuit 𝑅 into the subcircuits 𝑃 and 𝑄.

The circuit 𝑃 has 𝑠 feedbacks 𝜎1, … , 𝜎𝑠; 𝑛+𝑤−𝑠 input buses 𝜎𝑠+1, … , 𝜎𝑤, 𝑥1, … , 𝑥𝑛,
and 𝑝 + 𝑠 output buses 𝜎1, … , 𝜎𝑠, 𝑓1, … , 𝑓𝑝. The circuit 𝑄 has 𝑤 − 𝑠 feedbacks
𝜎𝑠+1, … , 𝜎𝑤; 𝑛 + 𝑠 input buses 𝜎1, … , 𝜎𝑠, 𝑥1, … , 𝑥𝑛, and 𝑙 − 𝑝 + 𝑤 − 𝑠 output
buses 𝜎𝑠+1, … , 𝜎𝑤, 𝑓𝑝+1, … , 𝑓 𝑙. To the circuit 𝑃 there correspond the state
matrix

𝐴 = ∥𝑎𝛼𝑠,…,𝛼1;𝛼′𝑠,…,𝛼′
1
(𝜎𝑠+1

𝑡 , … , 𝜎𝑤
𝑡 , 𝑥1

𝑡+1, … , 𝑥𝑛
𝑡+1)∥

and the reaction matrix

𝐿 = ∥𝑙𝛼𝑛+𝑤−𝑠,…,𝛼1;𝛽𝑝+𝑠,…,𝛽1
(𝜎1

𝑡 , … , 𝜎𝑠
𝑡 )∥,

and to the circuit 𝑄 there correspond the state matrix
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𝐵 = ∥𝑏𝛼𝑤−𝑠,…,𝛼1;𝛼′𝑤−𝑠,…,𝛼′
1
(𝜎1

𝑡 , … , 𝜎𝑠
𝑡 , 𝑥1

𝑡+1, … , 𝑥𝑛
𝑡+1)∥

and the reaction matrix

𝑀 = ∥𝑚𝛼𝑛+𝑠,…,𝛼1;𝛽𝑙−𝑝+𝑤−𝑠,…,𝛽1
(𝜎𝑠+1

𝑡 , … , 𝜎𝑤
𝑡 )∥,

computed by the formulas:

𝛼𝛼𝑠,…,𝛼1;𝛼′𝑠,…,𝛼′
1
(𝜎𝑠+1

𝑡 , … , 𝜎𝑤
𝑡 , 𝑥1

𝑡+1, … , 𝑥𝑛
𝑡+1) =

= ⋁
𝛾𝑤−𝑠,…,𝛾1
𝛾′

𝑤−𝑠,…,𝛾′
1

𝑐𝛾𝑤−𝑠,…,𝛾1,𝛼𝑠,…,𝛼1;𝛾′𝑤−𝑠,…,𝛾′
1,𝛼′𝑠,…,𝛼′

1
(𝑥1

𝑡+1, … , 𝑥𝑛
𝑡+1)×

×[𝜎𝑠+1
𝑡 ]𝛾1 … [𝜎𝑤

𝑡 ]𝛾𝑤−𝑠 ; (18)

𝑏𝛼𝑤−𝑠,…,𝛼1;𝛼′𝑤−𝑠,…,𝛼′
1
(𝜎1

𝑡 , … , 𝜎𝑠
𝑡 , 𝑥1

𝑡+1, … , 𝑥𝑛
𝑡+1) = (19)

= ⋁
𝛾𝑠,…,𝛾1
𝛾′

𝑠,…,𝛾′
1

𝑐𝛼𝑤−𝑠,…,𝛼1;𝛾𝑠,…,𝛾1;𝛼′𝑤−𝑠,…,𝛼′
1,𝛾′𝑠,…,𝛾′

1
(𝑥1

𝑡+1, … , 𝑥𝑛
𝑡+1)[𝜎1

𝑡 ]𝛾1 … [𝜎𝑠
𝑡 ]𝛾𝑠 ;

𝑙𝛼𝑛+𝑤−𝑠,…,𝛼1;𝛽𝑝+𝑠,…,𝛽1
(𝜎1

𝑡 , … , 𝜎𝑠
𝑡 ) =

= ⋁
𝛾𝑙−𝑝,…,𝛾1

𝑘𝛼𝑛+𝑤−𝑠,…,𝛼𝑤−𝑠+1;𝛾𝑙−𝑝,…,𝛾1,𝛽𝑠+𝑝,…,𝛽𝑠+1
(𝜎1

𝑡 , … , 𝜎𝑠
𝑡 , 𝛼1, … , 𝛼𝑤−𝑠)×

×[𝜎1
𝑡 ]𝛽1 … (𝜎𝑠

𝑡 )𝛽𝑠 ; (20)

𝑚𝛼𝑛+𝑠,…,𝛼1;𝛽𝑙−𝑝+𝑤−𝑠,…,𝛽1
(𝜎𝑠+1

𝑡 , … , 𝜎𝑤
𝑡 ) =

= ⋁
𝛾𝑝,…,𝛾1

𝑘𝛼𝑛+𝑠,…,𝛼𝑠+1;𝛽𝑙−𝑝+𝑤−𝑠,…,𝛽𝑤−𝑠+1,𝛾𝑝,…,𝛾1
(𝛼1, … , 𝛼𝑠, 𝜎𝑤−𝑠+1

𝑡 , … , 𝜎𝑤
𝑡 )×

×[𝜎𝑠+1
𝑡 ]𝛽1 … (𝜎𝑤

𝑡 )𝛽𝑤−𝑠 . (21)
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Note: Figure translations are in progress. See original paper for figures.
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