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Abstract

Full Text

Reports of the Academy of Sciences of the USSR,
1958. Vol. 119, No. 4

THEORY OF ELASTICITY
E. I. GRIGOLYUK

STABILITY OF ELASTIC-PLASTIC INHOMO-
GENEOUS SHELLS

(Presented by Academician L. I. Sedov, 18 XI 1957)

Below, the purely plastic loss of stability of inhomogeneous shells is considered.
For definiteness, in calculating the stiffnesses a bimetallic shell is taken. Physical
relations for bimetallic shells are obtained, and stability equations are given for
shallow shells of arbitrary form with respect to the deflection and to the force
function satisfying the equilibrium equations of the plane problem. These results
are valid for the theory of plastic flow and the deformation theory; in both cases
the compressibility of the material is taken into account. A formula is given for
determining the critical forces of local loss of stability of shells under combined
loads. From it several particular results are obtained.

1. Variations of the specific forces in the shell. All quantities pertaining
to the outer layer of the shell will be supplied with a prime, and those pertaining
to the inner layer—with a double-prime. Then the variations of the specific
normal forces, shear force, bending and twisting moments have the form

% 0 % 0
0N, = / oo, dz + / oo dz, 0N, = / doy, dz + / doy dz,
h” 0 —h”

0

h/
6T = / 67}, dz + o7y, dz, 5M1=/ Solzdz + Solzdz, (1)
0 —h”

h//
0 % 0
oM, :/ doyzdz + doyzdz, 5H:/ 01y, zdz + 0T,z dz.
0 h” 0 —h”

where 0o, do,, 7, are the stresses in the shell due to loss of stability; & is the
thickness; z is the distance through the thickness from the surface of bonding
of the shell.

If one is based on the Kirchhoff-Love hypotheses, then the variations of stresses
for a purely plastic state are equal to (!) (index omitted)
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1
00, = 5 [b1108 + byadey — by3d7y19 — 2 (by10xy + byadxo — 2b130X12)]

h
1

bo, = 7 (2108, + bygdey — byzdyya — 2 (bay Oy + bagdXo — 20030X10)],  (2)
1

0Ty = 7 [—b310e1 — b3p0€9 + bg30719 — 2 (bg10X 7 + bgadXo — 2b330x12)] -

Here de,, dey, 07,4 are, respectively, the linear and angular strains of the surface
of bonding during buckling; dx;, dx,, dX;2 are parameters of change

of the curvatures of the interface surface under buckling; b, b, =
by1s bas, byg = bsg,...,...,bss are coeflicients depending on the theory of
plasticity and determined by the mechanical characteristics of the material (for
the deformation theory and the theory of plastic flow they have in the general
case been computed in (1)).

Substituting (2) into (1), we obtain:

0Ny = Byydey + Byydey — Bigdvio — Biydxy — Bis0xs + Bigdxias
0Ny = Byy0ey + Byydeg — Byzdv1g — Baydxy — BasdXa + Bagdxia:
0T = —Bg 0, — Byydey + B3zd71 + B3g0x1 + Bas0xa — Bagdxaa
0M, = By 0, + Byydey — By36v1o — Byadxy — Bysdxa + Byg0xia,
0Mjy = Bg0e, + Bsydey — Byz0v12 — Bsadxy — BssOxa + Bse0Xi2,
0H = —Bg 0e) — Bgpdey + Bgz0712 + Beadxy + Bsdxa — BegOxia;

3)

where

By = by + 0]y, By = By =0bjy + by, Byg = By = b3+ b3,
By =By = %(h/b/n —h'by), Bis=Bs = %(h/b§1 —h"b3,), Big=2Bg = h/bis - h”b/l/Bv
Byy = by + b3y, Bag = Bay = by + b5y, Byy = Byy = 5(h'by — h"b,),
Bys = Bsy = %(h’béz —h"b3,), Bys = 2Bg = h/béz - h”b§2, Bgz = bé3 + b§37
Byy = B3 = %Bm = %(h/bi?, —h"bY3), Bz = Bs3 = %(h/b/m — h"b33),
Bsg = 2Bgg = h'by3 — h"b33, Byy = %(h’2b/11 +h"2),
Bys = Bsy = %(hl?bllz +h"%bYy), By =2Bgy = %(hl?bis + h"2b73),
Bys = %(h/zbéz +h"?b3y),  Bsg = 2Bg; = %(h/zbés + h"?bg3),
Bgg = %(h/2b§3 + h"?biy).

