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MATHEMATICS
R. G. BARANTSEV

EXPANSION THEOREMS CONNECTED
WITH BOUNDARY-VALUE PROBLEMS FOR
THE EQUATION u,, — K(z)u, = 0 IN THE
STRIP 0 < z < 1 WITH DEGENERATION OR
SINGULARITY AT THE BOUNDARY

(Presented by Academician V. I. Smirnov on 4 III 1958)
In (1) the following mixed problem was solved by the Fourier method:

Problem (C)

Uy = _K(x>utt = 0; (1>
u|t:l($) = p(x), z €10,1];
u ‘ :(J(z>7 lf|l/(x)| < VK(I)v T € [07 1]7
Hl=i() | is not prescribed, if I'(z) = /K (z), =€ 0,1];

u(0,t) cos & + u,,(0,t)sin& = 0, 0<¢<m,

u(1,t) cosn +u,(1,t)sinn =0, 0O<n<m.

It was required here that the function K (x) be twice differentiable and positive
on the closed interval [0, 1].

We shall consider here problem (C) under the assumption that

K(x) = 2%(1 —2) Ky(x), (2)

where K (z) is a positive twice differentiable function on [0, 1], and

a>-—1 for&+m, B >—-1 forn+m, (3)
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a>—2 for&=m 8 >—-2 forn=m.

The tending of K(x) to zero or infinity at the endpoints of the interval [0, 1]
substantially complicates the problem, since the asymptotic expansions used in
(1), uniformly on the whole interval [0, 1], are not applicable here.

Under the indicated conditions, the singular Sturm-Liouville problem

B! + \2KB,, = 0; (4)

B, (0)cosé + B, (0)siné =0, B, (1)cosn+ B, (1)sinn =0 (5)

has a discrete spectrum, investigated in the work of A. A. Dorodnitsyn (2).
Suppose that zero is not an eigenvalue and that the B, () are normalized. We
seek the solution of problem (C) in the form

+00

u(w,t) = 3 e, B, (@) exp(—id,0), (6)

n=—oo

where A,,, B,, are defined by (4)—(5), A\_,, = —\,,.
Under the conditions on ¢t = I(x),
+00
pla)~ Y e, B, (x) exp{—i\,l(2)}; (7)
+00

the coefficients ¢,, in (6), with the aid of the generalized orthogonality relation
(1), are formally determined in the form

. 1
Cp = f M UB, [T+ q(K — 1) = Kid,p] — Bpl'}dz.  (9)
n J0

In the case I’ = v K, integration by parts, under the assumption that pvVK — 0
as x — 0 and x — 1, leads to the formula

. 1 /
__t A, {\ﬁ / K :
C,=—— e'ps VKB, + B, [ +i\, K| ¢ da. 10
/0 WK (10)
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Let us denote the partial sums of the series (7)—(8) with coefficients (9) re-
spectively by S’Slm(x) and Sﬁbq)(x), and the partial sum of the series (7) with
coefficients (10) by =@ (x).

Under the condition o < 2, § < 2 (together with (3)), the following expansion
theorems are valid.

Theorem 1. Suppose |I'(z)| < v/K(z), z € [0,1], and the functions I’,p’, q
are representable in the form
Uz) =21 —a)Pl(x),  p'(2)=a2"""(1—2)" "py(a),
q(z) = 212 (1 = 2)P 1R gy (),
where 1, p,, ¢y are bounded on [0, 1].* Suppose, furthermore,
p(0) =0 for a <0 in the case { =,

p(1)=0 for <0 in the case n = .

Then, if

a>—% for a > 0, b>—§ for g >0,

a>—% for a < 0; b>—§ for § <0,
then at every point = € (0,1), in a neighborhood of which the functions

Qi = Q<\/E:F l/) :l:p/

have bounded variation,

SP(z) — p(z), S (x) .

n—oo n—00 2

Theorem 2. Suppose

V(@) < VE(2), e (0,1);  U(z)=a"?(1—2)"2l(2),
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I,(x),py(z) are bounded on [0, 1].
Then, if

a>—1—% for a > 0, b>—1—§ for >0,

a>—1—% for a < 0; b>—1—§ for 4 <0,

* Here and below all functions are assumed measurable.

then at each point x € (0,1), in a neighborhood of which p(z) has bounded
variation,

> /Can(fC)GXp[—i)\nl(:c)]:p(x );rp(awr ).
where
i 1
Cp = —K/ ealp (I'B), + i)\, KB,) dx.
n Jo

(@) = C(a) = / K@) dz,  pla)=2*(1— 2)py(z),

po(x) is bounded on [0, 1]. Then, if

a>—% for a > 0, b>f§ for g >0,
a>—% for a < 0; b>—§ for 8 <0,

then at each point x € (0,1), in a neighborhood of which p(z) has bounded
variation,

zglp)(x) plz —0) —l—p(l‘—l—O)-

n—oo 2

Theorem 4. Suppose {(z) = ((z), « <0, 8 <0, p(z) is bounded for 0 < z; <
z < xo < 1, and in neighborhoods of the endpoints of the interval [0, 1] there
exists p’(x), representable in the form
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Pla)=a"p(z), O<a<zy;  pla)=010-2)""plx), <z,

where py(z), p,(z) are bounded respectively on [0,z;] and [z5,1]. Suppose
further that p(0) =0 for £ =, p(1) = 0 for n = 7. Then, if a > —%, b> —ﬁ,

then at each point x € (0,1), in a neighborhood of which p(z) has bounded
variation,

&)

px —0) +p(z +0)

Z /Can(l') exp[—z)\ng(az)] = 2 )
n=—o00
where
c ——i/%eiA ¢ {B’\/?+B [K/ + i K]}dx—F
A P "lavK "
1 ) . x
to {p(l—) cosn e — p(0+) cos & + [enp(By, +iX,VKB,)] *+
n Ty

-’El 1
Jr/ e*lp/ B + i\, VKB, dz + / ey B, + i\, VEB,] dx} :
o x

2

The proof is carried out by the method of contour integration over an infinitely
large circle in the complex A-plane, using asymptotic formulas for the solutions
of equation (4), obtained on the basis of

work of A. A. Dorodnitsyn'. In an interval containing one of the endpoints of
[0,1] (say, zero), the solutions of equation (4) are asymptotically representable

in terms of generalized Airy functions of the argument s = )\o%?w(x), where

w(z) = {

An essential idea in the proof is the selection of a shrinking neighborhood of the
endpoint [0,4], where « is defined by the equality

O‘”/ ﬁdm}i, W' (0) # 0.

|)\o%+2w('y)’ = N = const.

YA. A. Dorodnitsyn, Uspekhi Mat. Nauk, 7, No. 6 (1952).
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Outside [0,7], the generalized Airy functions admit an asymptotic representa-
tion in terms of sin, cos.

After the expansions (7)—(8) have been justified, the investigation of the series
(6) from the point of view of satisfying, in some sense, the remaining conditions
of problem (C) is carried out with the aid of the asymptotic expansion of the
coeflicients c,,.
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