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Abstract
Full Text

G. F. MANDZHAVIDZE and B. V. KHVEDELIDZE
ON THE RIEMANN–PRIVALOV PROBLEM WITH
CONTINUOUS COEFFICIENTS
(Presented by Academician N. I. Muskhelishvili on 11 VII 1958)

1. Let Γ be a simple closed Lyapunov curve. Denote by 𝐸+ the finite domain,
and by 𝐸− the infinite domain, bounded by the line Γ. In what follows,
functions of a complex variable defined in the domains 𝐸+ and 𝐸− will be
marked, respectively, by plus and minus signs.

A function of the form

Φ(𝑧) = 1
2𝜋𝑖 ∫

Γ

𝜑(𝑡)
𝑡 − 𝑧 𝑑𝑡 + 𝑃(𝑧),

where 𝜑(𝑡) is a summable function on Γ, and 𝑃(𝑧) is an entire function, will be
called an integral of Cauchy type with principal part 𝑃(𝑧) at infinity.

In what follows, when we say that a function of a complex variable belongs to
the class 𝐿𝑝(Γ) (𝑝 > 1), this will mean that the angular boundary values of this
function on Γ belong to 𝐿𝑝(Γ).
We note that if the Cauchy-type integrals Φ(𝑧) and Ψ(𝑧) with principal parts
at infinity belong respectively to the classes 𝐿𝑝(Γ) and 𝐿𝑞(Γ), 𝑝 > 1, 𝑞 =
𝑝(𝑝 − 1)−1, then the product Φ(𝑧)Ψ(𝑧) will also be a Cauchy-type integral with
some principal part at infinity (1).
Let 𝑎(𝑡) be a measurable bounded matrix on Γ, i.e. the elements of the matrix
𝑎(𝑡) are measurable bounded functions defined on Γ. A matrix 𝑋(𝑧) ∈ 𝐿𝑝(Γ),
𝑝 > 1, will be called a canonical matrix for the matrix 𝑎(𝑡) if 𝑋−1(𝑧) ∈ 𝐿𝑞(Γ),
𝑞 = 𝑝(𝑝 − 1)−1; 𝑋(𝑧), 𝑋−1(𝑧) are representable by Cauchy integrals with poly-
nomial principal parts at infinity; 𝑋(𝑧) has normal form at infinity and almost
everywhere on Γ

𝑎(𝑡) = 𝑋+(𝑡)[𝑋−(𝑡)]−1. (1)

If for the matrix 𝑎(𝑡) there exists a canonical matrix, then we shall say that 𝑎(𝑡)
is representable by means of a canonical matrix.

2. Consider the following boundary-value problem: to find a matrix Φ(𝑧) ∈
𝐿𝑝(Γ), 𝑝 > 1, whose elements are representable by Cauchy-type integrals
with some principal parts at infinity, satisfying the boundary condition
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Φ+(𝑡) = 𝑎(𝑡)Φ−(𝑡) + 𝑏(𝑡), 𝑡 ∈ Γ, (2)

which holds almost everywhere, where 𝑎(𝑡) is a given bounded measurable square
matrix of order 𝑛, representable by means of a canonical matrix 𝑋(𝑧); 𝑏(𝑡) is a
given matrix satisfying the condition [𝑋+(𝑡)]−1𝑏(𝑡) ∈ 𝐿𝑝(Γ).
It is easy to show (cf. (1)) that all solutions of problem (2) are represented by
the formula

Φ(𝑧) = 𝑋(𝑧)
2𝜋𝑖 ∫

Γ

[𝑋+(𝑡)]−1𝑏(𝑡)
𝑡 − 𝑧 𝑑𝑡 + 𝑋(𝑧)𝑃(𝑧), (3)

where 𝑃(𝑧) = (𝑃𝑖𝑘), the 𝑃𝑖𝑘(𝑧) being arbitrary entire functions.

Thus, the entire difficulty of solving problem (2) consists in constructing, or
proving the existence of, a canonical matrix for 𝑎(𝑡).
It is known (2,3 ) that if a nonsingular matrix 𝑎(𝑡) satisfies a Hölder condition,
then it is representable by means of a canonical matrix. Below we shall show
that if a nonsingular matrix 𝑎(𝑡) is continuous on Γ, then it is representable by
means of a canonical matrix. Consequently, under this assumption formula (3)
gives all solutions of problem (2).