From the first three equations (3) let us express de;, dey, 0715 in terms of
0Ny, dN,, 6T. We obtain:
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0y = Ay 0Ny + A1p0Ny — A30T + Ayydxg + Ajs0xa — Argdxaa;
0gy = Ag 0N| + AgpdNg — Ag3dT + Apydxy + Ags0xa — AgdXaa

0712 = —A310N; — Aga0Ny + Ags6T — As0x1 — Assdxa + Az60X12;

where
B,oBa, — B2

A11 = W? A12 = A21 =
B,,B.. — B?

Ayy = 11733 713 A23 — A32

A Y

Ayy = By Ay + ByyAgy + Byy Ay,
Agy = By Ajy + ByyAgy + By Ags,
Agy = By Ay3 + ByyAgs + By Ass,

BISBZB — BI2B33
A bl

A13 = A31 =

By B3 — By By
A

’ A33 -

A5 = BysAjq + Bos Ay + Bys Ay,
Ags = Bi5Ajs + Bos Ay + By Ags,
Ags = By A3 + BosAgs + By Ass,

(4)

312323 — BIBBZZ

A

_ By1Byy — Bty
A

)

Ajg = BigA11 + BogAqa + Byg Ay,
Ags = BigA1a + BogAgy + BsgAgs.
Age = BigA13 + BogAgs + BggAss.

and

A= BBS(BIIB22 - B%2) - BllBgl” + 2BlZBIBB23 - B%3B22'

Substituting expressions (4) into the last three formulas (3):

My = C110N; + C156Ny — C1306T — Dy10xq — D130x + D130X12,
My = Cy10N; + Cy00Ny — BygdT — Doyx1 — DagdXy + Da3dxia,  (5)
0H = —C30N; — C350Ny + C330T + D31 0x + D3p0xy — D330x12,

where

O =Ay, Cip=Ay, Cg=A4y, Cy=A; Cy=A4;,
Cy = %Aw, Cay = %A%, Cs3 = %Ase,
Dy, = Byy + By Ayy + BypAgy + By Ay,
Dy = By + Ayy Ay + BygAgs + BygAss,
D3 = Byg — By Ayg — BygAgg — BygAse,
Dyy = Bsy — By Ayy — By Agy — BsgAsy,
D,y = Bys — B51A15 - B52A25 - B53A35,
Dyy = Bsg — By Ay — BsaAgg — BsgAse,
D3y = Bgy — Bg1 Ay — BgaAgy — BggAsy,
D3y = Bys — Bg1 A5 — BepAgs — AgzAgs,  Dag = Bgg — Bg1 A1 — BeaAgg — Bz Ase-

023 = A35,
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2. Stability equations

Since the relation between forces and deformations has been established, it is
necessary to add to them the equations of neutral equilibrium of a shell element
in terms of forces and the compatibility equation. We shall consider the case of
a shallow shell. Here the equations of neutral equilibrium are

SN, OGN,
(5M1>m+2(5H)xy+(5M2)yy+R—1+R—;+N1wm+N2wyy+2Tww =0, (6)
1

where N, N,,T are the membrane forces in the shell; R, R, are the principal
radii of curvature; x,y are Cartesian coordinates;

w w
OX1 = Wyys OXg = Wy 0X1a = Wyys de, = uaE—R—17 0y = 19y—R—2,

From (7) we obtain the compatibility condition

w Wyy
(561)yy + (652)mm - (5712)11; + = + =

Ht e =0 (8)

The first two equations are satisfied by the expressions 6N, = F,, N, = F,,
5T = —F,,.

