Soviet-era science, translated into English

THE ERROR OF
DIRECT METHODS IN
THE NONLINEAR
THEORY OF SHELLS

1958

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-195801.13868

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-195801.13868

Abstract
Full Text

THEORY OF ELASTICITY
I. I. Vorovich

THE ERROR OF DIRECT METHODS IN THE
NONLINEAR THEORY OF SHELLS

(Presented by Academician V. I. Smirnov, 12 'V 1958)

In (!) an existence theorem is given for solutions of the system
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which, under certain conditions, describes large deformations of a shell. In (1)
—(5), u, v, w are the displacements of points of the middle surface of the shell;
A, B are the coefficients of the first fundamental form of the middle surface.

For the approximate solution of the boundary-value problem (1)—(5), direct
methods are used either in the form of P. F. Papkovich, or in the form of Kh.
M. Mushtari. Let us first consider the method of P. F. Papkovich. Suppose that
u, v are expressed from (1)—(2) in terms of w, as a result of which (3) becomes
an equation with respect to w. Equation (3) can be replaced by the equation
w— Gw = 0, where G is a certain completely continuous operator acting in
the space Hj(, of functions w satisfying conditions (5), and in which the norm
is defined by the bending energy of the shells. We shall seek an approximate
solution of the problem w,, in the form
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where . (P) is an orthonormal basis in H .

The following facts hold, justifying the application of the method of P. F. Pap-
kovich in the present problem:

Theorem 1. Let:

1) The middle surface of the shell ¥ be given by the equation r = r(a, ),
where a, B vary in a bounded plane domain €.

2) r have continuous second derivatives in €.

3) The boundary Q, I, can be divided into a finite number of arcs on each
of which the tangent varies continuously.

4) The external forces X,Y,Z € L, p > 1.
In this case:
1) The system of equations (6) coincides with the system

0J(w,)
8an,€

:O’

where J is the functional of the total energy of the system shell—external forces.
2) The system (6) has real solutions for every n > 1.

3) The entire set of approximations {w,, }, n = 1,2, ..., is strongly compact

4) Every weakly convergent sequence in H,q from {w,,} converges strongly,
and every strong limit of sequences from {w,, } is a solution of the equation
w— Guw = 0.

5) Let w® be a strict relative minimum (maximum)* of the functional J or
a solution of the equation w — Jw = 0 having nonzero index (). In this
case w® is a limit point in H, of the set of approximations {w,, }.

In some cases it proves possible to estimate the rate of convergence of sequences
from {w,, }. These estimates are based on certain data on the degree of smooth-
ness of the solutions of our problem, which are given by the following theorem.

Theorem 2**. Suppose conditions 1), 4) of Theorem 1 are satisfied. In this
case every solution of the equation w — Gw = 0 has the following properties:

1) If ¥ € H(4,m,0); I'q € £,(B4,0), then
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2) If S € H(k+4,m,0); T € £, 4(By, \); X,Y,Z € H(k, By, \), then

—9 2
H 1,BQ,L), p>2, H (3,33,p
v ) ©

T
Sl
|

. {H(2+k,BG,A), A<t {H(4+k,B7,)\), A<,
’ H(2+k,Bg,1—¢), A=1, H(4+k B, 1—¢), A=1.
(®)
In (7), (8), € > 0 is an arbitrarily small number; B;, i = 1,...,7, are certain
constants.

Suppose now that x; are defined by the relation

Xk(aaﬂ) = @2(a’ﬂ)nk(avﬁ)a (9)

where p(a, 8) = 0 is the equation of Ty, and II, («, 8) is a polynomial in «, 8. In
this case, on the basis of Theorem 2 and certain results from (3,5 ), the following
may be formulated:

Theorem 3. Suppose conditions 1), 4) of Theorem 1 are satisfied. Suppose,
further, that ¥ € H(4+4+k,m,0); I'q € £, (B1,A); X,Y,Z € H(k,By,\); ¢ €
H(k + 4) BBa 1)7 grad<p|FQ 7& Oa k > 0.

* We shall call a critical point w® of the functional .J a strict relative mini-
mum (maximum) if one can specify in H,, such a closed ball with center at
w® in which the strict inequality J(w) > J(w°) (J(w) < J(w)) holds.

** The classes of functions H(k,m,A) and the classes of surfaces £, (m, \) are
introduced in (*).

If w,, are determined by means of (6), x; by means of (9), and w° is a nonex-
ceptional solution of (6), then from {w,,} one can choose a sequence of approxi-
mations such that

m
—may A< L
n 2

m
3+k—e ?
2

(10)

”wO Wy, ”H <
Vil o
A=1lande >0 arbitrarily small.

Let us now consider the method of Kh. M. Mushtari. For this purpose we
introduce the space Hy of vector-functions &*(u,v) satisfying the boundary
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conditions (4), the norm in which is determined by the potential energy of
stretching of the shell (2). In addition, we introduce the space Hyq, of vector-
functions @(u,v,w) such that &*(u,v) € Hyq, w € Hyq, putting H@H%m =
HC&*H%{QQ + ||w\|%lm. It can be shown that the system (1)—(5) reduces to the
operator equation @ = Cw, where C is a completely continuous operator in
Hyg,.

We shall seek an approximate solution of our problem in the form

Wy, = Zanka(P>; (D;:(unvvn) = chkbk(soka'lpk)’ (11)
k=1 k=1
where x},, ¢y, ¥, form an orthonormal basis in Hs,. The constants a,,, ¢, are
found from the system
oJ aJ
— =0 = 0; k=1,..,n. (12)
3ank 6an

The following facts hold, justifying the application of the method of Kh. M.
Mushtari.

Theorem 4. Suppose that conditions 1)—4) of Theorem 1 are satisfied. In this
case:

1) System (12) has real solutions for every n > 1.

2) The whole set {&,, (u,,v,,w,)} of approximations is strongly compact in
H3Q.

3) Every weakly convergent sequence in Hsq from {&,, (u,,,v,,, w,,)} converges
strongly, and every limit of elements from {&,, (u,,,v,,, w,,)} gives a solution
of the equation w = C@.

4) Let w?(u® 1% w") be a strict relative minimum (maximum) of the func-
tional J in Hsq, or a solution of the equation w —C'& = 0 with nonzero in-

dex (®). In this case &Y is a limit point in Hsg, of the set {@,, (u,,,v,,w, )}

Suppose, further, that ¢, 1., x;, are taken in the form ¢, = @Il ,, ¥, = plly;;
Xi = @215, where II,, i = 1,2,3, are polynomials. In this case the following
proves valid:

Theorem 5. Suppose that the conditions of Theorem 3 hold, and
that w®(u®v% w") is a nonexceptional solution (®). 1In this case, from
{&,,(u,,,v,,w,)} one can choose a sequence such that

n» n?

A< 1,

kt21X )
n

nHHmz - m

k+3—¢ 7
n 6

-0 ~

[ (13)

A =1 and € > 0 arbitrarily small.
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Analogous results can also be formulated in the case when direct methods are
applied to the system of equations with a stress function. In this case one obtains
a justification of the modification of the method proposed by P. F. Papkovich
and V. Z. Vlasov.
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