3. Suppose that 𝑎(𝑡) is a given nonsingular continuous matrix of order 𝑛; 𝑏(𝑡)
is a matrix of the same order, belonging to the class 𝐿𝑝(Γ), 𝑝 > 1. We shall
prove that under these assumptions there exist matrices Φ+(𝑧), Φ−(𝑧), satisfy-
ing almost everywhere on Γ condition (2), where Φ+(𝑧) is representable by an
integral of Cauchy type, while Φ−(𝑧) is representable by an integral of Cauchy
type after multiplication on the left by a certain rational matrix.*

Since 𝑎(𝑡) is a nonsingular continuous matrix, for any positive 𝜀 there exists a
rational matrix 𝑟(𝑧), nonsingular on Γ, whose elements have no poles on Γ, such
that

|𝑎(𝑡)𝑟−1(𝑡) − 𝐼| < 𝜀, |𝑎−1(𝑡)𝑟(𝑡) − 𝐼| < 𝜀, 𝑡 ∈ Γ, (4)

where 𝐼 is the identity matrix, and the conditions (4) mean that the corre-
sponding inequalities are satisfied by all elements of the matrices enclosed in
the modulus signs.

Now, subtracting from both sides of equality (2) the matrix 𝑟(𝑡)Φ−(𝑡) and in-
troducing the notation 𝜑+(𝑧) = Φ+(𝑧), 𝜑−(𝑧) = 𝑟(𝑧)Φ−(𝑧), we obtain

𝜑+(𝑡) − 𝜑−(𝑡) = 𝑎1(𝑡)𝜑−(𝑡) + 𝑏(𝑡), (5)

where 𝑎1(𝑡) = 𝑎(𝑡)𝑟−1(𝑡) − 𝐼 .
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Thus, the problem has been reduced to finding matrices 𝜑+(𝑧), 𝜑−(𝑧), which
are representable by Cauchy-type integrals and satisfy almost everywhere on Γ
the boundary condition (5).

Consider the sequence of matrices

𝜑𝑚(𝑧) = 1
2𝜋𝑖 ∫

Γ

𝑎1(𝑡)𝜑−
𝑚−1(𝑡)

𝑡 − 𝑧 𝑑𝑡 + 1
2𝜋𝑖 ∫

Γ

𝑏(𝑡)
𝑡 − 𝑧 𝑑𝑡,

where 𝜑−
0 (𝑡) = 0. It is clear that 𝜑−

𝑚(𝑡) ∈ 𝐿𝑝(Γ), 𝑚 = 1, 2, …, if 𝑏(𝑡) ∈ 𝐿𝑝(Γ).
Further, by a suitable choice of 𝜀 it is easily proved that the sequence {𝜑−

𝑚(𝑡)}
converges in the norm of the space 𝐿𝑝(Γ) to a matrix 𝜑−(𝑡) ∈ 𝐿𝑝(Γ). Hence, in
turn, it follows that for every 𝑧 ∉ Γ there exists the limit lim𝜑𝑚(𝑧) = 𝜑(𝑧), and
that this limit is represented by the formula

𝜑(𝑧) = 1
2𝜋𝑖 ∫

Γ

𝑎1(𝑡)𝜑−(𝑡)
𝑡 − 𝑧 𝑑𝑡 + 1

2𝜋𝑖 ∫
Γ

𝑏(𝑡)
𝑡 − 𝑧 𝑑𝑡. (6)

The matrix 𝜑(𝑧) defined by this formula is representable by an integral of Cauchy
type, belongs to the class 𝐿𝑝(Γ), and satisfies the boundary condition (5).

* The method used was indicated by G. F. Mandzhavidze in reports at the Third
All-Union Mathematical Congress in 1956 (4) and at the Third Conference on
the Theory of Functions of a Complex Variable in 1957.

Let us now take 𝑏(𝑡) = 𝑎(𝑡)𝑟−1(𝑡). Then the matrix 𝜑(𝑧) belongs to the class
𝐿𝑝(Γ), and

𝜑+(𝑡) = 𝑎(𝑡)𝑟−1(𝑡)[𝜑−(𝑡) + 𝐼]. (7)

Similarly we obtain that there exists a matrix 𝜓(𝑧) ∈ 𝐿𝑝(Γ) (𝑝 is a fixed suffi-
ciently large number), representable by a Cauchy-type integral, and such that

𝜓+(𝑡) = 𝑎−1(𝑡)𝑟(𝑡)[𝜓−(𝑡) + 𝐼]. (8)

From (7) and (8) we easily infer that det𝜑+(𝑧) ⋅ det𝜓+(𝑧) = 1, det[𝜑−(𝑧) +
𝐼] ⋅ det[𝜓−(𝑧) + 𝐼] = 1. The determinant det 𝑟−1(𝑧) can have in 𝐸− a finite
number of zeros. As is known, one can always choose such a rational matrix
𝑅(𝑧), which will have poles at the points where det 𝑟−1(𝑧) has zeros, and such
that det[𝜑+𝑅] ≠ 0 in 𝐸+, det[𝑟−1(𝜑− + 𝐼)𝑅] ≠ 0 everywhere in 𝐸−, except,
possibly, at the infinitely distant point. It is now easily checked that the matrix

𝑋(𝑧) = {𝜑+(𝑧)𝑅(𝑧), 𝑧 ∈ 𝐸+,
𝑟−1(𝑧)[𝜑−(𝑧) + 𝐼]𝑅(𝑧), 𝑧 ∈ 𝐸−,
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is a canonical matrix for 𝑎(𝑡) (for this, 𝑋 must also be put in normal form at
infinity), and moreover 𝑋(𝑧), 𝑋−1(𝑧) ∈ 𝐿𝑟(Γ), where 𝑟 depends on 𝑝 and 𝑛; if
𝑝 is taken sufficiently large, then 𝑟 is also a sufficiently large number.