We take w and F as the principal variables. In the third equation (6), (8),
introduce expressions (4) and (5):

A Wappy — a2wmrmy + anmryy - O[4’w:cyyy + a5wyyyy - aﬁF'L"I"I"I'
F F
vy T
_a7Fwwwy - aSFazwyy - aQFwyyy — Qg yyyy R - R
1 2
— (Nyw,, + Nyw,, + 2Tw,, ) = 0; 9)

ﬁlewwm + ﬂQszwy + ﬁ?)szyy + B4Fwyyy + ﬁSFyyyy + ﬁﬁwx;ﬂzw
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w w.

+ﬂ7wa::rzy + BSwza:yy + ngwyyy + ﬁmwyyyy + Riyly + Rw: =0. (10)

Here
oy =Dy, ag=Dj3+2D3, ag=Dyy+ Dy +2D33, g = Doz +2D3,,
a5 =Dy, ag=Cly, a7 =C13—205, ag=~C+ Oy — 2053,
ag = Cy3 — 205, a9 =Cy, By = A9, By=As+ As,
By =Ap+ Agy + Az, Ba=A3+ A3, Bs =41,
Be = Aoy, Br = Azq — Aog, Bg = Aoy — Ay + Ay,  Bg = Ags — Aggs
[310 = A15~
Let us note that for a homogeneous shell (1) ag = a7 = ag = ag = a5 = 0 and
66257268:59:610:0'
3. Critical loads for bimetallic structures

We shall consider the case of combined loads on the shell. Let the wave formation
during buckling be of such a character that

w:w()Sin(x\/x_y\/g)’ FZFOSiH(x\/X—y\/E>7 (11)

where \; = m27?/I1?, A\, = n?/R3; m,n are the numbers of half-waves in the
directions = and y; [ is the shell length; w, F|, are constants.

Substituting (11) into (9), (10), we find
— (N + NoA—2TVX) = Ay (o + VA + agh + a AW + o502 +

1
A(By = BoVA+ Bad — BAVA + B5 X

+ ) [>‘1 (56_ﬂ7ﬁ+ﬂ8)‘_ﬁ9>‘ﬁ+ﬁ10)‘2> -

_ (1;‘1 + };ﬂ [)\1 (ag — arVA+ agh — agAWVA + a;p)?) — (;‘1 + é)} ,
(12)

where A = X\, /\; = n?l?/m*n?R3.
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a) Rectangular plate. If @ and b are the lengths of the sides of the plate,
then A\, = m?72/a?, \y = n?7%/b%, X = n2a®/m?b%. In addition, R, =
R, = 00. The corresponding changes must be introduced into the formula
for determining the critical combination of forces (12). For an infinitely
wide plate A =0 and —N,; = (a + Sgag/51)A;, while the critical value of
the compressive force is determined from (m = 1)

71_2
(M. =T a4 25%)). (13)

b) Shells. In the general case, the critical combination of forces is found from
formula (12), if the corresponding values are substituted for the principal
radii of curvature. If it may be assumed that A? > 1, then from (12) we
have

— (N} + NA —2TVX) =

1 Ao Ao
=M a5+ ——— (AN BA = [ =+ = || [MAZag— (= + = ]|
s * BSAIAQ |: 1510 (Rl * R2>:| |: 1o (Rl * R2>:|

Let us consider various special cases. For a cylindrical shell R; = oo and R, = R;
therefore from (14) we find

0P ao+ B 1
— (N| 4+ NoA — 2TV A :(a _|_1010>)\>\2_ 10 10 | (15
( 1 2 ) 5 /85 1 ,B5R 55R2>\1/\2 ( )

Hence, for example, under axial compression

aqof a9+ B 1
—N, = 107710 | 4 42 _ 710 10
! <%+ 5, )™ BR BRI

when \;A? = 1/R+\/as B + o030, the critical value of the axial compressive

force is

1
(—=Ny), = RB- [2 o505 + ayoBi0 — (g0 + 510)] .

Analogous formulas can be obtained for a cylindrical shell under lateral pressure
and torsion, for a spherical shell subjected to external pressure, etc.

The values by, bja = byy, byy, bsg for various stress states were computed in
paper (2).
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