As was already noted above (formula (3)), all solutions of the homogeneous
problem (2) will have the form

Φ(𝑧) = 𝑋(𝑧)𝑃(𝑧),

where 𝑃(𝑧) is an arbitrary matrix whose elements are entire functions. Hence
it is not difficult to derive the conclusion that all solutions of the homogeneous
problem (and, in particular, the canonical matrices) belong to the class 𝐿𝑝(Γ)
for any 𝑝 > 1.
The orders of the columns of the canonical matrix with opposite sign,
𝜘1, 𝜘2, … , 𝜘𝑛, will be called the partial indices, and their sum 𝜘 = 𝜘1 + ⋯ + 𝜘𝑛
—the total index (2,3 ); it is not difficult to show that

𝜘 = 1
2𝜋 [arg det 𝑎(𝑡)]Γ

(the symbol [ ]Γ denotes the increment of the expression enclosed in brackets
under traversal along Γ in the positive direction).

After problem (2) has been solved for one contour, it presents no difficulty to
consider the case when Γ is a union of contours.

4. Finally, let us consider a problem analogous to problem (2), in which the
boundary condition is replaced by the condition

Φ+[𝛼(𝑡)] = 𝑎(𝑡)Φ−(𝑡) + 𝑏(𝑡), (9)

where 𝑎(𝑡) is a nonsingular continuous matrix; the matrix 𝑏(𝑡) ∈ 𝐿𝑝(Γ), 𝑝 > 1;
𝛼(𝑡) is a function mapping the line Γ onto itself with preservation of the direction
of traversal and having a second derivative satisfying the Hölder condition, with
𝛼′(𝑡) ≠ 0.
Let us find a piecewise-holomorphic function 𝜔(𝑧), having its principal part at
infinity 𝑧 and satisfying the boundary condition

𝜔+[𝛼(𝑡)] = 𝜔−(𝑡) on Γ.

𝜔(𝑧) can be taken in the form (7)
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𝜔(𝑧) =
⎧{{
⎨{{⎩

1
2𝜋𝑖 ∫

Γ

𝜌[𝛽(𝑡)]
𝑡 − 𝑧 𝑑𝑡, 𝑧 ∈ 𝐸+,

1
2𝜋𝑖 ∫

Γ

𝜌(𝑡) 𝑑𝑡
𝑡 − 𝑧 , 𝑧 ∈ 𝐸−,

where 𝜌 is the solution of the Fredholm integral equation

𝜌(𝑡0) + 1
2𝜋𝑖 ∫

Γ
[ 𝑎′(𝑡)

𝑎(𝑡) − 𝑎(𝑡0) − 1
𝑡 − 𝑡0

] 𝜌(𝑡) 𝑑𝑡 = 𝑡0;

𝛽(𝑡) is the function inverse to 𝛼(𝑡).
It can be shown that 𝜔+(𝑧) maps the domain 𝐸+ one-to-one onto a certain
simply connected domain 𝐸+

1 ; 𝜔−(𝑧) maps the domain 𝐸− one-to-one onto an
(infinite) domain 𝐸−

1 , having no interior points in common with 𝐸+
1 ; the domains

𝐸+
1 and 𝐸−

1 are separated by a common boundary Γ1, which is a Lyapunov curve.

Consider the boundary-value problem

Φ+
1 (𝜏) = 𝑎1(𝜏)Φ−

1 (𝜏) + 𝑏1(𝜏), 𝜏 ∈ Γ1,

where 𝑎1(𝜏) = 𝑎(𝜎(𝜏)), 𝑏1(𝜏) = 𝑏(𝜎(𝜏)); 𝜎(𝜏) is the function inverse to 𝜔−(𝑡).
Then the solutions of problem (9) are given by the formulas

Φ+(𝑧) = Φ+
1 (𝜔+(𝑧)), Φ−(𝑧) = Φ−

1 (𝜔−(𝑧)).

We have reduced problem (9) to a problem of the form (2); by generalizing the
known method for studying problem (9), one can investigate it under weaker
restrictions imposed on 𝛼(𝑡).
Tbilisi Mathematical Institute
named after A. M. Razmadze
Academy of Sciences of the Georgian SSR

Received
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